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A HYPONORMAL WEIGHTED SHIFT WHOSE SPECTRUM
IS NOT A SPECTRAL SET

JIM HARTMAN

Let # be a separable Hilbert space with orthonormal basis {e, :ne Z}.
Also, let #(#) denote the set of bounded linear operators on . For T e #(3¢),
et A(T') denote the spectrum of 7" in B(#) and let 1(7T) denote the spectral radius
of T. A compact set K o A(T) is said to be a spectral set for T if

AT < sup{|f(z)] :ze K} =|flix

for all rational functions f with poles off K.
An operator Te B(#) is called a bilateral weighted shift if there exists
{w, :neZ} c C such that Te, = w,e,, for all integers n. In this paper we will

consider the weighted shift T with w, = -;- forn < 0 and w, == 1 for n = 0. The

following facts are easy to establish (see Shields, [2]):
a) [ITl=1;
b) T is invertible and || 71| == 2;
c) A(T) == zeC:é«S lz2| <1}

d) 1(T) = || T} and r(T-Y = | T-|;

e) T is hyponormal.

We will answer the second part of Question 7 of Shields [2] by showing
that A(T) is not a spectral set for 7. We let

f (z) — »1“ z—-] 1 _ —1—2"1)_1 o "]:__ Z—l _+_ i 2—n-1zmn—1
" 2 2 2 n=1

for m > 1. We now have

“.fm”d(T) = max{”fmfilzl::l s “fm“‘z‘_%}

by the maximum modulus theorem. From this equality, it is easy to see that:

D) [ fullay =0 — 2-m-hy-1)
ii) ”fm”d(T) -1 as m —» oo.
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However,
1 [+
fm(T) — _2_ T-1 4+ Z 2--R=lpmn—
no:l
and

We then compute f,.(T)e, and get:

o0
jm(T)eo = €_3 —11_ Z 2mnhlemn—.l .

sl

Hence
[v-]

1/2
I/l T = (1 + ) 4""—1) = (13/12)12,

7 1

If w1 2 4, then
“,fm(T).i > :i mz»A(T)

and this inequality shows that 4(T) is not a spectral set for T.

One may ask whether 7 provides an answer to the question of whether every
operator whose spectrumis a c¢-spectral set is similar to an operator whose spectrum
is a spectral set. It was pointed out to me that the weighted shift 7 is similar
to & subnormal weighted shift S whose weight sequence is constructed as follows.

Let

i .
o == '2 (51/2 + 0,

1

Bn) = [S r‘-’"dao-)]m,

12
and
v, == P(r - 1)/B(n) for ne Z.

Then the weighted shift S with weight sequence {z, : 7€ Z} is a subnormal weighted
shift (see Shields, [2], Proposition 27). If we let He, = h,e, for n € Z, where

P if n>0,
h, = 1 if n-:0,
2Bt if n< 0,

then it is straightforward to check that H is an invertible operator and T=HSH™1.
Also, we see that A4(T) is a c-spectral set for T with ¢ = ||Hy-jH= | — /2. From
the preceding discussion, we see that the weighted shift 7 does not provide an
answer to the question above.
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