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ON THE REFLEXIVITY OF C, CONTRACTIONS
AND WEAK CONTRACTIONS

PEI YUAN WU

For a bounded linear operator T on a complex, separable Hilbert space,
let {T}', {T}"” and AlgT denote, respectively, its commutant, double commutant
and the weakly closed algebra generated by 7 and I. Let AlglLat7 be the (weakly
closed) algebra consisting of those operators which leave invariant every invariant
subspace of T. Recall that T is reflexive if AlgLatT = AlgT.

It has been shown in [10] and [14] that any C,, contraction with finite defect
indices is reflexive. In Section 1 of this paper we generalize this to C,. contractions.
More precisely, we show that any C,. contraction with at least one defect index
finite is always reflexive. The problem of the reflexivity of weak contractions is taken
up in Section 2. We are able to characterize reflexive weak contractions in terms
of their characteristic functions and C, parts. In particular, this problem is reduced
to that of the reflexivity of Cy(N) contractions, which was studied before in [12].
Our proof will be based on the dilation theory of contractions as developed by
Sz.-Nagy and Foias. The main reference is their book [5].

Let T be a contraction on the Hilbert space . We use @ to denote its
characteristic function. T is completely non-unitary (c.n.u.) if there is no non-trivial
reducing subspace on which the restriction of T'is unitary. The defect indices of T are

dp = rank({ — T*T)/?
and

drs = rank(l — TT*)1/2,

T is of class C,. (resp. C.,) if T"x —> 0 (resp. T%"x —#> 0) as n — cofor any x#0
in #. Tis of class Cy. (resp. C.p) if T"x — 0 (resp. T%"x — 0) as n — oo for any
xeHd. Cp:-C,NCy, a,f=0,1. For operators 7, and T, on H#’; and #,,
respectively, 7T, < T, denotes that T, is a quasi-affine transform of T,, that is,
there exists an injection X: 3y — #, with dense range (called quasi-affinity) such
that T,X: : XT,. T, 2 T, denotes that there exists a family {X,} of injections
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X,:Hy = ', such that #, == VX, ¢, and T,X, = X, T, for all «. 7T} and T, are
[ ]

quasi-similar (T, ~ Ty) if T} < T, and T, < Ty. For n = 1, let S, denotc the uni-
lateral shift on H;. For any Borel subset E of the unit circle T, let M, denote
the operator of muitiplication by ei* on L3(E).

1. C,. CONTRACTIONS

In this section we show the reflexivity of C;. contractions. We start with
¢.n.u. ones.

LemMA L1, Let T be a cnu. C;. contraction with dy < oo and let
T = (Z;l ;) be the triangulation of type (C(;l ) Then T is reflexive if and
only if T, @2 T, is.

EH

-0

Proof. 1t suffices to consider the case when dy # dr., for otherwise T =: T,
T

is itself of class C); (cf. [15]., Lemma 3.1). Assume that T - 01 ;) is acting
on # == M, @®H,. Since Ty is a Cy; contraction with finite defect indices, we
have T~ T, @ T,(cf.[15], Theorem 2.1). Moreover, there are quasi-affinities X: # —
- H, @ Hs and Y: H, @ H#, — # which intertwine T and T; @ T, and such
that XY: : (T, ® T,) and YX := §(T) for some outer function J. Assume that
T, @ T,is reflexive. Let W e AlgLatT. Note that any invariant subspace for 7, & T,
is of the form X.#", where #" is some invariant subspace for T (cf. [15], Corollary 2.2).
Since W# < #°, we have ’
XWYXH o= XWDH = XWH < XA,

where we use the fact that 6(7'.#") is a quasi-affinity for outer §. This implies that
XWY e AlgLat(T, @ T.,) - Alg(T, & T,). Hence XWY -: (1, @ T,) for some
¢ € H* (cf. [15], Theorem 3.13). Applying Y and X from the left and right of this

¢quation, we obtain
YXWYX -= Yo(T; ® Ty)X == YXo(T).

It follows that W(T) =~ ¢(T). For any Ve {T}’, we have

WVS(T) == W(T)V =: o(T)V = Vo(T) = VW(T),
whence WV = VW. We conclude that W e {1} = AlgT (cf. {15], Theorem 3.13).
Hence T is reflexive as asserted. The converse can be proved similarly.

LeMMA 1.2. 4 c.nu. Cy. contraction T with dy < o0 is reflexive.

Proof. We may assume that dy # dy. for otherwise 7" is of class C,, whence

reflexive. Let T = (7(;1 ) on  :H#, @ N, be the triangulation of type

2
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((i)’l Cj ) By Lemma 1.1, it suffices to prove the reflexivity of T; @ T,. Since
0

dy < 00, Ty is of class C;; and T, is of class Cyy (cf. [15], Lemma 3.2). Let
Re AlgLat(T, ® T,). Then R =R, ® R,, where R,e¢ AlglatT; = AlgT, and
R, € AlgLatT, == AlgT, since the C;, and C,, contractions T; and T, are both reflexive
(cf. [10] and [6]). Consider the functional model of Ty, that is, consider T} acting on

H,=[H ® 4,171 © {0; w@ d,w:we Hf}
by ) _
T(f@g)= P(e"f ®e'g),

where [=:dp -= d,-; , 4y =(— 0#107-1)1/2 and P, denotes the (orthogonal) pro-
jection onto ", . We have R, = P, (Z 0 ), where A4 is a bounded analytic func-
M

tion, B is a bounded measurable function and #, € L* satistying A@T1 = 0,‘1/40
and BOT1 + n,4, = 4,4, for some bounded analytic function 4, (cf. [10], Lemma 2),
and R, == ny(Ty) for some 5, e H*® (cf. [6], Theorem [). Let U be the operator of
multiplication by e on 4,L} and S,,_, be the unilateral shlft on HE_,, where
n:=dp and n=dr, . Then Ty~ U (cf. [5], p. 72) and S,,,_, < Ty < Sy, (cf. [4],
Theorem 3). Moreover, there exist quasi-affinities X;: #'; — AL} and Y Z:]j? -
intertwining 73 and U and such that X;Y; = §,(U) and Y,X; == 6,(T}) for some
outer 8, (cf. [13], Lemma 2.1); there exist operators Xo: #, — H5_,and Y,: H%_, —
— #, intertwining T, and S, -, and such that X, Y, = §x(S,,—,) and Yo, X, = 6(T>)
for some J, € /{1, where X, is a quasi-affinity and Y, is one-to-one (cf. [4], proof
of Theorem 3). Since U is an absolutely continuous unitary operator, by spectral
theorem U =~ U’ = M,;1 ®...® MEp on A, where 1 < p</< oo and Ejs
are Borel subsets of the unit circle satisfying E,2E.2 ... 2 E,. Let Z S AL - A
be the unitary operator which implements the unitary equivalence. Let X; =+ ZX; @
@ X, and Y, = 0(TNYLZ" @ 6,(T,)Y,. Then X; and Y, intertwine 7, @ T,
and U@ S,_, and X3V, = (00,0 U ® S,,_,) and Y ;X; = (6,0,)(T; @ To).
Consider

J/={Xﬂlf®---®lﬁ,,f®f® - ®f:feHY s A @ H,_, .
S et

n--n

Note that .4 is a (closed) invariant subspace for U’ R Hencp Y. M is
invariant for 7, @ Ts. Thus RY,# < Yo7 and therefore XoRY gl = Xyl =
(00N U® S,_ ) A < 4. But

X3RY, == (ZX, @ Xo)(R, @ R)(OATYYZ7' @ 6(T)Y,) =
w= ZX R O(TY Y1271 @ XoRe0y(Ty) Y, =
=2 (116,:0)(U") ® (120:0)(Sp—r)»

2 = 2324
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where the last equality follows from the expressions of the operators X;, Ry and ¥,
{(cf. [13], Lemma 2.1). Hence for any fe H?

(XSRY:i)(XEIf@ - @ X);pf@f('a e ®f) =
== 7115152151f@ e @ "ldldlep,fe) 72010 @ ... @ 12610, f

is in .#. Therefore there exists g € H? such that ’11515230:; = Xx; & forj—-1,2,....p
and #,0,0, f -= g. In particular, for f = 1 we have #,6,0, - = #.0,0, a.e. on E; . There-
fore, #y == 7, a.e. on E;. Hence R = R, @ R, = (T}, @ Ty) € Alg(T, @ T.). This
shows that T ® T,, whence T, is reflexive, completing the proof.

Next we consider C;. contractions with a unitary part. The following lemma
was proved in [14], Theorem 3. It reduces the problem of the reflexivity of an arbitrary
contraction to that of a contraction with an absolutely continuous unitary part.

LeMMA 13, Let T==U, @ U, ® T’ be a contraction, where U, and U,
are singular and absolutely continuous unitary operators and T' is c.nu. . Then
AlgT - AlgU, @ Alg(U, @ T").

THEOREM 1.4. 4 C,. contraction T with d; < oo is reflexive.

Proof. Let T== U, @ U, ® T’ be as in Lemma 1.3. Then

AlgT = AlgU_, @ Alg(U, @ T
implies that
AlgLatT =- AlgLatU, @ AlgLat(U, @ T")

{cf. [1], Proposition 1.3). Since the unitary operator U is reflexive, to complete the
proof it suffices to show that U, @ T” is reflexive. We may assume that 7" is not of
class Cy,, for otherwise T will also be of class C,; hence reflexive (cf. [14]). Let
ReAlglat(U, @ T'). Then R:-= R, ® R,, where R,e AlglatU, ::: AlgU, and
R, e AlgLatT’'=AlgT’' by Lemma 1.2. Hence there exist 17, € L® and 71, € H* such that
R, = n(U,) and R, == 55(T") (cf. [15], Theorem 3.13). We proceed as in the proof
of Lemma 1.2. Assume that U, ® T”is actingon ¢, @ #'. Let I” —: (2(;1 ;,) on
%

.Then T" ~ T @® T, .

c) -

0

H' = H; ® H; be the triangulation of type ((i)l

As before, let
U"’"*ME] @ ... @MEP

on J be a unitary operator quasi-similar to T} and let S,,_, on Hj,_, be such that
(4]
Spen < T3 < S,,—,. Also, let
Ua'::Mpl@ ... Mg

q
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on J#; be unitarily equivalent to U, . We deduce, as before, that there are operators
X H, H > Hy@H @ HE,, and Y H, @A @ H_, > H#, @A which
intertwine U, ® T' and U; @ U' ® S,,_, and satisfy XY == (U, @ U' @ S,,-,),
YX=06U, ® T) and XRY = (n0)(U;) ® (b)Y U' @ S,,~,) for some de H®.
Consider the invariant subspace
M= gy O ... ®Xqu®XElf® (—Dprf(-BfGB . ®f:feHY
m--n

for Uy @ U’ @ S,,-,. We deduce as before that #, —#, a.e. on F,. Hence
R =9 (U, ® T") e Alg(U, @ T"), which shows that U, & 7", whence T, is reflexive.

2. WEAK CONTRACTIONS

Recall that a contraction T is a weak contraction if:

(1) its spectrum o(T) does not fill the open unit disk and

(2) I — T*T is of finite trace.

For basic properties of weak contractions, readers are referred to [5],
Chapter VIIL In this section we will find necessary and sufficient conditions for a
c.n.u. weak contraction with finite defect indices to be reflexive. The proof of the
next lemma is analogous to that of Lemma 1.1.

LeMMA 2.1. Let T be a c.nu. weak contraction with finite defect indices

and let T = (z‘ ;) be the triangulation of type ((’(;1 C* ) Assume that O (e*)

-0
is not isometric for almost all t. Then T is reflexive if and only if Ty @ T, is.

Proof. Follow the same line of arguments as in the proof of Lemma 1.1 and
make use of the fact that
i ATy @ 1) = {o(T1, ® T) : ¢ € H*}
since
{e": O @r,(¢") not isometric} = {e': Oy (¢*) not isometric} =

= {e": Or(c") not isometric} = T

a.e. (cf. [11], Theorem 3).

For any inner function ¢, let S(¢) denote the compression of the shift on
H?* © @H?, that is, S(p) is defined by S(p)f = P(e"f) for fe H? © @H?, where P
denotes the (orthogonal) projection onto H? © @H? An operator of the form
S(e) @ ... @ S(p,) is a Jordan operator if ;.. | p;forj=1,2,...,9 — 1. The
following lemma generalizes [11], Theorem 3, (2).

LEMMA 2.2. Let T be a c.nu. weak contraction with finite defect indices.
If ©p(e") is not isometric for almost all t, then T is reflexive.
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7, =

Proof. Let T «: (O ) on # == A, & H, be the triangulation of type

2/

C, =

( 01 g ) By Lemma 2.1, we have only to show that T, @ 7., is reflexive. Note
-0

that 7y is of class C\, and T, is of class Cy(N). Let Re AlgLat(T, & T.). Then

R :=: R, ® R,, where R, e AlglLatT, = Alg7, and R,e AlglLat7,. Since
felt: O (¢") not isometric} - {e": @y(c'") not isometric} T

a.e., we have R, : = n(T;) for some n; € H*® (cf. [10], Theorem 3). Let X, Vo, U, U’
and Z be as in the proof of Lemma 1.2, Then X, Y, = §,(U) and Y..X; - §,(T) for
some outer d;. On the other hand, let

S S(e)® ... @ S(o,)
on

L =(H'QoHY® ... ®(H*O ¢,H?

be the Jordan operator quasi-similar to 7T, and let X,: 5, — & and Y,: & — #,
be the quasi-affinities which intertwine 7. and S and satisfy X.Y, =: 34S) and
Y, X, == 5,(Ty) for some §; € H® with d,A ¢, - 1 (cf. [3]and [2]). Let X, ZX, @
@ X, and Y= 0(TYY1Z-1 @ 0(T,)Y,. Then X, and Y, are quasi-affinities
which intertwine 7, @ T, and U’ @ S and satisfy X,Y,: = (3;0,0(U' & S) and
Y, X; = (6,0.0(T, ® Ty). Let P, denote the (orthogonal) projection from H* onto
H*S ¢;H? j—=1,2,...,q. Consider the (closed) invariant subspace for U’ & §:

Moy fO (-BzEpf@PﬂfGB . @®P,f:feH -
=@y f® . @ Uz [OPSO ... ®Pf:fec H.
The last equality follows from the fact that
E, = {e": er(e“) not isometric} = T

ae. . Hence Yy is invariant for T, ® T, and therefore RY & = Yyt/. We have

X, RY o ll € XyYotl == (0,0)U" @ S).M = .
But
X3RY 3 = ZX\ ROATNY1Z7' @ XyR0(T2) Y+

= (110;0:)(U") @ X:R.0:{(T) Y.

Since any invariant subspace for S is of the form X, /', where A" is some
invariant subspace for T, (cf. {12], Theorem 3), it can be easily verified that
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XoRO0(Ty) Y, € AlgLatS. Hence
X2R2(51(T2) Y2 = Vl (‘B oo @ Vq ’

where V; e AlgLatS(p;) for j=1,2,...,4. Since

((0:6)(U) DV, @ ... @ V)l < M,

we conclude that for any fe H?,
10,02/ @ ’71‘5152X152f® . @ '115152XEpf@ Vibf®...® VP, f =
.-,.-;geszg@ @xEPgEBPlg@ ... ®Pg

for some g € H* In particular, we have g==1,0,0,f'and V;P; f=P;g for j=:1,2,...,¢.
It follows that V; := (1,6,0.)(S(¢@;)) for all j, whence X3RY; == (1,0,0.(U’ @ S).
Applying Y, and X, from left and right, respectively, we obtain

Y, X3RY, X5 = Yy(1,0,0.)(U" @ S)X,; =
= Y3X3(1:0:0 )Ty @ T) = Yo Xy (T, @ To) Y,X5 .

It follows that R = ny(Ty, ® T,) e Alg(T; ® T,). Hence Ty, @ T,, together with T,
is reflexive as asserted.

Now we are ready for our main result in this section.

THEOREM 2.3. Let T be a c.n.u. weak contraction with finite defect indices and let
E, = {&": O(e") not isometric}.

Then the following statements are equivalent:
() T is reflexive;
(2) cither E, =T a.e. or E; # T a.e. and the Cy part of T is reflexive.

Here we use the convention that if the Cy part of T is acting on {0}, then it
is reflexive.

Proof. By Lemma 2.2, it suffices to show that if £, # T a.e. then T is reflexive
if and only if its C, part is. Let Ty and T, be the Cy and C, parts of 7. Assume that
T, Ty and Ty are acting on #, # and Ay, respectively.

Assume that 7 is reflexive. Let ¥, e AlgLatT, and Se {7} be such that
Ky SH (cf. [9], Theorem 1). Since £, # T a.e., we have {T}" = AlgT (cf. [11],
Theorem 3). Hence S e AlgT. The reflexivity of T, follows from [12], Lemma 4
and the fact that AlgLatTyn {7,}" == AlgT, (cf. [7], Theorem 3.3).
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Conversely, if T, is reflexive, let Ve AlgLat7. Then Vi#,<.#, and
Vst =#y. Let Vo= Vid#gand V; = V|3, . We have V, € AlgLat7|, - = AlgT, and
V, e AlgLatT; == AlgT; since T, being of class Cy,, is reflexive. Hence VT, : -
= TV, and V,T, = T}V,. It follows that VT =TV on #HyvHy::# (cf. [5]
p. 332). Therefore, V' e AlgLatT n {T}' == AlgT (cf. [11], Theorem 3). This proves
the reflexivity of T.

Since reflexive Cy(N) contractions have been characterized in [12], the pre-
ceding theorem reduces the reflexivity of a weak contraction to that of S(¢). The
next corollary generalizes [12}, Theorem 2 for Cy(N) contractions.

COROLLARY 2.4. Let T, and T, be c.n.u. weak contractions with finite defect
indices. Assume that T, is quasi-similar to T,. Then T, is reflexive if and only if T, is.

Proof. The quasi-similarity of 7 and T, implies that of their C, parts (cf.
[8], Corollary 1). The conclusion now follows from Theorem 2.3 and [12],
Theorem 2.

This research was partially supported by National Science Council of Taiwan.
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