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W*-DYNAMICAL SYSTEMS AND REFLEXIVE
OPERATOR ALGEBRAS

JON KRAUS

Let o be a o-weakly continuous action of a locally compact abelian group
G on a von Neumann algebra # by s-automorphisms. If « is inner, and ¥ is a posi-
tive semigroup in the dual group of G, then to each inner unitary implementation
of a, we can associate (via Stone’s Theorem) a commutative subspace lattice (CSL)
¥ < 4 such that (alg.?”) n # coincides with the algebra of Z-analytic operators
of the action. Such a lattice .# is said to be (G, X)-analytic. Loebl and Muhly have
shown that every totally ordered CSL is (R, {0, oo))-analytic. We extend their result,
and show that any width n CSL is (R", [0, co)")-analytic. We also show that if .#
is any CSL whose core &' is totally atomic, then there is a second countable compact
abelian group @, and a positive semigroup X in the dual group of G, such that &
is (G, X)-analytic. These results allow us to use spectral subspace techniques to
study certain reflexive operator algebras. As an application, we prove that if
KLy Ay, i = 1,2 are commuting CSL’s with totally atomic cores, then

(M (alg?) n 2 = [(alg) N ] B [(algL2) n s,

where ¥ == ¥ 1%, A = B, @R,, and the tensor product on the right hand
side of (1) is the g-weak closure (in &) of the algebraic tensor product. This result
is related to Tomita’s commutation theorem for tensor products of von Neumann
algebras, and to a result of Gilfeather, Hopenwasser and Larson (who show, by
other methods, that (1) holds when %, and #, are type I factors, and &, and &,
are totally ordered).

1. PRELIMINARIES AND NOTATION

In this paper, all Hilbert spaces will be assumed separable. Let H be a
Hilbert space. We write B(H) for the algebra of all bounded operators on H.
“‘Projection” will always mean self-adjoint projection, and we identify projec-
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tions with their ranges. The projections in B(H) form a lattice under the ope-
rations A (intersection) and v (closed linear span). A subspace lattice ¥ is a
lattice of projections in B(H) that contains 0 and the identity operator I, and
is closed in the strong operator topology. If the elements of % pairwise commute,
& is called a commutative subspace lattice (CSL).

If ¥ is a subspace lattice, alg%# denotes the algebra of operators in B(H)
leaving the elements of & invariant. If & is a subset of B(H), lats/ denotes the sub-
space lattice of projections in B(H) left invariant by all of the elements of 7. If &/
and & are contained in a von Neumann algebra #, we write %-alg# for (alg¥) r
and £-late/ for (late?) n #. We say & (resp. «7) is R-reflexive if & - - R-latA-alg ¥
(resp. & : -+ #-algA-lateZ), and that & or & is reflexive if it is B(H)-reflexive. Note
that if % < # is a subspace lattice, the associated algebra Z-alg.? is automatically
Z-reflexive.

A chain is a totally ordered subspace lattice. (Note that in Ringrose’s termi-
nology [17], the chains are precisely the complete nests containing 0 and 1) A sub-
space lattice & is finite width if there is a finite set of chains &, ..., %, such that
KL v...v ¥, where ¥, v ... v &, denotes the subspace lattice gene-
rated by %, ..., #,. The width of % is the smallest such integer #. The core of
a subspace lattice & is the von Neumann algebra %’ generated by %, and & is
multiplicity free if its core is a maximal abelian von Neumann algebra.

Commutative subspace lattices were first studied systematically by Arveson
[2], who developed powerful techniques for analyzing these lattices and their asso-
ciated reflexive algebras. One of the main results in [2]is that all CSL’s are reflexive.
Ringrose had previously shown in [17] that chains are reflexive. He called the asso-
ciated algebras nest algebras, and introduced them as a generalization of the maximal
kyperintransitive triangular algebras of Kadison and Singer [11]. An excellent survey
and bibliography of nest algebras and more general CSL algebras can be found
in [6].

If & < 4 is a chain, #-alg¥ is called a nest-subalgebra of 4. Nest-subalgebras
of von Neumann algebras have been extensively studied by Gilfeather and Larson
[8, 9]. Their results show that these algebras form a very interesting class of reflexive
operator algebras. In [14, § 4.2], Loebl and Muhly established a connection between
nest-subalgebras of von Neumann algebras and W*-dynamical systems. A W*-dyna-
mical system (#, G, «) consists of a von Neumann algebra & (on H), a locally com-
pact abelian group G, and a homomorphism o of G into the group of #-automor-
phisms of %, such that all of the maps g -» p(x,(4)) are continuous (4 € #, p ¢: #,).
We say « is inner if there is a U € Rep(G, H) (the set of strongly continuous unitary
representations of G on H) suchthata =: adU (i.e. 2,(4) = U, AU, Ac#, g G),
and U, € Z for all g in G. The dual group of G is denoted by I'.

A powerful tool in studying dynamical systems is the thecory of spectral sub-
spaces, developed in its present form by Arveson [1]. For the convenience of the
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reader we include some of the basic definitions and facts about spectrél subspaces
below. Detailed expositions can be found in [1, 3, 4, 15, 16].

If (#, G, ) is a dynamical system, then for each f € LYG) and 4 € &, the
#-valued integral

a(f)(A) = Sf(g)ag(A)dg
G
(where dg is Haar measure) is well defined, a(f) is a o-weakly continuous bounded
lincar operator on £, and the action (f, 4) — a(f)4 makes £ into an L*(G)-module,
with |x(f)( A < IIf]l |4]l. For 4 € &, the spectrum of A is defined by
spo(A) —{y e I : J(y) = 0 for all fe LYG) with a(f)(4) = 0},
wherc

Jo) = Sf(g) (g, 7)dg,

G

and g,y -» (g, 7) is the dual pairing of G and I'. The spectrum of 4 can also be
characterized as the support of the map f — f(a)(A), i.e., the complement of the
largest open set Q < I' such that supp f = Q implies 2(f)(4) == 0. If E < I, the
spectral subspace A#%(E) is the o-weakly closed linear span of {4 e # : sp,(4) < E}.
If £ is closed, {4 e 4 :sp,(4) = E} is a o-weakly closed linear subspace of %,
and so equals #%E). If E, F < I' then % (E)#%(F)< #*(E + F).

A subset XcT' is a positive semigroupif (i) £ + X < Z, (i) Z N (— 2) = {0}
and (iii) ¥ = int}. Note that if we define a binary relation > on I' by y > i
iff y = A¢ ¥, then > is a partial order, and Z -:{yel :y20}. If Y= T is a
positive semigroup, an operator 4 € # is analytic (or Z-analytic) if sp,(4) < Z.
The sct of all analytic operators, #%(%), is a o-weakly closed subalgebra of # con-
taining the identity operator I. Algebras of analytic operators were first studied by
Loebl and Muhly in [14]. In the special case when G =R (so I’ = R), and
2 =+ [0, 00), A is analytic iff all of the maps ¢ -» p(2,(4)), p € X, are in H(R).

One of the results of [14] is that the necst-subalgebras of von Neumann alge-
bras are precisely the algebras of analytic operators of inner one-parameter
W#.dynamical systems. In the next section, we prove an analogous result for
“finite width subalgebras” of von Neumann algebras (Theorem 2.6).

2. ANALYTIC CSL’S

Let ¢ be a locally compact abelian group. If Ue Rep(G, H), then by Stone’s
Theorem, there is a unique projection-valued measure P(-) on the Borel sets of I’
such that

) Uy = S(g, PdP(y) (ge@).

r
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We write U ~ Pif (2) holds. If X is a positive semigroupin I', and ¢ <z 2 isa CSI.,
we say & is (G, X)-analytic if there is a Ue Rep(G, H) such that U, e # for all
ge G, and {P(y + Z) :ye T} generates & as a subspace lattice (where P~ U).
We write & ~ U or & ~ P in this case.

PROPOSITION 2.1. Suppose %' < # is (G, E)-analytic, U ~ ' and 5= adl.
Then
3 A-Alg¥ - ANT).

Proof. Let P ~ U. By [I, Corollary 2, p. 231, 4 .# is in #%Y) iif
A[P(y -+ 2)H]<[P(y + &)H] for all yel, ie iff {P(y+ 2):yel} < latid).
But Jat{A} is a subspace lattice, so 4 € #%Z) iff ¥ < lat{4}, and (3) follows.

REMARK 2.2. The converse of Proposition 2.1 is not true. For example, if #
is a nontrivial abelian von Neumann algebra, and (4, R, %) is the trivial dynamical
system (i.e. each 2, is the identity automorphism) then every CSL & < # satisfics
(3), since both sides equal 4. On the other hand, the only inner one-parameter
dynamical system is the trivial one (£ is abelian), and so the only (R, [0, co))-analytic
CSL is the trivial lattice {0,7]. FHowever, it follows casily from [1, Corcllary 2]
and the fact that all CSL’s are reflexive that the converse to Proposition 2.1 does
hold in the special case # <= B(H).

A positive semigroup X < I is said to be generating if the g-algebra gencrated
by {y + 2 :yel}isthe g-algebra of Borel sets of I

ExaMpLE 2.3. (1) Suppose I’ is a countable discrete group (this is true iff G
is compact and second countable {18, 2.2.6]). Let & denote the ¢-algebra generated
by {y ' £ :yeTl)}. Then for cach y,eT,

(o} =@+ — (UG +2ec

2%
Since I is countable, & contains all subsets of I, and so X is gencrating.

Examveri 2.3. (2) Let I":= R% ¥ == [0, o0)". Then if (ay, ...,q,) = ¢ R,
and é > 0,

{(Xo .. x)a; € x;<a;+ 8, 1 <i<gn) e
n o

B (U(al;~"vai'}'0)~--van)':"z)
i-:1

is in the o-algebra & generated by {y -+ ¥:y€ T}, and so & contains all open
sets in R”, and hence X is gencrating.

PROPOSITION 2.4. Suppose ¥ < I is generating, Ue Rep(G, H) and U ~ P.
Then Ae {U,:ge G} iff AP(y + %) =: P(y +- Z)A forall yel.
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Proof. Since P(-) is a projection-valued measure on the Borel sets of I,
{E : P(E)A = AP(E)} is a g-algebra. But A € {U,}’ iff P(E)4 = AP(E) for all Borel
sets E, and Y generates, so the result follows. .

THEOREM 2.5. Let &4, ..., &, be mutually commuting CSL’s in a von Neumann
algebra A, and suppose &, is (G,;, X)-analytic, i=1,2, ...,n, where each %,
is generating. Then ¥y v ...v &, is (InI G;, ﬁ): 1) -analytic.

jel i=1

Proof. We will prove the theorem for n = 2. An easy induction argument
then gives the general case. So let ¥y ~ UMD ~ P;, i= 1,2, and let G = G, x G,
r :‘lel'g, 2= Xy X 22, L = -le A\ .?2. If '))iEFi, then Pl('yl‘l"‘ Zi)ee(l}i’
i==1,2. Since ¥, and &, commute, it follows from Proposition 2.4 that

(1) r (2 @) (1) .
Ug)Us, = U Up), gieGy, i=1,2.
Let
; )y
W(gl,s'z) = Ugl Uga-

Then W e Rep(G, H). Moreover, if W ~ P, then combining [15,2.5.2] and
[16, 8.1.5] we have: if yeI';, AeT,, then

P((7, ) -+ 2) = P((y + D9 x (A 22)) = Pi(y + Z)Po(A + Zo).

Hence if &, is the CSL generated by {P(y + Z) : ye '}, then &£, = £. On the
other hand, for cach fixed yeI'y, Pi(y -+ Z)Py(d 4 ) € &, for all LTy, and
hence Py(y +- 2))0 e Z, for all Qe %, In particular, Py(y -+ Z,) e &, for all
vely, so ¥ < P, Similarly, #, « &#,, and so & = ¥, Hence W ~ &, and &£
is (G, X)-analytic.

THEOREM 2.6. Let &y, ..., L, be mutually commuting chains in a von Neu-

mann algebra A, and let & = Lyv ... v.&,. Then there is an inner n-parameter
W-dynamical system (#, R", o) such that
©)] R-alg¥ = %[0, co)").

Conversely, if (®, R, &) is an inner n-parameter dynamical system, then there are n
commuting chains &y, ..., L, in R such that (&) holds for £ =%, v ... v &L,

Proof. We will first prove the converse. So assume (£, R”, «) is an n-parameter
inner dynamical system, and suppose « = adU, where U,e %, geR". Let P ~ U,
and let ¥=-[0, co)". For each 1eR, and each i/, 1 <i<n, let E, ;=

w{(ty, o t,)eR it 2t} Then (4, ..., t) + Z = M £:,.i, and so

ie=1l

(5) P((ty - s 1) + 5) = [T P(Er,i).

i=1
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Let 2, be the subspace lattice generated by {P(E, ;) :te¢ R}, 1 < i< n. Then the
&, are commuting chains in &, and if we let & be the CSL gencrated by
{P(y+4 %) :yeR"}, then L =« L, v ... v &, by (5). On the other hand, the
identity operator / is the strong limit of P(E,, ;) as m —» —o00, 1 < i < n, so another
application of (5) shows that ¥, « ¥ for alli. Hence ¥ = %, v ... v &, and
(4) follows from Proposition 2.1.

Now suppose & == %, v ... v &,, where the &, arc commuting chains-
To prove (4), it suffices to show that % is (R, X)-analytic. It is well known (sce,
e.g. [L1] or [10, Theorem 1.1, p. 214]) that to each .&; there is associated a projcction-
-valued measure Py -) on R, with support in [0, 1], such that %, coincides with
1P{[4, 00)) : AeR}). Hence each &, is (R, [0, oco))-analytic, and so £ is
(R", ¥)-analytic as required.

ReMaArk 2.7. If ¥,, ..., &, are commuting chains in &, then we can find
U e Rep(R, H), 1 <i<n, such that UY ~ £, and sp(UD) < [0, 1] (where sp(U'")
is the spectrum of U, i.e. the support of the projection-valued measure associated
with U®). Then with Uy, o= UPUD ..U, U~ L1v .. v ¥, by the
proof of Theorem 2.5, and sp(U) < [0, 1]". Hence, if « = adU, then a is unifor-
mily continuous, and so we can find an wniformily continuous dynamical system

such that (4) holds.

3. A REPRESENTATION THEOREM FOR ANALYTIC CSL’S

If (X, €,m) is a standard, partially ordered measure space {2], let L(X, <)
denote the lattice of increasing Borel sets of (X, <), and let L(X, <, m) =
- :{Py: Ee L(X, <)}, where Py is the operator on L%(X, m) which multiplies functions
in L3(X, m) by the characteristic function of E. Arveson showed in [2] that if & is
a CSL in B(H), then there is a partially ordered measure space (X, <,m) such
that % is unitarily equivalent to Z(X, <, m). In this section we show that if &
is (G, ¥)-analytic (with X generating and I' second countable) and multiplicity
free, and if U ~ &, then we can take X to be sp(U), < the partial order induced
on X by Z, and m to be a finite positive Borel measure on X. This generalizes a
result of Lauric for finite width multiplicity free CSL’s.

LEMMA 3.1. Let ¥ < I' be a positive semigroup, with I' second countable.
Let 3y, yoy ... be a dense subset of I'yand E; = y, + Z,i==1,2, ... . Theny €
Wap) S ggA i 1,200

Proof. Suppose y,iel and y ¢ A, i.e. A¢y -+ 3. Since y-- X is closed,
we can find a neighborhood W of 0 in I' such that A+ W —-Wny -+ X0,
Then A+ Wnyp4-3T4 W=@. Since Oeints, (— W)nintZ # @, so
y - WNy—intX is a nonempty open set, and thus y; € y 4 W n y—intZ for some i,
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Hence yecy;+intZ < y;+ %, and Xg(y)=1. Moreover, y;ey+ Wcy +
424 W,s0 A¢y,--2. Thus 0= XEI_(A) < XEI_(}’). Therefore, if XEi(y)<XEi(A)
for all /, then y < 4. Converscly, if y< 4, and XEi(y) = |, then y,<y<4, s0 XE’.(A) =1,
Hence X,;‘,(}v) < XE,- (4) for all /.

REMARK 3.2. Let m be Haar measure on I', and < denotc the ordering induced

by Z. Then it follows from Lemma 3.1 and [2, 1.2.2] that £(I", <, m) is generated
as a subspace lattice by {Pg,:i=1,2,...}.

THEOREM 3.3. Let & < B(H) be a (G, X)-analytic CSL, with ¥ generating
and I' sccond countable. Suppose U ~ £, X = sp(U), # = L, v is a unit separating
vector for 1, and Q is the projection onto K = [.# v]. Then there is a finite, positive,
regular Borel measure m on X, and a unitary operator V : LA(X, m) - K such that

VX, <,m)V-1= 20,
where x < y iff y—xeZ (x,ye X).

Proof. Let P ~ U, and for u, w e H, define m, ,, on X by m, ,(E)=(P(E)u, w),
E Borel. Let m =:m, ,. Then m is a positive, regular Borel measure, and m(X)=
= |lv]?: + 1. Moreover, if E is Borel, m(E) = 0 iff P(E) = 0, since v is separating
for .#. (Note that by Proposition 2.4, .# = {U, : g€ G}".) Hence the formula

(T(f)u, w) = Sf d77111,w (ue Hy,we H)
X

defines an isometric #-isomorphism T of the Banach algebra L®(X, m) onto a closed
normal subalgebra & of B(H) [19, 12.21]. Define V on L*®(X,m) < L*X, m) by

V== T(f)r. Then |T(f)v]? = Slflzdm, so V extends to an isometry of L3(X, n)
e

into H. Moreover, 4 € ' if A e {P(E) : Eis Borel}' iff 4 € #’, 50 "' = %" = .4,

and hence the range of Vis K == [.#/v]. Routine calculations show that T(X;) = P(E),

E Borel, and VL V-! = T(f)Q, fe L*(X, m), where L, denotes the operator “mul-

tiplication by f”, and T(f)Q is looked at as an operator on K. Hence VPg V-1 =

== P(E)Q, E Borel, and so

Zo = VLX, <, mV-1 = {P(E)Q : Ee L(X, <)}.

Since #yisa CSL, {P(y + X) : y € I'} generates &, and P(y + Z) = P((y + X) n X),
yel, we have #Q c %, Let y,7, ... be a dense subset of I, and Iet
Fi=(y;-+3) n X. Then for x,yeX, x < yiff XF, (x) XFi(y) (Lemma 3.1),
and so {PF: 1i=1,2, ...} generates £(X, <, m) as a subspace lattice {2, 1.2.2],
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Hence ~{VPin' Yiie=1,2, ...} gonerates 7. But VPp V- 1==PUF)Q=P(;; - 20,
s0 Yy < L. Hence &, = L0.

Note that if & is multiplicity free {so .7 is a m.a.s.a.), every separating vector
for.7 is cyclic, and so & is unitarily equivalent to (X, <, ).

COROLLARY 3.4. ([13, 3.3(2))) Let & - v v ... v £, he a finite widih
multiplicity free CSL. Then there exists o finite Borel measure i on {0, 11" end a
unitary operator V : L0, 11%, m) -> H such that V&'([0, 1}, <, m)V 1 - &, where
< is the product partial ordering on [0, 1)

Proof. By Remark 2.7, ¥ ~ U, with sp(L) « [0, 1]°. Apply Theorem 3.3,
and sct a1 = 0 on the complement of ¢ p(U).

4. TENSOR PRODUCTS

In this section we will study tensor products of CSL’s and reflexive algebras
using the results of Section 2. If .7 and 4" are von Neumann algebras on Hilbert
spaces My and H,, let i - - H, ® H, be the Hilbert space tensor product of
and f,, and & = .4 & 4 be the von Neumann algebra tensor preduct of .4 and
A WL, o Zand &y < A are subspace lattices, let & = #,® ¥, be the subspace
lattice generated by the clementary tensors {P, ® P, : P;e &} If o <@ ./ and
A <; A are lincar subspaces of . and A, let o7 ® 4 denote the g-weak closure
(in %) of the algebraic tensor product &7 ® A.

QuestioN 1. For which subspace lattices #, < . and %, < A do wehinve
() H-algy o H-alg¥, B N-algPl,?

It is shown in [7] that (6) holds if . # == B(H,), A == B(H,), and #; and %,
arc chains. As noted in (7], if .# = B(H,), V" =: B(H,), and &, and %, are thc
projection lattices of von Neumann algebras .7, and A", (6) becomes

(RN =41 @ N,

which is just the statement of Tomita’s commutation theorem for tensor products
of von Neumann algebras. More generally, if we assume %, and %, arc the pro-
jection lattices of von Neumann subalgebras .#,< .# and A", < .4, (6) becomes

(ML BNY N BN = (N0 7)) BN

This relative commutant version of Tomita’s theorem is also valid ([21, p. 167]).
However, all of the proofs of Tomita’s theorem use self-adjointness in an essential
way, and so shed no light on the general validity of (6). A complete answer to
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Question 1 is apparently quite difficult. The main result of this section is that (6)
holds for a special class of subspace lattices: the CSL’s with totally atomic cores.
Notc that any chain generated by an increasing sequence of projections has totally
atomic core (although the converse is not true), and so, in particular, (6) is valid
for any finite width CSL generated by chains of this form. Also note that if &, < .#
and ¢, < A are chains with totally atomic cores, then it follows from (6) that
the tensor product of the associatzd nest-subalgebras is #-reflexive.

Now suppose &y < 4, ¥, = A are CSL’s, and #; is (G;, X )-analytic,
P2 U~ &yand V ~ £, define We Rep(G, H) by

H/("'r"'z) == Ugl @V, A (g1, 82) € Gy X Gy = G).
Let 2w adl, ff=adV, and a«a ® f =adW. Then (#,G,0 ® f) is an inner
W#-dynamical system. Note that
(@ ® Big,.up(A ® B) =ty (4) ® o (B) (2,¢Gy, Ae.tt, BeN).

THroREM 4.1, Let &y <« . # and &'y <= & be CSL’s, and suppose ¥£; is
((;i’ X,-)“allaly,i(', [ = l, 2. Let G - Gl X (;3, Y= 21 X 22, U~ 31, V ~ .([2,
2@ piwadlU@V) Then ¥ =% QL is (G, X)-analytic, & ~ UV, and
)] R=®O(F) == R-algZ.

Proof. By Proposition 2.1, it suffices to show that & ~ U® V. Let P, ~ U,
Py ~ V. It is not hard to check: if P~ U®V, then P(E, X E;) = P,(E))® P:(E,),
E; <: G; Borel. An argument similar to that in the proof of Theorem 2.5 shows
that . is the subspace lattice generated by

{P((A,V)“]”Z):(/la')’)erl x F2}=
= {Pi(A+ 2) @ Py + Zy) : (L, ely XTIy,

ie. that Z ~ UQ® V.
Thus in the case of (G, X)-analytic CSL’s, Question 1 is a special case of:

QuEsTION 2. Let (W, Gy, o), (N, Gy, ) be WH.dynamical systems, X; a
positive semigroup in I';, i==1,2, and let 2= 4@ N, T =3, X Z,. When
do we have

(8) ReOM(E) = .MHZ,) B N(E)?

(Note that we can define « ® B whether or not o and f are inner. For ifg, € G,
and g, € G,, there is a unique x-automorphism % @ ﬁg2 of # such that

(g, ® /332)(/1 ® B) =2, (4) @ B (B), Ae.#, Be N
{5, p. 56] and it can be verified that (%, G, « ® B) is a W*-dynamical system.)
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If follows from [7, Theorem 2.6] and [14, Corollary 4.2.4] that (8) is valid
when % B(H,)), N = B(H,), G, =Gy =R and X, = F»=-[0,00). We will
show that if G, and G, are compact, then (8) always holds. We would first like to
note that the right-hand side of (8) is always contained in the left-hand side. "t'his
can be scen as follows: If G, and G, are locally compact abelian groups, and if
fie LG, i:= 1,2, we can define f; ® f, c LG, x G,) by

(f1 ® f)gw &) - [il&)fulg2)-
If (@, Gy, o) and (A, G,, B) are JW/*-dynamical systems, a computation shows that

(0 @YN[(2 @ B)fL®F)A® B)) ==

=2 (@ @ Y)(2(f)(4) ® B(/)(B))

forallp & ¥ e A, Ae.#, f e A Since the algebraic tensor product .7, & .4,
is norm densein (# @A)y, and .#® A is o-weakly dense in. # @ A, we conclude:

9 (2@ B(f1®f) = a(f1) ® B(f2)  (fi€ LYG ).
Henee if A € 4 and Be A,
spd@ﬂ(A ® B) = Spu(A) X spﬂ(B)s

from which it follows that
(10) MEY R NO(F) <« F*8(E x F), (Ec Iy, Fc<T..

Let (#, G, 2) bec a W*-dynamical system, with G a compact abelian group.
Lete(g): - (g,7),g¢ G, yerl,and set Dy == 9(e,). It is casily verified that

PR = By = {A e R : 2,(4) = (g, N4, ge G},
that p? = p_and p_p, = 0, 7 # 1. Moreover if Eis any subset of I', then
v ¥ via

(11} RNE) = N 2°(y)

vEE

where V denotes the o-weakly closed linear span [15, 2.3.4 (ii)].

THEOGREM 4.3. Let (#, Gy, &) and (N, Gs, ) be W*-dynamical systems where
G, and Gy are compact abelian groups, andlet B —= 4 Q N IfEc TI'iand F < I',
then
(12) Re®B(E X F) = M*Q(E) N*F).

Proof. Let yeTI'y, AeT's. Then e, ;) = ¢, ® e;, s0 by (9), pi;. 2y =P, ® ;.
Hence

R208((7, 1) = Py R = Q) & N (3),
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50 #2®8((y, A)) c MU EYRNP(F)forall y e E, A € F, and thus, by (11), #*®8(Ex F)c
c MYE) @ A F(F). Combining this with (10), we get (12).

In order to apply Theorem 4.3 to CSL’s, we need to know which CSL’s are
(G, Z)-analytic for some compact abelian group G. First note that if U € Rep(G, H),
and U ~ P, then, since I is discrete,

(13) U, =y§r(g, N Py

where P, == P({y}), yeT, and the sum in (13) converges in the strong topology
Hence the abelian von Neumann algebra {U, : g€ G}" is totally atomic, with atoms
{P,:P, #0}. If U ~ % and X is generating, then ¥" = {U,}", so a necessary
condition for % to be (G, X)-analytic, G compact abelian, and X generating, is
that %" be totally atomic. This necessary condition is also sufficient.

THEOREM 4.4. Let ¥ < % be a CSL with totally atomic core. Then there is
a second countable compact abelian group G, and a positive semigroup X in the dual
group of G, such that ¥ is (G, X)-analytic.

Proof. Let {E;};e; be the atoms of #". We may assume J = {1, 2, ...} (pos-
sibly finite), since £ is separably acting. For eachje J, let P,=A{Pe & : PE;<E;}.
Since £ is complete, each P; is in &, and if Pe %, either PE; =0 or P > P;.
Moreover, if j, keJ, j# k, then P;# P,. (For suppose P;=P,, j#k.
Then for any Pe %, cither E;vE, < P or E; v E, < I— P, so any nonzero
partial isometry in B(H) with initial space in E; and final space in E, commutes with

& but does not commute with E;, contradicting E; ¢ ") If P e %, then P =Y, PE,,
jeJ

and so P:= V{P;: PE; # 0}. Hence % is generated as a subspace lattice by
{Pj:jel}.
Let G = [] T}, where each T;is a copy of the circle group T = {z& C : |z] = 1}.
jer

Then the dual I'; of T} is Z, and thedu al I'of G is 11 *I';,i.e., the set of all (1)) € Inr,
jeJ jerl

such that n; == 0 for all but a finite number of indices ([18, 2.2.3]). For jeJ, let

Y; - (0,...,0,1,0,...)eI" (where the 1 is in the j*® place). Let Q,,j-—z E;, jel,

and Q, =0, y ¢{y; :jeJ}. Then Y, O, =1, and so we can define a projection-
yeT

-valued measure on I' (with values in #"') by setting Q(E) = Y, Q,,(EcT). Let
YEE

n
Z denote the set of all finite sums of the form Y Yo —7wa), Where (i), ¥(i)e J
i1=1
and Pygiy € Pyiy, 1 < i € n. We will show that X is a positive semigroup, and
{Q(y + Z) : y e I'} generates .

Claim. 7,1—- Y;,€Zif and only if P; < Py, (jijaeJ)
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The “if” direction of the claim is immediate. So suppose T,

€ 2,

Ji # Jo. Then we can find @(i) and (i) in J(1 < i< n) such that Py < Py,

and iyjl =¥ == Z'x Yoy — Yy Note that if (i) = @(k) for some i and £, then
L )

Yo = Yo T Yow) — Yo T Yo — Yok
and

Poiy S Pyiiy = Poqy < Py
50 we may assume that J; N J, = @, where J; is the range of ¢, and J, is the range
n
of . Then Y, Yo — Y@ ==(ny), where my=card(p ~X(j)) if je J1, m;=—card(yy "'(}})
i1

if jedJy, and m; =0 otherwise. But 1/ == (n;), where n =LlLn, =1

J
and 51; == 0 otherwise, and so we must have n=1, ¢(1) =j, and \[/(1) = Jae

Hence I, = P,qy $Pyay = P; , as claimed.

If follows easily from the claim that ¥ n(—2) = {0}. But X is a semigroup

by definition, and ¥ :=1intX (I' is discrete), so J is a positive semigroup. lLet
&, be the subspace lattice generated by {Q(y + X) : ye I'}. If ye I, then

Oy + 2) = V{E; :ye 7+ E < VP iy ey + £}

Moreover, if y, ey 4~ Z,and E; £ P, then P; < P, and so VER+-Z ey
Hence Py=V{E;: E;<P,}<0(y + ), and so Q(y-+X)=V{P;:y;ey+ ):}e.?
On the other hand, y; ey, 4- Zif and only if P; < P, and so Q(y, + %) =

Since &’ is generated by {P; :jeJ}, we conclude that &, ==.%, and thus ¥ is
(G, X)-analytic.

REMARK 4.5. In particular, if % is a chain generated by a doubly-indexed

sequence of projections {P;}® _, With P, < P4y, i€ Z, AP,=0, and VP, == 1,
i i

then & is (G, Z)-analytic for some compact group G. In this case though we can

say more: % is (7, N)-analytic, where T is the circle group, and N:={0,1,2, ....}.
(o]
For if we let Q_.,=P,— P,_y, neZ, and let U, = Y, z"Qn ze 1, then

N - 0O

(=]
Po,=% Qn, and so ¥ ~ U.

n:=n

THEOREM 4.6, Let &, < M and ¥, = N be CSL’s with totally atomic cores,
and iet ¥ = L, ® Loy B =M @ N. Then

(14) R-alg P = M-alg P, @ N-algPL,.
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Proof. Apply Theorems 4.4, 4.1, and 4.3 and Proposition 2.1.

COROLLARY 4.7. Suppose ¥y < A and £, < N are finite CSL’s. Then (14)
holds.

5. FURTHER QUESTIONS
Question 2 is a special case of:

QUESTION 3. Let (4, Gy, @) and (A, Gy, f) be W#*-dynamical systems, and let
R MBN. For EcT,, and F < I',, when do we have
(15) R®B(E X F) = M(E) QR NP(F)?

By (10), the right-hand side of (15) is always contained in the left-hand side,
and Thecorem 4.3 states that we have equality when G, and G, are compact. The
author can also show that (15) is valid whenever E and F are both open sets. In
[20], Tomiyama proved that (15) holds if E = {0} and F = {0}, i.e., the fixed-point
algebra of « ® f is the tensor product of the fixed-point algebras of « and . His
proof uses slice map techniques. If ¢ € B(H)),, the right slice mapping induced by
¢ is the o-weakly continuous linear map from B(H,) & B(H,) to B(H,) defined on
clementary tensors by R,(} 4;® B)) = Y, 0(4)B,. The left slice mappings
L, (Y € B(H,),) arc similarly defined [20]. If & < B(H,) and J < B(H,) are
g-weakly closed subspaces, let

F(&,T)={Ae B(H)®B(H,) : R(A)e T, L(A) e &, for all p € B(Hy),, ¥ € B(H,),.}.

If & and J are von Neumann algebras, then F(¥, J) = & ® Z [20, Theo-
rem 2.1]. (This result is equivalent to Tomita’s Theorem.) We always have
S ® T < F(&,T), and we can ask

QUESTION 4. Let & < B(H,) and 9 < B(H,) be o-weakly closed subspaces.
When do we have
(16) P QT = F(F, TN

If (.#, Gy, o) and (AN, G,, B) are W*-dynamical systems, one can show
(17) R*®HE X F) < F(ME), N*F)) (EcTy,FcTy.
One can also show: If &, < # and ¥, < A are subspace lattices, then
(18) R-alg Y = F(AM-gFy, N-algP,).
Hence the universal validity of (16) would imply the universal validity of (6) and (15).
The author can show that if & is any spectral subspace of a dynamical system
(B(H)), G, o), where « is inner, and G is compact, then (16) is valid for any . It
then follows from (17) and (10) that (15) is valid whenever 4 = B(H,), G, is com-
pact and « is inner. It also follows from (18) and Theorem 4.4 that (6) is valid when-

ever J == B(H,), ¥, is a CSL with totally atomic core, and %, is an arbitrary sub-
space lattice. Proofs of these results will appear in [12].
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