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ABSOLUTE VALUES OF COMPLETELY HYPONORMAL
OPERATORS

C. R. PUTNAM

1. INTRODUCTION

Only bounded operators on a separable Hilbert space H will be considered.

If A is selfadjoint with the spectral resolution 4 = S tdE, then A is said to be abso-

lutely continuous if I} E,xi® is an absolutely continuous function of ¢ for all x in .
A similar notion holds for unitary operators. An operator T = A - iB (A, B self-
adjoint) is said to be hyponormal if

i

(I.1)y T<T - TT*:=D > 0, equivalently, AB - BA = —iC (C = 2D > O) ,

and completely hyponormal if, in addition, T has no normal part. (See {i] for a
recent survey of hyponormal operators.) If T is completely hyponormal then A =-
:=: Re(T) (as well as B =: Im(T)) is absolutely continuous; see [2], p. 42. Further,
in case T is completely hyponormal and has a polar factorization

1
(1.2) T = UP, Uunitary, P = |T| = (T*T)T |

then U is also absolutely continuous; see [2], p. 21 and Lemma 4 of [4]. In addition,
every absolutely continuous setfadjoint operator is the real part of some completely
hyponormal operator and every absolutely continuous unitary operator is the uni-
tary factor in the factorization (1.2) of some completely hyponormal operator;
see [5], p. 323.

1
Spectral properties of the absolute value !T; == (T*T)? of a completely hypo-
normal operator T are much less clear-cut. In the consideration of |T: below it
will always be supposed that T has a factorization (1.2). (It turns out that a complete-
ly hyponormal T has such a (unique) factorization if and only if 0¢ ¢ (T%); see
the discussion in [3].) In case o(U) is a proper subset of the unit ciccle, |7 is surely
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absolutely continuous ([2], p. 21), but simple examples show that the latter assertion
is not true in general. Thus, for example, if o(U) is the entire unit circle, then o(|T)
may consist of two points, necessarily (see below) of infinite multiplicity in ¢ (|T").
Even if o(U) is the entire circle, nevertheless, under certain circumstances involving
the spectrum of T, |T| is absolutely continuous, or at least has an absolutely conti-
nuous part. Some of these questions have been studied in [6] and [7).

Tn this paper, the following necessary conditions (N) and sufficient conditions
(S) in order that a selfadjoint A be the absolute value of a completely hyponormal 7'
with a factorization (1.2) will be established.

(N) If A is the absolute value |T| of a completely hyponormal T with the fac-
torization (1.2) then

(1) A = 0 and 6(A) contains at least two points;

(2) 0¢ o (4);

(3) neither max o(A) nor mina(A) is in 6 (A) with finite multiplicity.

(S) If A satisfies (1) and (2) above and if also (whenever c,(A) is nonempty),

(3) neither infa (A) nor supo (A) is in o (A) with finite multiplicity,
then A == |T| for some completely hyponormal T with a factorization (1.2).

REeMARKS. Just how much the sufficiency conditions (S) can be weakened,
that is, how much (3') can be moderated in the direction of (3), will remain undecided.
Conceivably, the conditions (1), (2) and (3) of (N) are sufficient as well as necessary.

2. PROOF OF (N)

The first part of (1) is obvious while the second part of (1) and also (2) follow
readily from the complete hyponormality of T.
In order to prove (3) note that by (1.1) and (1.2),

.1 P UPU* =D 2 0.
Suppose that @ = mino(P) is an eigenvalue of P of finite multiplicity, hence g is
an eigenvalue of P2 of finite multiplicity. Let

I = {x: Px ==ax} = {x: P’ = a®}.
If xeI, then, by (2.1),

1
a| x|t — (UPU%*x, x) = (Dx, x) == || D2x|]?

and, since mino(P?) = mina(UP2U%), it follows that Dx = 0. Thus, by (2.1) and
Px = a?x, UP2U*x == a*x, that is, P*U*x == q®U*x, so that I' is invariant under
U*. Since I is finite-dimensional then U* has an eigenvalue, in contradiction with
the absolute continuity of U (and of U¥*). Similarly, by interchanging the roles of

P? and UP2U* in (2.1), it is easy to see that max ¢(P) cannot be an eigenvalue of P
of finite multiplicity. This proves (N).
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3. PROOF OF (S)

Note that the assertions (1), (2), (3) and (3') of (N) and (S) for 4 are cqui-
valent to the corresponding assertions for 4% Further, if 4, > 0, then 4; =: UAU*,
where U is unitary, holds if and only if A} == UA*U* (for the same U). These and
similar observations will often be used in the sequel.

It is convenient to collect certain facts of spectral multiplicity theory for
general sclfadjoint operators. For a concise summary see, e.g., (8], especially pp.
230 234. Let 4 be an arbitrary selfadjoint operator on H. Then there exists a

subset 2 of {1,2, ..., No} with the property that 4 =- Y, @ A, on H = Y}, @ H,
nEe nca
where 4, : = A' H, is (unitarily equivalent to) mutiplication by t on H, -+ L*(dy,) &

@ ... ®L¥dp,) (n times). The positive Borel measures {u,} are pairwise mutually
singular (that is, have disjoint supports) on (—oco, ), and each g, is uniquely
determined modulo its equivalence class.

(I} ConTiNUOUS SPECTRUM. First, consider the case where B =— A® is the
selfadjoint operator on L%(0,1) of multiplication by m(t), where mi(¢) is strictly increas-
ing on [0,1] and O < a::=m(0) < b = m(1). In particular, m(f) has no intervals
of constancy and hence B has no point spectrum, although, of course, m(r) need
not be continuous. If p(x) denotes the inverse of m(r), so that

(3.1) a(x) =meas{t:0<r <1, m(t) < x, a < x < b},

then it is seen that u(x) is continuous and that

1

(B, ) - Srrz(r)f'(t)§(t)dt ~ S»\‘fgdﬂ

0 a

for f, g € L*(0,1). Thus, B is unitarily equivalent to multiplication by x on L2(dp).
Next, define B, to be the selfadjoint operator on £2(0,1) of multiplication

by my(t) = m(e*). If py, denotes the corresponding inverse function then B, is seen
to be unitarily equivalent to multiplication by x on L*dy,). It is clear that if
D:= B-- By then D > 0 and 0 ¢ o,(D). In addition, B, is unitarily equivalent to B.
To see this, it is enough to show that y and y; are equivalent measures. But this is
clear from the fact that for a Borel set E,

p(E) = meas{t : m(t) € E} == meas{r® : m(t¥) € E} =:
== meas{r® : my(t) € E}.
Consequently, if u(E) = 0 then

m(E) == meas{t : my(t)e E} = 0,
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where P = B® == A, then clearly T is completely hyponormal.

Conversely, if one starts with any finite, positive, continuous Borel measure
on (—oo, co) with support contained in [a, 6] (and, as can be supposed, satisfying
wla, bY) == 1) then its “inverse” is of the form m(r) considered above. (Since u is
continuous, m(t) has no intervals of constancy.) It follows that if B =: A% is the
operator of multiplicati?n by m(t) on L*0,1) and if B, is defined as before then

T:= UP, where P = B* = A, is completely hyponormal and B := P2 is unitarily
equivalent to multiplication by xon L3du).

In view of the structure (to within unitary equivalence) outlined at the begin-
ning of Section 3, it is clear that by taking direct sums one can define a completely
hyponormal 7" = UA where now A is an arbitrary selfadjoint operator which satis-
fies (1) and (2) of (N) and which has no point spectrum.

As above, and correspondingly in the sequel, unitary equivalence will often
be replaced by equality.

(11) Pure Point SpectRum. First, consider the case where A4 (hence
B A*) of (S) has a spectrum consisting of two points. Then ¢(B) == ¢ (B) =
-: {a, b}, where 0 < a = infa (B) < supo,(B) and (cf. (3')) a, b each is of infinite
multiplicity. Let H denotc the bilateral sequence £* space {...,x_q, x_q, (Xp), X1,
Xa, ...}. Then B can be taken to be

3.2) B =diag(...,b,b,(b),a,aqa,...).
If U is the unitary bilateral shift then

C = UBU* =: diag(...,b,b,(a),a,a,...)
and
B — C =D = diag(...,0,(b — a),0,...) = 0.

1

Obviously, T = UB* == UA is completely hyponormal. (Note that since
a > 0 then 0 ¢ o (4) and so the least space reducing 7 and containing the range of D
is the same as the least space invariant under 4, U, U¥ and containing the range
of D.)

Similarly, if 4 (hence B ::: A%) has a pure point spectrum consisting of three
points {a, c, b} where 0 < a < ¢ < b and a, b each has infinite multiplicity while
¢ has multiplicity 1, then B can be taken to be

(3.3) B ==diag(...,b,b,(c),a,a,...).
If U is the bilateral shift then
C = UBU* == diag(..., b, b,¢,(a),a....)

and, as before, 7 = U4 is completely hyponormal.
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It is now casy to treat the case where A (hence B = A%) has a pure point spec-
trum and where a == info (B) (>0) and b = supo,(B) > a each is an eigenvalue
of infinite multiplicity. For it is clear that B is (unitarily equivalent to) either a single

1

operator as in (3.2), thus T == UB?Z, or a direct sum of operators B, -= diag(. .., b,
b, (¢,), a, a, . ..) of the form (3.3), in which case T is the direct sum of the correspond-
1

ing T, - UB,; .

Next, suppose that neither a = infap(B) nor b = supa,(B) belongs to o,(8),
where B :: A% Then the eigenvalues of B (including the multiplicities) can be ar-
ranged as a countable set

(3.9) E = {a,, a,, ...},

where ¢ < a, < b and liminfa, == @ and limsupa, =: 5. Then consider {b,, b,. ..},

n-+00 n-co

where b, = a,4y < a, and {n(1), n(2), ...} is a permutation of {1,2, ...}. Clearly,
such a permutation exists. For instance, let n(1) denote the least positive integer ; for
which ¢; < a,, n(2) the least j#n(1) for which a; < a,, n(3) the least j#n(l), n(2)
for which g; < ay, and so on. Let H be the unilateral sequence #* space and put
B :=diag(a,, a,, ...) and C == diag(b,, b,, . ..). Clearly, C is unitarily equivalent

1
to B, thus C == UBU*, and B— C = D > 0 with 0 ¢ ¢ (D). Thus T = UB* = UA
is completely hyponormal. .
The last possibility in case A (hence B = A2) has a pure point spectrum occurs

when either

a--info (B)¢o (B) and
(3.5)

b(> a) =: supo,(B) € o (B) with infinite multiplicity,

or vice versa. It is sufficient to treat the first case only, that is, (3.5), since the second

(is similar. Let H be the bilateral sequence ¢* space. Next, arrange the eigenvalues of B

tincluding multiplicities) which are less than b as a matrix (a;;) in such a way that

he elements of the i-th row satisfy a;; > a; > ... - a, foreach i=1,2, ... .

That this can be done (in many ways) is clear. Then put B; = diag(..., b, b, (b),

a;,a;, ...)and C; == diag(..., b, b, (a;)), a;, a;3, . . .). Obvicusly, each C; = UB;U*,
1

where U is a unitary bilateral shift and B; — C; = D, > 0. Clearly, T, =- UB}® is
completely hyponormal on H and so T= Y @ T, is completely hyponormal

1

on ) @ H; (H;-= H) where Y, @ B’ is unitarily equivalent to the given A.

' Part (S) of the theorem hlas now been proved in case o (A4) is either empty
(case (I) above) or contains at least two points (case (II), or, via direct sums, a com-
bination of cases (I) and (II)). There remains then the case where o,(4) consists of
a single point, say ¢, of infinite multiplicity and, in view of (1), 4 also contains some
continuous spectrum.

9 - 2324
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Clearly, A (hence B = A?) is (unitarily equivalent to) the countable direct
sum of at least one operator of the type occurring in (I) (that is, multiplication by
x on L*dy), where p is continuous and has its support in [a, b]) on H and multi-
plication by ¢ on H. In each case, H is an infinite-dimensional Hilbert space. By
isolating just one of the operators of the type in (I) (to form B, below), it is seen
that one can suppose that

(3.6) B=B ®B,®B, on H® H® H,

where H is infinite-dimensional, B, (if, of course, it is present) is a direct sum of
operators of the type in (I),

3.7 B, = multiplication by m(z) on L*0, 1),
where m(¢) is defined by (3.1), and
3.8) B, = multiplication by ¢ on H.

First, suppose that
3.9) min 6(B,) < ¢ < maxoa(B,).

Then the operator B, @ B, is (unitarily equivalent to)
(3.10) E = B, ® B, == multiplication by m*(¢) on L*0, 1),

where m*(t) is nondecreasing on [0,1], m*(0) = a (20), m*(1) = b > a, m*(t) = ¢
on [a, f], where 0 < « < B < 1, and m*(¢) is strictly increasing on (0,a) U (B, 1).
(Essentially, this amounts to replacing B, of (3.7) by multiplication by m*(¢) on
L2((0, @) U (B, 1)) and B, of (3.8) by multiplication by ¢ on L*«, f) in such a way
that u(x) of (3.1) and p*(x) = meas{r :0 < t < o, f <1 < 1, m*(t) < x,a < x < b}
are equivalent measures.) Next, choose y so that y > 8 and « = y” for some con-
stant n > 1 and then define m,(¢) == m*(t"). If E, is multiplication by m,(t)
on L2(0,1) then E — E, is multiplication by m™*(¢) — my(t) on L%*0,1) and,
in particular, E—E, :=D >0 and 0¢o (D). Also, E, = UEU* for some
unitary U. In fact, if (¢) denotes multiplication by ¢ on an infinite-dimensional
Hilbert space then E is unitarily equivalent to multiplication by x on L%(dw) @ (¢)
and E, is unitarily equivalent to multiplication by x on L3*du,) @ (¢), where
u and g, are equivalent continuous measures. (Cf. the discussion of case (I) above.)
Thus, S = UEY? is completely hyponormal on some infinite-dimensional Hilbert
space H. In view of (3.6),

(3.11) BB ®E

and T = T, @ S where both 7; (which corresponds to the T at the end of section (I)
above) and S are completely hyponormal.
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Finally if, instead of (3.9), c is an endpoint of 6(B,), there is no loss of gene-
rality in supposing that

(3.12) ¢ = max o(B,).

{(Note that if ¢ - = min 6(B,), then, of course, mina(B,) > 0.) One may suppose that
E of (3.10) is multiplication by m*(t) on L*0,1) where for some a,0 < a < 1,
m™(t) is strictly increasing on (0, @), and m*(t) = c on (e, I). Let E;, be multiplica-
tion by 5y () = - m*(t%) on L% (0, 1). Then, as before, E; = UEU* for some unitary
Uand £ -~ E, = D > 0, so that S = UEY? is hyponormal. However, O ¢ 6,(D)
and $ may not now be completely hyponormal.

Suppose then that S is not completely hyponormal and let Q be the largest
subspace reducing S, that is, reducing both E and U (note that 0 ¢ g (E)), on
which § is normal. It is clear that Q < L¥«V/2, 1), where L*a%2, 1) is regarded
in the usual way as a subspace of L%*0, 1). It will be shown that

(3.13) L¥al/2, 1) © Q is infinite-dimensional.
For

120, 1) © @ - = L0, o2) @ (L2aY2, 1) © Q)

and, since L0, «'/?) is invariant under E and E,, it is clear that 1 € ¢ (E|L*(0, a¥/?))
with infinite multiplicity and that 1 ¢ o (E,|L*(0, a*/2)). Since E, = UEU* on L*(0, 1)
and since L*0, 1) © Q reduces S, relation (3.13) follows.

Thus, one need only consider R = S|Q*, where Q' = 12(0, 1) © Q. Clearly,
R is completely hyponormal and hence (cf. the sentence containing formula line
(3.11)), the existence of a B, when (3.12) is assumed, and hence an A4 (B = A?%) which
satisfies (S), is proved. This completes the proof of (S).

This work was supported by a National Science Foundation research grant.
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