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K-GROUPS OF REDUCED CROSSED PRODUCTS
BY FREE GROUPS

M. PIMSNER and D. VOICULESCU

The starting point for the present paper was a problem of R. V. Kadison
about projections in the reduced C*-algebra of a free group (see [18]). As conjectured
by R. V. Kadison, we prove that there are no non-trivial projections in the reduced
C*-algebra of a free group.

Our results are in fact more gencral. For a C*-zlgebra 4 endowed with an
automorphic action of the free group onrn generators F, , we obtiin a six icrms cyclic
exact sequence which can be used for the computation of the K-groups of the reduced
crossed product of 4 by F,. In particular for C¥(F,), the reduced C*-algebra of F,,
we have K (C¥(F,)) ~ Z and K,(C¥(F,)) =~ Z". Now, J. Cohen has proved in [5]
(sec also [4]) that there are no non-trivial projections in the full C*-algebra of the
free group and recently J. Cuntz in [8] has proved that K, and K, of the full C*-al-
gebra of F, are Z and respectively Z". Thus our results show that the fu!l group
C*-algebra and the reduced C*-algebra of F, have the same K-theory.

The main result of the present paper generalizes the exact sequence for crossed
products by Z which we obtained in [17]. A modified proof of the exact sequence
for crossed products by Z, discovered by J. Cuntz [7], has the important feature
that it avoids a certain argument about spectral projections in the initial proof.
This feature of the proof in [7} turned out to be extremely useful for the generali-
zation to the case of actions of free groups.

Though it won’t be explicit in our proofs, let us also mention, that the natural
framework for some of the constructions we use in this paper is the gencral theory
of extensions of & ® A of G. G. Kasparov [14].

The paper has three sections. Section 1 contains preliminaries about the Toe-
plitz extension. Section 2 contains the main technical facts on which the proof of
the exact sequence is based. In Section 3 the main result is obtained by putting
together the resuits of the preceding sections.

A paper with the same title as the present one has tecn circulated as INCREST
preprint No. 59/1980. Unfortunately one of the key-lemmas in that paper turned
out to be false as discovered by W. Paschke. We thank W. Paschke for pointing
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out this error to us, which determined the present new attempt of computing the
K-groups of reduced crossed products by free groups. The present paper has been
cireulated as INCREST preprint No. 62,1981.

§ 1

Tn this section we introduce the Toeplitz extensions for reduced crossed product
by an action of a free group and prove some of its properties.

By F, we shall denote the free group on » generators g, ..., g,.Forg ¢ F,
we shall denote by g the length of the corresponding word. By I' ez F, we shall

denote the subset of £, consisting of elements g1 ... g7 (s> 0, iy 5 iy, in % iy, - ..
1 5

cesdgey g,y # 0, ..., my # 0) such that mg > 0 if i- - k. Remark that the
neutral element e of FisinFyand g7 -« I',if j # k and g7, == I'\{e}.
Consider a unital C*-algebra 4 with an action % F, - AutA. We shall assume
that 4 is o C*algebra of operators jon a Hilbert space H, and that the action 2
is implemented by a unitary representation g — v, of F, on Hy(ie. vacd -~ 2(g)a
for we A, me F).
The reduced crossed product of A by 2, A X, . F, will be identified with the
Crealpebra of operators on £3(F,, Hy) ~ (3(4£,) © H, generated by the operators:

w(a) =1® a,
(u k) h) = v k{g=th)

wherec ae A,g. he F,and k e/ F,, H,).
In case g - g; we shall write also u;, v; instead of wg , 0y, .

Consider also the representation g — R, of F, on¢*(F,, H,) given by
R k(h) = k(hg).

Then (R }ger, is in the commutant of 4 X, F, in B(/*(F,, Hy)).

Bach I, (1 €k <#) determines an extension of 4" ® A (% denotes the compact
operators on some separable Hilbert space) by 43¢, F,, which will be called a T'oe-
plitz extension. 1n order to fix notations we shall construct this cxtension only
for & =-n.

On ¢XT,, H)) < £A(F,, Hy) let p, U; (1 <i<n) and S, denote the restrictions
of 7, u,(1 < i < n) and v, respectively. The Toeplitz algebra 7, is the C*-algebra
generated by p(A)and Uy, ..., U1, S,.

We have

I— 8,5t =P,



REDUCED CROSSED PRODUCTS BY FREE GROUPS 133

where P, is the orthogonal projection of /%I, H,) onto its subspace ¢*({e}, H,).
Note also that Uy, ..., U,.., are unitaries and

Uip(@Uf == pla(gda) (1 <i<n—1)
Sip@sS, = p(xg, Ma).

[t is also easy to see that the closed two-sided ideal # in 7, generated by P,

is isomorphic to A (/*TI",))®A. To this end one uses conjugation by the unitary
operator

A :(}2([‘)1 b HU) _’{/2([‘"9 [1())
given by

(4k)(g) = vik(g)

for ke/¥I',, Hy),geTl,.In fact denoting by e(g’, g) the natural matrix units for
(3 1,)) this isomorphism can be described by the correspondences

e(g’, g) ® ar> w(g)P,w(g )p(u(g)a)

k

where w(g) for g = gfl ... gmis obtained by replacing g; with U; for 1< j<n — 1,
1 m

2k by Skfor k > 0and g% by S¥(k > 0).
1.1. LEMMA. There exists a homomorphism
P T~ A X,F,

such that p(p(@)) = n(a), p(U)) =u; (1 <i<n—1), p(S,) =u,. Moreover Kerp
is the closed two-sided ideal § of T, generated by P,, and ¢ is isomorphic to K @ A.

Proof. Let W= R, . Then it is easily seen that for m — oo we have

~ 8
wnS W o u,
~ s

m Qm W ES
WnSEw > u?

wmy, wm > u; (I<igsn—1)
W i A ufp (1gign--1)
mef(;) pam 5, n{a) (ac A)
wmp W 350

where for T e B(¢¥(T",, Hy)) we denote by T the operator T® 0 on 20, Hy) @
®CFN\T,, Hy) - =(%F,, Hy).
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Since p(A) U {S,, SF}U{U;, UF}1cica-1 is a sct of gencrators for the
Banach algebra 7, we infer that

s-lim Wy
exists for aill T« .77, and the map

T > s-lim W rpysm
Hi=>00
is a unital *-homomorphism of 77, onto A X F,. This is the homomorphism p
we were looking for and is clearly unique.
Since p(P,) - 0 it follows that Kerp = £,
To sce that Kerp < # we proceed as follows. For xe 4 X F, we define

'])(x) . Pl'nx:[:(l‘nv I’O)

where Pr_is the orthogonal projection of £2(F,, Hy) on £*(I",, H,). Itis easily scen
that @ is a completely positive map and ©(4 X, F,) = 77, (this must be checked
only for elements of the form n(«)u, which form a total subset of 4 X, F,). More-
over it is easy to check that @(xy) - &(X)@() e £ and p(P(x)) - - x (again the
checking must be donc only for elements of the form n(a)u,). Using &(xy) -
- @(x) P()) ¢ £ we infer that ¢g-@ is a unital “~homomorphism of 4 X, F, into
", 1 F where g is the canonical map 77, -» 7,/ #. Morcover g < @ is onto, since
A X F) 2 p(A) v {S,, Uy, ..., U,1}.

Consider now y ¢ Kerp. Then thereis z ¢ 4 X, F, such that (go®)(z): = g())
or equivalently @(z) - ve #. But then z::p(®z) - y)ep(F)--{0], so that
g(y) 0, which means v ¢ #. Q.E.D.

The preceding lemina can be summarized by the exact sequence:

02 AQHD 7,5 A4 X, F, 0.

For later use it will be useful to prove a lemma concerning certain repre-
sentations of .7, .

Let vy, ..., u,.; be unitaries on some Hilbert space H and let s, € B(H) be
an isometry. We shall define a map o : F, - B{H). For g, we define

s ifm >0

algy) ={1 if m==0

sEm i m < 0
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and for g € F,_, (where F,_; is the subgroup of F, generated by g, ..., &-1)
we define o(g) (ge F,_,) as the representation of F,_, such that e(g) =
=u, (Il <ig<n—1).

A general clement of F, can be always written in a unique way

g = g:MhI"g:M—lhm_l s g:lhlg:o
where m 2 0, hje F,_y\{e} (1 <j<m)and k; # 0for 1 < j<m — 1. Accord-
ingly we define
o(g) = a(g:o(h,)o(gm-1)0(h,-,) .. . o(gi)o(h)o(gho).

1.2. LEMMA. Let w,, ..., u,_, be unitaries on H and let s, be an isometry
on H. Let further y be a non-degenerate representation of A on H such that

wp(@u¥ = pla(gla) 1<j<n—1
syu(a)s, = pla(gy)a).

Consider P = I — s,s¥ and assume g € [',)\{e} = Po(g)P = 0. Then
Hy =V o(g)PH

gs€T,

is a reducing subspace for {uy,...,u,_y,8,} Uu(A) aend there is a unique
*-representation ¢ of I, on H, such that

o(Up) =ulH, 1<j<n—1
@(8,) = s,|Hy
P(p(a)) = wa)lH,.
Proof. Note first that the definition of ¢ implies that
upo(g) =o(gig) 1<j<n~—1
ujlo(g) = o(gr'g) 1<j<n—1
sno(g) = o(g;'g)
for every g € F,. Moreover, for g € F,\{g,;} we have
5,0(8)P = 0(g,8)P.

Indeed, if g,g # e, then we have Po(g,g)P = 0 and hence:

5,0(8)P = 5,54 0(g,8)P =
= (I - P)o(g,,g)P = G(g,,g)P
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Using the above identities recurrently one casily gets that

() (Do(I)P <~ olgh)P, (V) ge F,, (V) h I,

T particular, we have
)i, = V o(g)PH.

s'esl,
This relation for g-=gf, 1< j < n, ¢ == 41 together with a(g, )P 0 gives that
Hy is a reducing subspace for {uy, ..., 1,1, 5.}
To see that £, is also reducing for p(A) note first that

(I -— Pyw(a)Pula™1 — P) ==
sosepla)d - 5,853 a)s, s ¥
e S t(at( gy Waa™)WE - sa(ad gy el xd g7 Na ¥ sF = 0.
Since A = A%, this implies [P, p{A)] == 0 and hence:

As’Hll(l!) AS'iislsg:l"( x\n)(l)sh (] ‘/l‘ l’)’”)a)s'li o i',( ((\ll)a)'vﬂ N
This rclation, together with
walay - (g, (I <j<n-- 1),
shows thai
a{(@hid) — p((2adet ).
Sines P is reducing fur ud 1) it follows that 71, is reducing for p(A).
Using (=) it is casily scen that o(g)P for g e I', is a partial isometry from Pf7
to oV PH and that g ¢ ¢g', g, ¢'c I, implies

(P | o(g)PH.

Definiug for g, g'c I', the partial isometry
g g) - a(g)Pelg™?)

it follows that E(g’, g) is a system of matrix units for #°(/3(I,)) and
By’ ey = ug'g V) EE, g).

Ienoting by e(g’, £) the natural matrix units for #(£%[,)) vwe easily sce thut
o8’ 8) ® a > E(g', Duta(g)a) Hy

dudites s representation of HA(¢HT,)) ® 4 on H,. Since # is a closed two-sided
ideal of /7, , iis representation extends to a representation of 7, on H, .
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To conclude the proof one must check that this representation of .7, coincides
with ¢ on the generators Uy, ..., U,_;, S,, which we lcave to the reader.  Q.E.D.

We return now to the exact scquence
7 P
04 ()9*%/.—"°g-n_>"1 XarF'n_)O'

Tt is easily scen that p(4) U {U,, ..., U,_;} determine an injective *-homo-

morphisin
d:A ><a'r[;‘rx”l = '721

where o is the restriction of o to F,_,. We shall denote by
itA—>A4 Xa'r Fn—l
the canonical inclusion, so that
doi=p.
On the other hand let «, dcnote the action
«, : Z - Aut4
given by a,(k) = a(g¥), T(A4,a,, Z) the Toeplitz algebra corresponding to this
action of Z ~ F, which coincides with the Toeplitz algebra for a crossed product
by Z dcfined in [17]. Using the preceding Lemma 1.2 or Lemma 3.1 of [17], we have
that p(A) U {S,} < 7, determine an injective *-homomorphism

1 9(A, e, L)y > 7 ,.
It is obvious that we have a factorization of p

A—rt .7,

N /
T(4, %, 4)

1.3. LEMMA. The diagram

w

Kj(A ®«9{) M > Kj(g'n)
? pra
Doy - (g,
KfA) ——-— - > Ki(A)
is conmutative (j =0, 1).
Proof. Using the factorization
A - > g—”
N\ /'
T4, ¢, Z)

the lemima is an inncdiate consequence of the corresponding result for n =1
(171, Tenmma 2.1 and Lemma 2.2). Q.ILD.
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§2

In this section we will show that the homomorphism d : A X F,..q > 7,
induces  isomorphisms between the corresponding K-groups i.c. that
dy KA X gy F,y) = K(7,) is an isomorphism for j = 0, 1.

We shall denote by H, and H, the Hilbert spaces 73(I",) ® H, ® (% F,_,) and
respectively £%(F,) ® Hy @ £*(F,_,). Viewing £XI',) as a subspace of £3*(F,) we
shall also view H, as a subspace of H. The representation of 7, on H, defined by

B(Iz(rn) ® HO) = ,7—" S3X X ® l € B(fz(rn) ® HO ® fz(Fn—l))
will be denoted by 1, whereas the representation of 4 X, F, on H defined by
B(’J’Z(IJ‘") ® HO) =2 A Xar Fn 22X X ® 1 € B(fe(F'n) ® HO ® fe(f-n—l))
will be denoted by .

Throughout this section we shall moreover assume that the covariant repre-
sentation of (4, a, F,) on H, defined by A = B(H,) and g +> v, determines a faithful
representation of the reduced crossed product 4 X, F, on H,.

For any subset EcT,, Qpe B(#XI',)) will denote the orthogonal projection
of /%T,) onto the subspace £2(E). Denoting by 4 the left regular representation it
is easily secn that for g € I, the map

v(@) = Q) ® (x(2)a) @ 1
vg(uh) = Q{g} ® Ugclxvg ® }"I’ he F,y

extends to a non-unital faithful representation of 4 X, F,_; on H, which we shall
also denote by v,.

Denoting by e(g’, g) (g, g € I';) the natural matrix units of #'(£%(I',)) the map
We(g's 8) ® X) = (e(8', 8) ® By ® D ry(x)=
= e(g” g) ® ((vg' ® l)x(vg ® 1)”.) ’

where g, g'el’,, xe A X F,_, extends to a faithful representation of
H @ (AX,p F,_;) on H,. This is easily seen using the unitary A @ 1=
= Y QO ® v¥ ® 1 which by conjugation gives

ger,

A® )v(elg,g) @a)A® 1)* =e(g,g) ®a® 1
(A® Dv(e(g',8) @ u)(A @ 1)* == e(g’, ) @ ) @ 4y

In fact the representation v is such that the following diagram is commutative

4 B(H)

t v
H® A2, HR(A X yiFry)

where the isomorphism £ ~ 2" ® A is the isomorphism considered in § 1.

T
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This implies that
T INH ® i(A)) = WA R (A Xy Fy-1))

Since #" ® | « A ® i(4) contains an approximate identity for & &(A4 X F,_;)
this implies that

T(g—n) V(,/'{ ® (A Xa'r Fn—l)) < V(.%f ® (A Xa'r Fn—l))'

Let now I\",j denote the set F,\T'; and remark the following decomposition
of I', into disjoint subsets

Fn={e}urngnu U l(rjgjufj)'

1<j€n—
Correspondingly we define an isometric operator

V:H,® H®...®H - H,
(n—1)-times

by the formula

V(é@’h@- @’71!-1)=

=1 ®1®NE+ Y (Oy® 1 ® Dy + (rm1 Or, @1®A,—1)n))
n tgjsn—1 r_,' 7 / J

where g = r, denotes the right regular representation and 0 ¢ denotes the orthogonal
projection of £%(F,) onto ¢%E). Remark that the range of V is (I, \ {e}) ®
® Hy ® £2(F,-y).

Let 7’ denote the representation (non-unital) of 7, on H, defined by

T(x)=V((x)@(eop)(X)D ... (o o p)(XNV*.

(n—1)-times

It is easily seen that
T(p(@)) = Or N\ ®@a® 1.

We also have

(U == /Tngr"\{gk_l‘ L,®n®1+ /fgiQ(gk_l} @uk®z,;1 1<k<sn—1)

T(S)) = Ay Or,\ 1) ® 1, ® |

where fg for g e F, is the compression Ppr,)A,|¢%(T,) of 4, to ¢%(T,).

To check these formulae remark first that in order to prove that t'(x) =y
it is sufficient to show that

YO N@®1®DN=Qr\@m®1®1)y=y
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and
W=V (x ®(eop)x) © ... ® (0 2p)X).

(7~ 1)-times

The first of these relations is obviously satisfied so we shall concentrate on the second.
We have

Vit(U)E @ aotudip; @ ... @ ol i, ) =

- T(Uk)Ql.n\(rkka}ékU1e|‘)V(“ Oim®...&n )

-;-(,(}f, ® 1 @ Dolun+(r _, @r, ®1® L. Dol
k I,'k 4 L
argd
(0, @1 ® Dalwin+(r _, Qr 1 ® 2 -Do(u)ig=t(UN0y 2.® 16 D,
r £ k & NeNdag 5

LU 20, @1 @ A 1) 0 | @T®4 D=
4 k & 8 o 7} p

L ok

—-T(UL)O (:: @ ;’1 @ . @ ”n—l)_ll"

d\eErhung,
LA 2@, )Q oty @180

'——‘T(Uk)‘. V(‘:@Ul@ e (’B"l:- 1) +

F\igghurg,

Tl ®u @40, @LODVEN® .. @)

which in view of «(U}) : = ng t, ® 1 yield the formula for ¢'(U)).
The formula for ¢'(S,) follows immediately from

V((S,) @ o(u,) @ ... @ o) = (S)HV
and the fact that the range of V' is (Or Nt ® 1 ® DH,.
The formulae for t'(p(a)), t'(Uy), T'(S,) give immediately
p(a)) — T(p(a) = v(ele, €) @ i(a))
(U - T(U) =
= v(e(e, g7 @ 1) + (g ) ® 1) — velg, gi") ® uih)
©(S,) — v(S,) = v(e(gy, &) ® 1)-

This implies
TI(,=7H) \'(f// ® (A Xer l:n—l)) < v(‘%/ ® (A Xa'r Fnﬂl))
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and
ox) - T (X)e WA ®(AXy Fy)) for xed,.

The preceding facts show that both 7 and t' are *-homomorphism of the
Toeplitz algebra into the multiplier algebra of " @ (4 X, F,-1) and that these
*-homomorphisms are equal modulo the ideal ¥ ® (A4 X, F,—;). This will
determine a map

-K:f;(ﬂ(y-n) - [<zk('y[ ® (A Xz'rﬁ;l—l)) = I(T(A x:x'r El—l))'
The rest of this section will be actually devoted to the proof that this map is the
inverse of
dy : K(A X Fyoy) = KT ).

To do this we need some preliminarics.

First, consider M, N two C*-algebras .4 < N a closed two-sided ideal and
¢, @y : M - N *-homomorphisms such that ¢.(m) — @,(m) e F forme M.

Then for » a unitary in some ,//,\(/\7!) (#, denoting k X k matrices and ~
denoting the fact that a unit has been adjoined) consider [@,(1)P.(1™)], in K (F).
It is easily seen that [§,(2)®,(v™)]; depends only on [u]; in K, (M) and that
{t]y — [@1()Po(u™)]; is a homomorphism K{M) — K,(.5).

For K, a corresponding homomorphism can be defined via suspensions.
This is the construction we shall use for the map

K:{:(g—n) d K*(‘/[ ® (A Xa'r El—l))'

Further we nced the construction of a certain curve of homomorphisms
T A Xy Fyoy = B(H) (1€ [0, 7/2)).

For each te [0, n/2]) and | < k <n ~- 1 define
Wi1) = Or Nt g @ 1®1+
4 cost Qe ® 1 @ 1-4+sint g, Oy ® 1@ 25 -
— et sinrjlgk_lQ{gk} ® 1 ® g1 eMcostQ; @1 ® L

It is easily seen that W, (¢) can be also written
W) = Or\(e.cp®1®1+

+ costv(e(e, &) ® 1) + sintv(e(gy, e) ® u;t) —

— e?tsinsv(e(e, g) ® uy) + et costv(e(g, g0) ® 1)
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which using the unitarity of the scalar matrix

cost — etilsint
sint e?ilcost
shows that W,(¢) is unitary.

Moreover we clearly have
Wi(t) — Te V(A ® (4 Xy Fyoy))

where 1 is the identity operator on H,.
Define now the unitary operators
u, (1) = W (t)r(U,)
and note that if we write H, = X ® H, where X = £XT,) ® £3(F,-,) then uy1)

may be written as w,(t) @ v, where w,(¢) is some unitary in B(X). We thus get a
unitary representation

gr>u (t) = wy(t) ® v,

of F, -, such that ug, (1) = u,(1).

Recall now our assumption concerning the covariant representation of
(A, o, F;) on H, defined by A < B(H,) and g + v, . Since this covariant representation
gives a faithful representation of the reduced crossed product A X, F, it follows
that 4 = B(H,) and F,_, 2 g — v, will yield a faithful representation of the reduced
crossed product A X, F,_,. From this it follows that the map

(i(@)=1®a
T,(ug) = we(1) ® v,

extends to a faithful representation 7, of the reduced crossed product 4 x .. F,. ,
on H,. (See for instance [16], 7.7.5).
Remark further that for every x e 4 X, F,_; the map

[0, #/2]3 ¢t — T (x) e B(H)
is norm-continuous. Moreover we have
To(x) = 7(d(x))
Tape (X) = T(d(x)) + Oy ® x

for xe A X o, F,_; as can be easily seen by looking at x e i(A) U {uy, ..., 4,1}
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Also since each W (1) el + WA ® (A4 Xy F,-1)) and
T(Uk)v(‘%f ® (A Xa'an—l)) < V(% ® (A Xa'an—l)):
we infer that

1) — t(U) € (A ® (A Xy 1)),

and hence since also 7,(a) = 1((d oi)(a)) we have that

(A Xy Fan )VA @ (A Xy Frm1)) © V(A @ (A Xy Fp-y))
and
7(X) ~ 1(d(x)) € V(A @ (4 Xy Fr-y))
for all x € A X, F,_;.
2.1. LEMMA. The homomorphism
dy  Kj(A Koo Fom)) = Ky(T7)
is injective for j = 0, 1.
Proof. The homomorphisms 7 and ¢’ of 4, into
UT ) + WA @ (4 X Fv))
determine a homomorphism
4 : KT ) = KA @ (A Xy Fyy)).
We shall in fact prove that 4 od,, is the identity on
K4 Xpr Frmy) = Ki(W(H @ (A Xye F,—y).

143

Since passing to matrix-algebras over A has the same effect on the other algebras
considered, it will be sufficient to prove this for classes of unitaries in 4 X, F,_;.

Thus for a unitary u € 4 X, F,_; we must prove that
(4 ody)u] = [v(ele,e) @ ) + Or\(as ® 1 ® 1].
Consider the unitaries

w, = 1,W)(T'(@dW) + @ ® 1 ® .

We have that w, e I + wW(A ® (4 X, F,-,)) and ¢ — w, being norm-continuous for

t €[0, /2] we infer that [wy] = [Wa,] in K,(v(# & (4 Xgr F,-1))).
Now

wol = [1()(T'(dW) + Qs ® 1 @ 1) =
= [t(d@)(@(@dW) + Q0 ® 1 @ 7] =
= (ded)[u]
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and
Do) = [Tanltd (T () = Oy @ 1 @ 1)7Y] ==

e, ) @) D Or N @ 1 ® 1,
which concludes the proof of the injectivity of o/, forj-- 1.
To gt the same rosnlt for / =0 apply the preceding resull to
(A4 & (1), 2 ® ideery, F,) which gives that
(d 6 ideery) + Kt He oy} @ C(T)) = K( T, @ CT))
is injective. Using the natural isomorphism
Ki(M @ C(TY) =Ky(M) @ K(M)
for M unital we get the desired result also for j == 0. Q.LE.D.
Tn order to prove the surjectivity of d,, we shall use again the map 4 and some

hiomotopies. We begin with the construction of the homotopies.

Corresponding to the unital embedding ¢ 1 A X, £, — -7, there Is an
ermbedding d of the multiplier algebra of " ®(A4 X, F,-1) into the multiplicr algchra
of #'® 7,. Viewing = and 1’ as homomorphisms of 57, into the muliiplices of
WA @ (A Yo Fy ) @ (A, Fa_y), we get by composition with & two howies
morphisms of .77, into the multiplier algebra of % ¢ 7°,. For our purposes it will
bz convenient to have these homomorphisms expressed in terms of representations.

Consider 7, as usual, as a subalgebra of B(H, ® ¢°U7)) und deline
Vv, T, BT, ® Hy ® £2(°,)) defined by

5,(0=0(5 ® ((r, ® Dt} ® 1)),

; . ‘%f ® °Tn e B(KB(Fn) ® 1]0 ® [‘(rn))
by
We(g', £) ® X) = (7,1 ® 1,1 ® 1)7, ()=
== e(g’, 8) ® (v, ® Dx(v, @ 1)7).

Using 4 ® 1 as for v it is easily seen that ¥ is a faithful representation of
HAHT) @ T, on H, == £3I) @ Hy ® ¢X(I).

In fact let «, < I, be such that F,_,o,=-I, and gw,nw,- O for
g ¢ F,..\\{e}; then identifying ¢£*(I",) with /3(#, - )@/ (w,) and 77 with {#,& 43,
we have (¥ o (idx ® d)(x) == v(x) ® 1 for x € H"® (A X, £,1). Corresponding (o
- H_® £, we define

T(x) = t(x) ® 1

) =171

for xeJ ,.



REDUCED CROSSED PRODUCTS BY FREE GROUPS 145

Since (idw ® d)(A & (A X, F,.,)) contains an approximate identity for
A ® T, it follows that

HITIVH ®T,)c W(H®T,)
TT)V A RT,)c WA ®T,)

and the homomorphisms of Z, into the multipliers of ¥(# ® J,) defined by
7 and 7’ are just the ones we wanted to construct.
The homomorphisms 7 and 7' can be also described by the formulae

T(x)=x @ l e B((/*(T,) ® Hy) ® ¢4(T",))
for xe 9, = B(¢*(I',) ® H,) and
T(p(@) = OrN@ ®a® 1

T(U) =140 @u®l+i0  ®uv,®%_, (I<k<n—1)
k 1) 8y {g;l) z

LAANCY )
T(S) =1, 0r,\ 0 ® 1,81
where H_ is written as /%(I',) ® H, ® ¢%(T,).
Consider now the unitaries #; e .B(H?), 1 € k € n — 1 defined by
=1y, ® v, ®1=7%(U)

and for each re[0, n/2| the isometry

sut) = Zg, Qr, N (et ®V, ® 14-cost Iy Oy ® 0, ® 1 + sint Qs @ 0, @ 7 =
= 7(S,) — V(e(g. €) ® 1) -+ cost V(e(g,, ) ® 1)+
+ sintv(e(e, &) ® S,) € 7(S,) + ¥W(HF ® T,).
Our next goal is to show that there exists a *-representation:
1T, B(H?)
such that

(@) =1®a®]l
%r(Uk) = ak
T,(S,) = 5,(2).
This will be done by using Lemma 1.2.

10-2159
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Consider P(¢) =1 — s,(t)s¥(t) and o, the map corresponding to ¢ of Lemma
[.2. Note that for each te[0, n/2) P(¢) is the orthogonal projection onto - the
subspace of H. spanned by the vectors A

costQ ¢ @ h — s1nt)gn Qi ®n ® } _1h

It is not difficult 1o see that
P(o g)P(t)==0 for gel,\1e

Indeed, lfg = gk k > Othisis c]ear because P(t) = -] - 5,(D)s3(1). Moreover

o (BIPOH, 2(0 @1@ 1)H~,

so that writing ge I, \(U{g }) in the form g = g'gk with g’e  J ( g,UIj)

lgjgn-1
it is easily seen that
k+1

c(@POH. = ¥ (@ , ®1® DH.,
SR rer R £ - :

which is clearly orthogonal to P(t)H? .
To check that V ¢,(g)P(t)H; = H remark first that
. s€l, N . .

m=»co

lim s77(1)(Q k)s ®@n@u=0

for each k > 0 and ¢ [0, n/2).
This implies

(Q ., ®1®DH.c Vsit) PW)H. = V o (g)P(DH_.
& T k>0 ®  ger, ®

For ge I',\{gk| k > O} write g == g'gk where k>0and g'c U (T g,ulj) and

1gj<sn=1
note that

og)Q , ®1® DH, = (0w ® 1 ® DH;.

This gives then
H, - V e(g)P(OH,.
ger,

The fact that the unitaries uk(l <k <€ n -— 1) and the isometry s,(t) implement
the action « of F,on 1 ® 4 ® 1 is quite easy to see from the presence of the corres-
ponding v; in the second factors of the tensor products appearing in the formulae
defining these operators.
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Thus from Lemma 1.2 we conclude that 7,: 7, —» B(H.) is a well-defined

homomorphism for ¢ € [0, 7/2) and by continuity this is also true for ¢ = n/2.

Now for te[n/2, n] we shall construct another curve of homomorphisms
T T, - B(H?), keeping this time the isometry constant and varying the unitaries.

Consider for t e fn/2,- 7] the unitaries

(1) = 2g, € [ ®u®1+ sint/l:,kQ{gk_]} @y ®!l—

AN .’yk’l. e

— T, 3 . — et N
. costﬂgz ka_l} ® v ® )“fk 1—ecost Oy ® 1, @ lkk

—e®sinil, Oy ® v, ®1 (I1<k<n—1)
and the isometry . |

Sy == ZL’,,QF,,.\WC) ® ”n®.l + Q{e} ® Uy )"8,‘,'

Remark that for ¢ == n/2 we have ,(n/2) = 4, and s, = s,(n/2). Further, remark
also that

HUHuN =G _, ® vf ® () =

k

=Q ®1®1+sintQ RI®l—
gl

r.\iept e

- cost ngQ ®1Q1 o e?cost A 212 ®1® )fg —esint 0, ® 11 =
. Fwho % 5k * : o

= Qr"\(gk_l. B} @ 1®1+ sini‘v(e(g,';.-l, gHel—~
— costviele, grY) l® U,;“)— eﬁi’cosi:Tr(_e(g,:‘,:e") ® U) —
_etitging Ve(e,e) ® 1 e o WA ST,
TS, — s = ig, Oty ® v, Ol Qe ®v ® PIES
= V(e(g,, € ®1) - V(e(e, €) ®S,)e V(A ® 7).
We shgll prove the exi;tgn_cg of 7,7, - B(H) such that

@) =10a® |
TLU) = u,(t)
H(S)) = 5
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where te[nf2, n}, ae 4 and | <k < n—1. This will be done using Lemma 1.2
Thus, consider P = I — s,s¥ . It is easily seen that

P=Q(£,,)®1®1+Q{E}I®Q{e}'

Since the space (Qr o ® 1 ® 1)H- is reducing for ()0 <k<n—1) and s,,
and since moreover

0{e) Q) ® | ® DH, = (O, ® | ® DH,

for geI',, we see that in order to prove that Pe,(g)P == 0 for g e I',\\}e} it will be
sufficient to prove that

Qe ®1® Q25 () Qi ®L® Q) =0

for g e I',\{e}. This in turn will follow once we establish the following fact: if

ge',\le} is written in the form g = gmgim-1 ... g, (hW#hs,. .., ey Fin, #%7#0)
m m -1 1

then

(&) Qi ® 1 ® Q)H, < (Q1a ® 1 ® Qi) H; + (Q ®1®DH,

rélgn L
'm

where
Fg={Y7'nr,

FI: :(Fkgk)_lnrn'

We shall establish this by induction on the length of g. Before doing this, let us
write down the formulae for u §(z), s7:

THOES ng_lQr,,\(e,gk} @1+
—E—Sint).gk_lQ(e, Rl — cost/“.gk_eQ{gk,® i ® A, —
— e~ 2051 Qi ® 1 ® }.gk_l — g2l Sim)'x{l Qe ®ui ®1;
S:‘ == ;'3—1 Qr"\(gn‘ e} ® 11: ® 1 + Q{e) ® U: ® )'g_l'
n n
Looking at the formulae for u,(¢), uZ(¢), s,, St the assertion is immediately
established for |g| = 1.

Assume our assertion holds for Ig| == p and let us prove it for g’ e I',, where
g’y == p -+ 1. Writingg’ = gjg where e {l, —1}, g =gim ... g3, |gi= pwe have
m 1
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that either j # i, or if j = i, then ex, > 0. First remark that looking at the for-
mulae for o,(h) with |h] = 1 it is easily seen that

080 ®1® Q\'g})H; <

< (Q{e} ® 1 ® Q(g;g})H; + (Qr;igna ® 1 ® I)H‘;

Thus, it will be sufficient to prove that
oUENQ gns,, ® 1 ® DH, <

m

< (Qr;igne ® 1 ® I)H; .

Again, the case i, # j follows immediately from the formulae for ¢,(g5) and the
case i, = J, signu,, = signe follows also by inspection of the same formulae.

The fact that 4,(r) (1 £ k < n—1) and s, implement the action « on
1 ® A ® 1is easily seen from the appearence of the corresponding v;’s in the
second factors of the tensor products in the formulae defining these operators.

Thus by Lemma 1.2 we conclude that 7, is well-defined on the subspace H,(t) =

= V 0,(g)PH._, i.. there is a representation T 7 - B(H, (1)) such that
geTr,

TP(pa) = (1 @ a @ 1) H(t)
(U, = a4 (D) Hy(t)
‘%Sl)(sn) = Sn|H1(t)-

Writing H.=L® H, where L =/¢XTI',) ® (I, there is L,(t) = L such that
H(t) = L,(t) ® H,. Indeed this follows from the fact that

o(g) =0:(g) @ v,

PO)=P () @1

where o,(g) € B(L), P'(t) e B(L) and that hence each o (g)P(H is of the form

X ® Hywith X < L.
Now, Hy(t) = H? © H(t) = Ly(t) ® H, where Ly(t) = L © L,(t). Moreover

()| Hy(t), s,/ Hy(t) are unitaries and
u ()| Hy(t) = w;/(1) ® v,
SalHy(t) = u,'(1) @ v,
(1®a® NH() =ILn®a

where @;'(¢) are unitaries for 1 € k < n.



150 - c . - ‘M. PIMSNER and 13. VOICULESCU

Our assumption that:g > v and 4 < B(H,) generate a faithful representation
of the reduced crossed product 4 X, F, 'implics (keeping in mind [16], 7.7.5) that
there is a representation nr, of 4 X ,; £, on H,(t) such that

n-',(n('a)) =] ®u
m(u) = (N @ v, (1 <k<n.
Thus T®: .77, > B(H,(1)) given by T = m,0p is well de fmed and
(@) = (1 ® a ® DIHy(0)
TEO(U,) == a, (O H(t)
T0(S,) = s, Hul1).
‘This concludes the proof of the existence of 7, = T™ @ T® for t € [r/2, n].

Putting together the two paths of representations we get a path of represen-
tations 7,(1 € [0, n]) of 7, on H.. Clearly t - 7,(x) is norm-continuous for cach

x € J,. Moreover inspecting the computations done when defining 7,(x) it is easily
seen that TTIVH QT ) WA ®F,) and T,(x) — (e W(H ®T,) for
every xeJ .

Further note that

%O(Uk) = i;k = %(Uk)

‘E(,(S") = S,,(O) = ;g"QF \.{e} ® Uy ® I+ / Q(e}@ U, & ® l =: T(Sn)
so that 7, =: 7. Similarly

%R(Uk) = ngQ ) e I+

[ll\{gk . e}

+

3
Sk

Q 1, ®@u®L +0u®u® Ly, =T+ ¥Ud;
" k . .

;."(S") TE Sy Zgnan\(E) ® Ly ® b Q(e}®vn ®}'§n = %’(Sn) {';(Sn):

@) =1®@a®@ 1 :=7T(p@) + V.(v(a))

so that T, =7' 1 ¥

.-
2.2. LEMMA. The map

dy : KA X e Fo_y) = KAT)
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is surjective for j == 0, 1.

Proof. As in the proof of Lemma 2.1 we shall use the homomorphism
4:K(T,) = Ky @ (A4 Xy F-1))) = Ki(A Xy Fyoy)

and prove that dyo 4 is the identity on K,(7 ). Again as in the proof of Lemma 2.1
it will be sufficient to prove this for classes of unitaries [u] where ue 7.

Via the isomorphism K,(77,) =~ 1([ ® 7,) the class (dyo4) [u] is the class
of (idy ® d)(r(u)(t'(u)y + Q(,) ®1® 1) Din Kl(%® 7 ). This in turn via the
lsomorplnsm A T =+ V(A ® T,)is the same as the class of T(u)(7'(u) +

b Qe ®1®@ 1)~ in K\(/+ V(X4 ® 7,)). Consider the continuous path of
unitaries in /- (A ® ) given by :

we=T,u)(T'W) + Qi ® 1 ® 1)-1.
We have
wo = TWEW + 0 ® 1 @ D

We=0r\a®1Q1+ '\79@‘) =

=0r\ne®1®1+ Vie(e, &) ® u).

" Since [wg]=[w,] and since via the considered isomorphisms [w,] corresponds to [u],
our assertion i§ proved for j = 1. :

The corresponding result for j == O is obtained by applying the preceding result

to (4 ® C(T), » ® ideery, F,) and using the natural isomorphism K (M ® C(T)) =~

~Ko(M) @ K, (M) for M unital. Q.E.D.

.83

In this section putting together the results of the preceding sections we obtain
the main results of this paper.

3.1. THEOREM. The diagram

1,0, ~ x(gz1),)
Ki(d)——Ky(4 X F, 1)————-—> KI(AXaan)

k, 1,0(id, — a(zz1),)
Kold X aeFy) =————Ko(4 X g Fy 1) Ko(4)
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where k is the natural inclusion of AX . F,_q into A X, F, and the vertical arrows
correspond to the connecting homomorphisms in the exact sequence for the Toeplitz
extension (modulo the isomorphisms KA @ A) ~ Ki(A)), is an exact sequence.

Proof. Consider the exact sequence of K-theory for the Toeplitz extension:

K # ®A) — s Ky(T,) 2 Ky(Ad X o F,)

Ko(4 X 5o F,) < Ko(T,) —n Ko A ® A).
By Lemma 1.3 the diagram

%4

KA ®A) — s K(T )

|? Ip.
id, —-a(gy ),

Kj(A) - ——— — K;(4)

is commutative for j — 0, 1. Since p = d ¢ / the diagram

Va

KA ® 4) —> K7

d

R i,o(id, — a(zgzy").) )
K;(4) — Kj(A X i Fpey)

is also commutative. Now by Lemma 2.1 and Lemma 2.2 we have that d, is an

isomorphism so that K(#" ® A)—Z—>Kj(§',,) may be replaced in the exact se-

ioo(id, - a(syh),)

quence by Ki{4) ———mo 5 K{AX, . F,_)). Q.E.D.

3.2. CorOLLARY. We have K(CH}(F,)) ~ Z the generator being [1]. Also, we
have K((CH*(F,))) ~ Z" the generators being [u,], . .., [u,).

Proof. Applying Theorem 3.1 for A4 = C and « trivial, we get
Ko(CH(F,-1) ~ Ko(CF(F)
is an isomorphism for n > 1 (where C¥(F;) == C). This shows that

Ko(C) - Ko(CH(F)

is an isomorphism proving our assertion concerning K.
For K, we get exact sequences

0 = Ky(C*(Fy 1))~ Ky(CH(E)) » Z - 0
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the map K,(C}(F,)) — Z being given by the index corresponding to the extension
0> A4 -9, C¥F,)—0.

Since wu,e C¥(F,) has index 1 it follows that C¥(F,) is isomorphic to
k(K (CHFF,_1)) @ Z-[u,) where k, is injective. Applying this fact several times our

assertion concerning K, follows. Q.E.D.

3.3. CorROLLARY. There is no non-trivial projection in C¥(F,).

Proof. There is a faithful trace-state on CF(F,). The range of the homomor-
phism K (C¥(F,)) —» R induced by this tracc-state is Z because of Corollary 3.2.
Hence the trace of a projection in C¥(F,) can be only 0 or 1 and hence the only
projections in C}(F,) are 0 and 1. Q.E.D.

There is also another six terms exact sequence for reduced crossed products
by F,, which can be also viewed as a genecralization of the exact sequence for crossed
products by Z. To establish this second exact sequence we need some preparations.

The Toeplitz algcbra for A4 X, F, arising from I', will be denoted by 7, ,
and the corresponding connecting homomorphism K (A4 X, F,) = K; (4 ® X')
will be denoted by J, ,. By B, we shall denote the fibered product of the algebras

T o over AX . F,, i.e. we define:
Bn = {xl @ e @ xn € k@l g-n,k Ipn,l(xl) = oeee = pn,n(xn)}
where p,, 1T, = AX, F, are the corresponding surjections (k =1, ...,n).
Thus, there is an exact sequence
0> (AXAY - B, > AX o F,— 0.

Consider p,, : A - 7, , the homomorphisms corresponding to p in case k = n
and consider
pn:A— B,
defined by
pn(a) = pn,l(a) @ e ("D pn,n(a)'
Thus g, , will be generated by
Prp(AD ULSpsf U{Unp 1 1 <j<my j# K}

It is then easy to see that B, is generated by the isometries

Z,, Un,l,,' @ cee @ Un,j—l,j @ Sn,j @ Lln.j-l],j @ e @ Uu,n,j
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(I € j < n)and p,(4). Itis also easily seen, using Lemma 1.2, that there are unital
“-homomorphisms d, : B,_; - B, such that

dn(pn—l(a)) = pn(a)
dn(zn—l,j) = Z‘n.j (] < ] Sy 1)
3.4. LemMA. The homomorphisms

J LN K_[(A) - Kj(Bn)
are isomorphisms.

Proof. We have p, == d,o ... ody, so that it will be sufficient to prove that
d,. is an isomorophism for all ». '

The ™ closed bilateral ideal in B, generated by {1--23,.2%, ...,
1 2, -1 2F,.} is isomorphic to (4 ® H#)* ! and we have an exact scquence

O->ASAY-L>B,—»7,,—-0
This exact sequence is part of a commutative diagram:

0- (A ® :/f)"—l g Bn g '7-;7,51 ~—>0

T

0 (4® HY 1= By ymAX g Fyy = 0

where the map j: (A Q@ X)"-1 > (A ® H)*-' is an injection which induces the
obvious isomorphism for the K-groups.
Thus we have a commutative diagram

Kii(7 50 = Ki((4 @A) 1) —» Ki(B,) - Ki(F,,,) = K;_,((4 @ K)")

d- Ju dps d' Je )
K, 2104 X e Fo )2 K (A® A Y =) K (B, ) K A X g Fy 1)K ((A@H Y-,
Since j,. are isomorphisms and dy is an isomorphism by §2, we infer that d,, is
also an isomorphism. Q.E.D.

3.5. THeOREM. The diagram

8 Tu

(Ko(4))" > Ko(4)

é [}

Ky(A X g F)e— Ky (4) +—2—— (K ()"

KO(A X ar Fn)
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where

3, 0~ ()

je=1

/f(vl ... @ ) =
" . ,
cand 0 - = j(?l (?,,, ;'7’; is 'aﬂ 'ex‘act -S(:’quen'ce.
.[’ru-of. Tllle. exte.:h.sion
R 6.—> (Al@)‘-%})" —> é,, —;AX“F,, —;0 i'
gives risc to an exact séqﬁ.én:c,‘e o

T (Ko(A) ——> Ky(B,) ——> Ko(4 X F,)

Ki( A X o F)e——Ky(B) «—  (Ky(A))"
where the vertical arrows are cals.iley scen to coincide with d. ,Ué_ihg Lemma 3.4
we have isomorphisms p,, : K;(4) = K,(B,) so that all we have to prove is the
commutativity of Co

K;(A®A)")—> K;(B,)

|

(K;(A) ——> K;(4)
sincc it is obvious that the composition of homomorphisms A L"—>B,, = AX, F,
is just m. To prove the commutativity of the above diagram one proceeds as in the
proof of Lemma 1.3, considering the C#-algebra generated by p,(4)y Z,; which
is isomorphic to the Toeplitz algebra 7(4, a;, Z) for the action o; : Z — Aut(4)
defined by o;(m) == a(g}"). Q.E.D.
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