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SPECTRAL PICTURES OF FUNCTIONS OF OPERATORS

C. BOSCH, C. HERNANDEZ, E. De OTEYZA and C. PEARCY

{. INTRODUCTION

Let 7 be a separable, infinite dimensional, complex Hilbert space, and let
ZL(H') denote the algebra of all bounded linecar operators on #°. The concept of
the spectral picture of an operator T in Z(H°) was originated by one of the authors
in [97 and was subsequently studied by Chevreau [4]. The notion seems to be a
useful one. In particular, it enables succinct statements to be given of two recent
major theorems in operator theory. Thus the theorem of Brown-Douglas-Fillmore
3] characterizing essentially normal opecrators up to compalence becomes “Two
essentially normal operators in Z(#°) are compalent if and only if they have the
same spectral picture.”” Furthermore the Romanian characterization of quasitrian-
gular operators [1] can be stated thus: “An operator in L(#’) is quasitriangular if
and only if its spectral picture contains no negative number.” (See [9] for definitions.)

In this note we begin a program of calculating the spectral picture of various
constructs of an operator T in £(#°) in terms of the spectral picture of 7. In
particular, we completely determine the spectral pictures of all operators of the form
(T) where f is a function analytic on an open set containing the spectrum of 7.
We then apply these results to give some very short proofs of various facts
about quasitriangular operators. First some notation and terminology that will
be needed later are introduced, and the relevant facts about spectral pictures are
reviewed.

We denote by K the ideal of compact operators in Z(s#) and by = the quo-
tient map of £ () onto the Calkin algebra Z(3#)/K. The spectrum of an operator T
in Z(#’) will be denoted, as usual, by o(T'), and the essential spectrum of T (i.e.,
the spectrum of n(7T) in the Calkin algebra) by o (7). Similarly, the left and right
essential spectra of T (notation: ¢,(T) and o6, (7)) are the left and right spectra
of n(T), respectively. We shall also find it convenient to denote o,.(7) N o,.(T)
by 6. (T). A hole in 6 (T) is a (nonempty) bounded component of C\g (T) (and
thus is an open connected set in C), and a pseudohole in ¢ (T) is a (nonempty)
component of ¢ (T)\o(T) or of ¢ (T)\o(T). Pseudoholes are also open connected
sets in C by virtue of the fact that o (T) < oy (T). If Y is any compact set in C,
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we denote by Y the complement of the unbounded component of C\\Y. Thus Y.
which is called the polynomial hull of Y, consists of the union of Y and any holes
in ¥. In particular, it follows easily from the known relation between (7)) and ¢ (T)

(cf. [9], Proposition 1.27) that ﬁ) consists of the union of ¢ (7T), the holes in
o (T}, and the isolated points of o(T) not lying in any hole of o (T).

These concepts are closely related to the topic of Fredholm theory, the needed
facts from which we now review. An operator T in L(H#) is semi-Fredholin it T
has closed range and either kernel T or kernel T+ is finite dimensional. The set of
all semi-Fredholm operators in #(#°) is an open set (in the norm topology) and
will be denoted by &%. There isamap i : %7 — Zy {-+c0, -—~00}, called the
Fredholm index, defined by setting iT)-- dim(kernelT) -~ dim(kernel 7). If the
discrete topology is given to Z U {+-00, — 00} (and the norm topology to &.%),
the map / is continuous. The (open) set of all T in &F for which i(T) is finite
is the set . of Fredholm operators in (). The relationships between the various
essential spectra of an operator T in Z(#) and the classes of Fredholm and s¢mi-
Fredholm operators are given by the following equations:

6(T)={,ieC:T— i¢F),
o)) 6T T) = {AeC:T— e FF and i(T - 2) = -- o0},
oI\ (T) = {Ae C: T — 1e ¥F and T — A) := -}- o0}.

Since the mapping i is continuous, and for any T'in Z(s#) holes and pseudo-
holes in o (T) are connected sets by definition, it follows easily that (7T - -/}, as
a function of A, is constant (and finite) on cvery hole in ¢ (7") and constant {but
infinite) on every pseudohole of ¢.(7). This fact enables the following definition
to be made (cf. [9, page 2]). The spectral picture of an operator T in L(H#’), denoted
by SP(T), is the structure consisting of the set ¢,(T), the collections {H;} and {P,}
of holes and pseudoholes in ¢ (T), and the respective collections of Fredholm indices
{{(FT))} and {i(P,)}. For cxample, if V is a unilateral shift operator of multiplicity
one, then, as is easily seen, o (¥) is the unit circle T and the open unit disc 1 is
a hole in ¢,(¥) having index — I, so SP(V)= {T, H, — 1}.

2. FUNCTIONS OF OPERATORS

Suppose now that an operator 7 in () is given such that SP(T)is known.
If £ is any function defined and analytic on a domain containing ¢(7), then, of
course, f(T) is defined by the Riesz-Dunford functional calculus (cf. [2, page 390]).
We take up the problem of computing SP(f(T)). Obviously this problem has three
components: to determine o.(f(T)), to determine how the holes and pseudoholes
of a (f(T)) are related to those of ¢ (T), and to determine the Fredholm indices
to be associated with each hole and pseudohole of o (f(T7).
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The first part of this problem has already been solved. Gramsch and Lay
obtained in [6]a spectral mapping theorem for the essential spectrum of an operator
on a Banach space. They showed, in particular, that if Te £(#) and f is any
function defined and analytic on an open set containing o(T), then

O:le:(f‘(T')) o f‘(ale(T)) ’
¢)) 7 (T)) ~= flo:(T)), and
0 (A(T)) == fla(T)).

A very short argument is available to obtain these formulae, and for completeness
we give it here. Since m is a continuous algebra homomorphism and n(r(T)) - :
=+ 1(m(T)) for all rational functions r with poles off a(T), it follows easily from
Runge’s theorem (cf. [2, page 421]) that n(f(T)) == f(=(T)). Furthermore, the follow-
ing general spectral mapping theorem is well-known:

Let # be a unital Banach algebra and let X € 4. If f is any function defined
and analytic on a neighborhood of the spectrum of X, then the left (right) spectrum
of f(X) is equal to the image under f of the left (right) spectrum of X.

This principle applied to the Calkin algebra and the equation f(n(T)) = n(f(T))
immediately yields equations (2).

THEOREM 2.1. (B. Gramsch and D. Lay). Let T'e #(H), and suppose |
is a function defined and analytic on an open set containing o(T). Then the equations
(2) are valid.

3. HOLES AND PSEUDOHOLES OF o (f(T))

In this section we take up the problem of determining the relation between
the holes and pseudoholes of o (T) and those of ¢,(f(T)). Our analysis depends on
the following rather general proposition. Recall that a domain in C is, by defini-
tion, a connected, open subset of C.

ProrposiTiON 3.1. Suppose that K is a nonempty compact set in C, that H
is a hole in K, and that f is a function defined and analytic on a domain 2 contain-
ing KUH. Then f(H)\f(K) is an open set in C, and if this set is nonvoid, then
its components are holes in f(K).

Proof. If fis constant, then f(H)\f(K)- @. Otherwise, since analytic functions
are open maps, f(H) is open, and since K is compact, f(K) is compact. Thus
JUHYNSf(K) is open. Itis easy to construct examples in which f(H)\ f(K) is void, but
suppose now that f(H)N\f(K)#@. Since f(H ') is compact, clearly f(H)\f(K) is a
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bounded subset of C\ f(K), and so each (nonvoid) component G of the bounded
open set fIH)\f(K) is either contained in some unique hole H':: H'(G) of fIK}
or is contained in the unbounded component U of C\ f(K).

We shall show that both G < H' and G « U are impossible, thus showing

that G - - H’ and completing the proof. In either of the former two cases, there
exists a point ¢, belonging to ¢G n (C\ f(K)). Choose a sequence {¢,} of distinct
points from G such that &, — &, Since G « f{H)\f(K), there exists a sequence {4,}
of distinct points in # such that f(4,) - : &, for all n. Let {l,,k} be a convergent
subsequence of {4,} with, say, ‘i, = %o Then Zge H™ and clearly fid) = &, But
Ao e OH is impossible, since ¢H < K and f(4y) == &y ¢ f{K). Furthermore &, e H is
impossible, since this would imply that &, belongs to some component of f{H)\f(K),
contrary to the fact that £, e &G. Thus we have reached a contradiction, and we
must have G - - H' as desired.

As an immediate corollary of Theorem 2.1 and Proposition 3.1 we have ong
relation between the holes of 6,(7) and those of o, (f(T)).

THEOREM 3.2. Let Te L(H'), and suppose that H is a hole in o (T). If |
is a function defined and analytic on a domain Q containing o(T) U H, then the
set fLHYNflo (T)) is open, and if this set is nonvoid, then the components of
SUHYNflo (T)) are holes in o (f(T)).

Proof. Set K -6 (T) in Proposition 3.1.
The following result is the analog of Theorem 3.2 for pseudoholes.

THEOREM 3.3. Let T € L(H') and suppose [ is a function defined and analytic
on a domain Q containing o(T). If J is a pseudohole in ¢ (T) of index -—00 (-} ©0),
then the set fINYNAG AT (IS0, (TY) is open, and if this set is nonvoid,
then its components are pseudoholes in ¢ (f(T)) of index -—oc (--00).

Proof. We give the argument in case J is a pseudohole of index - -00; the
other case is dealt with similarily. Since f(6\(7T)) = 61.(f{T)) by Theorem 2.1, and
the left spectrum of any element in a unital Banach algebra is compact, it is clear
that f{J)\flo1.(T)) is open. Since f{J) is a subset of ¢ (f(T)) by Theorem 2.1, itis
clear from the definitions that if f{J)\ f(0,(T)) # @, then each component G of
fJIYN\F01,(T)) iscontained ina unique pseudohole J'=J'(G) of o (f(T)). Furthermore,
an argument exactly like the one in the proof of Proposition 3.1 (using the fact
that ¢J < o\(T)), shows that G must be all of J'. Thus the components of
fUYN fle1(T)) must be pseudoholes in o (f(T)), and the fact the index of each
such pseudohole must be —oo follows immediately from (1).

Suppose now that Te £(H#) and that f is a function defined and analytic
on an open set € containing o(7). The preceding two theorems show how holes
{on which f is defined) and pseudoholes in ¢,(T) transform under f to contribute
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to the formation of holes and pseudoholes of ¢,(f{T)). The following discussion shows
that, roughly speaking, this is the only way that holes and pseudoholes of ¢ (f(T))
can arise.

First let us note that no generality is lost by supposing that each component
Q; of Q intersects o(T'), and thus, since ¢(7T) is compact, we may suppose that &
has only finitely many components. Moreover, in case Q has n > 1 components Q,,
then using the spectral idempotents for T associated with the sets Q;, one sees easily
that 7 is a (not necessarily orthogonal) direct sum 7= T; 4 ... 4 T,, and the
spectral properties of T are easily deducible from those of thz T;. (In particular,
J(T) is then the direct sum f(T,)4 ...+ f(T,), and the spectral picture of a
direct sum is, in a natural way, the “‘superposition” of the spectral pictures o
the]direct summands.) Thus we may and do assume in the ensuing discussion that
 is connected and that the function f is not constant on £.

Let A denote the compact set consisting of ¢,(T) and the union of all holes H

SN TN

in 6,(7) such that H < o(T), and suppose u € o (f(T)) = f(o (T)). Then there are
two possibilities. The first is that u € f(4), and since A is compact and f is not
constant on £, it follows easily that there exists a positive integer n(w) such that
the function f(z) — u has exactly the zeros

}‘1(“)5 LR A‘n(u)(u)
in A (counting multiplicities). Thus we may factor f(z) — u as

©)] f(2) —u=(z—A4@) ... (2 dy()gfz), zeL,

where g,(2) is a function defined and analytic on Q that does not vanish on 4,
and some of the A,(u) may coincide.

The second possibility is that u ¢ f(A4), and therefore the function f(z) — u
has no zero in A. In this case, maintaining the notation of equation (3), we write
n{u) - :0 and g(z) = f(z) — u, z€ 2, so g,(z) is invertible on A and (3) remains
valid (where {A,(u), ..., Ay} is defined to be the empty set).

Thus, in either case, using the facts that = and the Riesz-Dunford functional
calculus are homomorphisms, we obtain

C)) W(fT)) — u=[(T) — ()] ... [7(T) — 4,0)(n(gLTH)

Moreover, by Theorem 2.1, 6.(g,(T)) = g,(0.(T)), and since g,(z) does not vanish
on ¢ (T), n[g,(T)] is invertible in the Calkin algebra.
We first use (4) to characterize 6, (f(T)). Note that

./(Glrc( T)) = Af(o‘lc( T) n Grc(T)) < f(O’ c( T)) ﬂf(cre(T)) = o-ln:(f(T‘)))

and suppose next that u € 6y (f(T)), so that n(f(T)) — u has neither a left nor a
right inverse in Z(#)/K. It follows easily from (4) that this is equivalent to saying
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that there exist j, k satisfying 1 < j, k < n(u) such that n(T) — 2;(x) has no left
inverse and n(T) — Z,(x) has no right inverse. If either n(T) — ;(#) has no right
inverse or n(T) — A(u) has no left inverse, then u € flo(T)), but the other possi-
bility is that T— A(x) and T — A(u) are semi-Fredholm operators such that
T -~ A;(w)) —= ~-00 and i(T — Z(u)) =: -- 0o0; in other words, A1) and /()
belong to pseudoholes in 6,(7) of different indices. Thus let P, and P_, denote
the union of all pseudoholes in o (7T) of index - co and — oo, respectively.
The above discussion proves the following theoren.

THEOREM 3.4. With f and T as in Theorem 3.3, we have

O fAT)) = o1 T U { f(Po0) N(P_o)}-
Thus if SP(T) does not contain two pseudoholes of different indices, then o1, {f(T))
=[O T))-

We next use (3) to characterize the holes of o (f(T)) in terms of the informa-
tion we already have from Theorem 3.2. The following lemma from complex
analysis (which could be formulated without reference to operators) will be
central to our purposes.

LEMMA 3.5. Suppose T € L(H) and | is a nonconstant function defined and
analytic on a domain Q containing o(T). Let H be any hole of o (T) contained
in o(T) and H' any hole of ¢ (f(T)). Then either H' < f(H) or H' 0flH): : Q.
Moreover, if H' < f(H), then there exists a positive integer m - : my(H) such that
Jor any fixed u in H', the equation (1) - u has exactly m solutions 7. in H.

Proof. To prove the first assertion, it suffices to show that H' n f(H) # O
implies H' < f(H). Thus, suppose that there exist Ae H, uve H' with f{2) wu.
Then u e flH)\ f(6.(T)), so by Theorem 3.2, this set is open and its components are
holes in o (f(T)). In particular, if G is the component of f(H)\ fle (T)) containing u,
then G must be a hole in ¢, (f(T)), and thus G == H'. But then H' < f(H), as desired.
To prove the second assertion, suppose that H’ < f(H), and let « be a fixed point
of H'. Then there must be at least one A,(u) satisfying (3) lying in #/, and we
denote by my(H) the number of such i(w), counting multiplicities, lying in H.
Of course we must show that sy (H) does not depend upon the point u chosen
from H’, but locally this is an easy consequence of Hurwitz’s theorem (cf. {8, Theo-
rem 2.5, p. 49]), and since H’ is arcwise connected, that my,(H) is independent of
the point u# follows from a standard argument.

The following theorem associates with each hole H' in ¢ (f(T))a collection
of holes of ¢ (T) contained in o(T), and gives the sought after characterization.

THEOREM 3.6. Suppose Te L () and f is a non-constant function defined
and analytic on a domain Q containing o(T). If H' is any hole in ¢ (f(T)), we denate
by C€(H') the collection of all those holes H in ¢ (T) such that H<o(T) and
H' < f(H). Then either C(H') # @ (which says that H' is not contained in f(H)
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Jor any hole H of ¢ (T) that is contained in o(T), and thus may arise from the
nonunivalent character of f or from holes in o (T) not contained in the domain of f),
or G(H") # O, in which case H' is a component of each of the sets f(H)\ f(o (T)),
H; e ¥(H"), and therefore of the set . M fH)YN\floLT)).

[ EG(H)

Proof. If G(H') # @, then for every H,e @(H'), we have H' c f(H,) by
definition, and thus H' <f(H;)\ f(¢(T)). But then, by Theorem 3.2, we know that
JUH)\ fle (T)) is open and that its components are holes of ¢ (f(T)). Since H’ must
be contained in one of these components, and is itself a hole in o (f(T)), we conclude
that H’ is one of the components of f(H)\f(¢.(T)), and thus a component of

N FHYNflo(T).
H,E€H)

Using the multiplicity function my.(H) defined in Lemma 3.5 we can now
also calculate the Fredholm index irery(H") of a hole associated with SP(f(7)) in
terms of the indices i(H)}) of the corresponding holes H;in €(H").

THEOREM 3.7. Let T € L(H), and suppose f is a nonconstant function defined
and analytic on a domain Q containing o(T). If H' is a hole in o (f(T)), then
either C(H'") is empty, in which case ipery(H') == 0, or €(H") is nonempty, in which
case

&) iper(H') == He;(H,)mu’(H)iT(H)-

Proof. Choose a point © in H'. Then, by definition, i,(H") is the Fredholm
index i(f(T) -— u). If €(H') =~ @, then we know from the discussion before Theo-
rem 3.4 that f(z) — u = g,(2) on Q and g, (z) does not vanish on A. Thus =(g,(7))
is invertible, i(f(T) — u) = i(g,(T)), and there are two possibilities. If g,(z) does not
vanish on ¢(T), then 0 ¢ o(g,(6(T)), and obviously i(g,(T)) = 0. On the other hand,
if g,(T) does vanish at some point of ¢(T), then since (T)\ A consists of at most
a countable number of isolated points whose only possible points of accumulatiou
belong to o (T') (cf.[9, Proposition 1.27]), one may factor g,(z) as g,(z) = (z — B,)...
... (z == BI(z) where each B, e 6(T)\ A and A(z) does not vanish on o(T). Since
n(g.(T)) is invertible, each of the operators T — B; and /i(T) must belong to 7,
and by the well-known addition property of the Fredholm index,

© i(gAT)) = iHT) + ¥, i(T — ).

Since each f; is an isolated point in o(7) and / does not vanish on o(7T), the
index of each summand on the right hand side of (6) is zero. Thus i;(H') =

<< i(gdT)) + O.
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Turning now to the case 6 (H') # @, we have from (4) that

nnm)
N i H')y =i AT) — u) = i(gT)) -+ Y, (T — (),

i

and since an argumant like that just given shows that i(g,(T)) - - 0, (5) results from (7)
and the definitions.

We turn briefly now to consider the analogs of Theorems 3.6 and 3.7 for
pscudoholes (with Tand f as before). Given any pseudohole J' in ¢ (f(T)) and any u
belonging to J', one may define the A(u) as in (3), and note that since u € fio (T)),
necessarily n(u) > 0. Furthermore it is clear from the definitions and (4) that each
Afu), 1 < j < n(u), must belong to either a hole in 6 (T) or a pseudohole in ¢ (T},
but at least one A;(#) must belong to some pseudohole J in ¢ (T), and the index
of J must be the same as that of J'. Proceeding in a fashion analogous to what
was done above in the discussion of holes, one arrives easily at the following theoren.

THEOREM 3.8. Let Te L(H), and suppose [ is a nonconstant function defined
and analytic on a domain Q containing o(T). If J' is a pseudohole in ¢ (f(T)) of
index —oo (-+00), then there exists a unique nonempty collection €(J') of pseudo-
holes J in o (T) associated with J', and each J in €(J') has the same index as J’.
Furthermore J' is a component of the set

N ADNSo T (Y I\ SforlT)).
) Jewd

JeaJ’

4. SOME APPLICATIONS

The preceding theorems can be used to give short proofs of some nice theo-
rems in the theories of quasitriangular and essentially normal operators. For the
definitions of these classes of operators, cf., for example, [9]. The following theorem
is contained in [10, Thecorem 2.6], which was nontrivial when it was proved and
remains nontrivial even in the presence of the Apostol-Foias-Voiculescu characteri-
zation of quasitriangular operators.

THeOREM 4.1. Suppose T is a quasitriangular opcrator in L(H) and [ is
a function defined and analytic on an open set Q containing o(T). Then f(T) is quasi-
triangular.

Proof. One knows that a direct sum of quasitriangular operators is quasi-
triangular {7] and that an operator similar to a quasitriangular operator is also
quasitriangular [5]. Using these facts and the discussion following Theorem 3.3,
one sces easily that without loss of generality we may suppose that the open set Q
is connected and that fis not a constant function. Furthermore, from the charac-
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terization of quasitriangular operators stated in the introduction, we see that it
suffices to prove that SP(f(7T)) has no associated hole or pseudohole whose index
18 negative. But this is immediate from Theorems 3.5 and 3.6 and the fact that
no hole or pseudohole associated with SP(T) has negative index.

The following immediate corollary of Theorem 4.1 is a nice exampie of the
contribution of the present note.

CoroLLARY 4.2. ([10]). If T is an invertible quasitriangular operator, then T-*
is also quasitriangular.

Similar results are available about other classes of operators that can be
characterized in terms of their spectral pictures.

THEOREM 4.3. Suppose T is an invertible operator in L(H) that is a norm
limit of algebraic operators. Then T~ (and, more generally, every analytic function
of T) is also a norm limit of algebraic operators.

Proof. The set of all norm limits of algebraic operators in #(#) has been
characterized by Voiculescu [11] as the set of all S in Z(#) such that SP(S)
contains no pseudoholes and no holes associated with nonzero index. But then,
by Theorems 3.5 and 3.6, the same must be true of all analytic functions of T.

THEOREM 4.4. If Te L(H#) and T is the sum of a normal operator and
a compact operator, then every rational function r(T) (even every analytic function
(T)) also has this property.

Proof. The subset of L(J#) consisting of all sums of the form N -+ K where N
is normal and K is compact has been characterized [3] as the set of all S in L(o#)
such that n(S) is normal and SP(S) has no holes associated with nonzero numbers
or pseudoholes. Since n(f(T)) = f(n(T)), as was shown earlier, and n(T) is normal,
it is clear that =n(f(T)) is normal, and the result follows from Theorems 3.5 and 3.6
as before.
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