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SOME NORM BOUNDS AND QUADRATIC FORM
INEQUALITIES FOR SCHRODINGER OPERATORS

E. B. DAVIES

1. INTRODUCTION

We present a number of new norm bounds on some operators involving
powers of the resolvent of

H=H,+V

on L¥RY), where Hy= — A. We assume that Vlies in the class 4 of potentials
for which

0 < Ve Li(R"™\92)

where Q is a closed set of zero Lebesgue measure, depending on V. The operator H
is then well-defined as a form sum, with form domain

Quad(H) 2 CERM\Q)

and one may use the quadratic form version of the Trotter product formula due
to Kato [4, p. 121). This implies by the methods of [3; 4, p. 179] or [8, p. 186] that
the integral kernels of (H + 2)~# are non-negative and pointwise dominated by
those of (H, 4 A)~# for all f, 4 > 0. It is probable that many of the estimates we
obtain could be extended to the case whete ¥ has a negative part V_ which is small
enough (V_ would have to have form bound less than one with respect to H,),
but we have not attempted such an extension.
We start with an elementary result.

LeMMA 1. If V, We % then

’ V—w
!(V + DY + 1)12|

[(He+ V+ 1)~ — (Hy+ W+ D)<

00
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Proof.
W(Hy +V + 1) — (Hy+ W+ )7 =
=|He+V+ D2V —=W) (H + W+ 1) <
< U(Hy +V + 1)~ F + DY | (Hy + W+ )= (W 4 DVE.

4+ DV — W) (W -+ DR
The result follows since

IV -+ DY(H, + V 4+ 1D)-12|< 1
1 -+ DY(H, + W+ D=1 <1,

COROLLARY 2. Let H, == Hy+ V, and H = Hy -+ V where V,,,Ve %. Then
H, converges in the norm resolvent sense to H if either :

lim ||V, — Vi =0
n-»0o

or
1+ V,=0+ V(1 +X)
where
lim [1X, ll = O.
=3O

Proof. The first statement is elementary. For the second we need only note
that if | X, [l < 1/2 then

i _ 1
f V=Y < 22X, -
A VPRI PR

We next note that it is by no means the case that one always gets norm resol-
vent convergence when ¥V, — V. For example if N —= 1 and

V(x) = 1 + cos(2nx)
and if
V(x) if x| <n
V. (x) = .
{ 2 otherwise,
then ¥V, converges locally uniformly and boundedly to V. Now f(H,) is a compact
operator for any continuous function f with support in (0,2) but f(H) is not com-
pact, so f(H,) does not converge in norm to f(H). Thus H, does not converge in the
norm resolvent sense to H, by [4, p. 114].
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The next lemma yields a rather attractive criterion for norm resolvent conver-
gence, but also an estimate of the rate of convergence.

LeEMMA 3. If0 < a, b, < oo and
V-+22<<BH+V+ A2

(W22 <P (Hy+ WA AP
then

I(Ho+V + )7 — (Ho + WA+ D7 < abl|(V+ D~ — (W + )72
Proof. The hypotheses imply that

Dom(Hy 4 V + 1) € Dom(¥V 4 1)
and

NV +2H +V+ D < a
Similarly

(W + &) (Hy -+ W+ 1)~ < b.
Thus
N(Hy+ V4D — (Ho+ W+ D=
=|(Hy +V+ )2V - W) H,+ W+ D <
Sab||(V+ D)1V —-W)W+ D=
=ab||(V+ )~ — (W + D1

We conclude that H, + V, converges in the norm resolvent sense to Hy 4+ V
provided {V, + 4)~* converges uniformly to (V' -+ 2)~* and one has a uniform qua-
dratic form bound

0 < (Vn + A)Z < uz(HO + Vn + 1)2-

2. SOME COMMUTATOR ESTIMATES

Lemma 3 provides one reason for attempting to determine the potentials
V e 4 for which there exists a < oo such that

0< V< aH, + V2

This question was studied by Glimm and Jaffe [7] in an abstract operator context
for application in constructive quantum field theory, and they mentioned the pos-
sibility of applying it to Schrédinger operators. We initially assume that V is a
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strictly positive C* potential which is bounded together with all of its partial deri-
vatives. We may then write

(Hy+ VP =Hi+ Y, a(0D* = Hy+ X

et <4

where

D® == D{® . px™
and
al == a1) 4+ ... + x(N)

and each a,(x) is a bounded C* function. Now X is a perturbation of H? with
reiutive bound zero so
Dom(H, + V)* = Dom(H})
and CP(RM) is a core for (Hy + V)
LemMa 4. If V satisfies the above regularity conditions and

1) |V V(%) < aV(x)®

for some 0 < « < 2 and all x € RY, then
0< V< (1 —a2)"Y(H, + V)

Proof. Using the identity ’
H,V+VH, =2V H VU2 — L\Z—W
2V
of [7], we see that

2
= H}+ 2V12 HpV2 — '—Z—:—' + 2>

> (1 — a2)V°

as a form inequality on C®(RY). The result follows upon observing that CP(RY)
is a form core of (Hy + V)2 or equivalently an operator core of H, + V.
Note 5. If N > 3 we may derive a weaker condition on V by utilising the

lower bound
N:—4N + 2 V

4 0*

VVZH YU >

proved for N = 3 in [8, p. 169)).
NotE 6. The condition (1) also arose in proving JWKB bounds on Schri-

dinger eigenfunctions by a completely different method in {5].
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We now say that V lies in the class 4, for 0 < o < oo if we may write
V(x) = v(x)~2
where the function v: RY — [0, co) satisfies
@) @) o) — vl < —%a”z | x —y| for all x,ye RY;
(ii) The closed set
Q= {xeRY: v(x)=0}

bas zero Lebesgue measure.

We see that ¥, < ¢ and that any ¥ € ¢, is actually strictly positive and con-
inuous outside Q. The condition (2) is a slight generalization of

| Vo) < o
2
which is formally equivalent to (1).
THEOREM 7. If Ve %, for some c < 2 then
0V (1 —af2)y"Y(H,+ V)

Proof. Standard approximation techniques allow one to construct a sequence
of functions v,: RN — [0, oo) satisfying
(i) m~ < v,(x) < n for all xe RY, and some fixed m > 0;

(ii) Each v, is C*™ with all its partial derivatives bounded on R¥;
(i) 1V o,(0)| < 32— a2 for all n and all xe RV;

(iv) v,(x) » max(m-1, v(x)) is locally uniformly in R¥.
1f

V(x) = v,(x)-3
then we see that

V,(x) — min(m?, V(x)) = W,

locally uniformly in RY. Thus
lim (Hy + V,)f = (Hy + W) f

for all fe CP(RY). Since such f form a core for Hy +:W,, we conclude that H, 4- ¥,
converge to Hy, + W, in the strong resolvent sense. Now H, + ¥, satisfv the con-
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ditions of Lemma 4 so
| ValHo + Vi + )21l < (1 —2f2)~ 12| £

for all z > 0 and all fe L3RY). Letting n — oo we conclude that
| Wa(Hy + W, + )71 flI<( — af2)7 22| £

"The monotonicity of the integral kernels with respect to the potential now enables
us to conclude that

IWuHo+ V+e)72 | < (1 —af2)~12
and an application of the monotone convergence theorem finally yields

IV(Ho+ V -+~ < (1 — «f2)"22

for all ¢ > 0, as required.

COROLLARY 8. If Ve %, for some o < 2 and

V.(x) = min(V(x), n)
then
WHy+ Vot D™ — (Hy+ V+ DM < (1 — o) (5 + 21

for all n, A > 0. In particular H, -+ V, converges to Hy -+ V in the norm resolvent
sense as n — 0.

Proof. We first observe that V 4 Aand V,+ A liein ¢, for all n,2 >0
by (3). So

NV +DH+V+ D<A —af2) 12

Vo + D Hy+V+H?) < (@ —af2) 2

Therefore
(Ho+ Vo + D — (Hy+ V+ )1 <
A=) MWV, + A — (V+2) e <
< (1 —af2)~Yn -+ !
by Lemma 3.

Although the condition « < 2 in Theorem 7 is in general necessary, the fol-
lowing trick sometimes enables one to circumvent it. If 4 > 0 we define v, by

V4 2=nv7%

An easy computation establishes that
0< v, <A-V2
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and

v
(3 D ,= ——e e
) Vi, (0 + A"

so that v; converges to zero uniformly as A — oo and

lim vov,(x)=0

A=»00

at all points x € RV where v(x) is differentiable.
LeEMMA 9. If v is differentiable and
Jim || 7 5,[le0 = 0
then o
WHy +V+ D < o0
for all large enough 4 > 0, and hence all /. > 0.

It is elementary to check that the conditions of Lemma 9 are satisfied for any
non-negative polynomial potential in one dimension. We shall see in Section 4 that
¥V may even have infinite local singularities. We next extend the above arguments.
to obtain higher order quadratic form insqualities.

THEOREM 10. If Ve %, for some x such that

C)) 0<acx< ———2—-—
(@n — 1)2
then
0 < V"< c(H,+ V)™
where
) 0<cy= [ —@m—1a/2)! < co.

m=al

Proof. The regularization method of Theorem 7 allows us to reduce to the
case where V'is a strictly positive C* function which is bounded together with all of
its partial derivatives, and satisfies

|VV(x)P < aV(x)?
for all x € RV, For similar reasons it it enough to prove the form inequality
<V2"f’f> < Cn((H’o‘F V)znf’f>

for all fe CP(RY), and for this purpose formal manipulations suffice.
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We suppose inductively that
VI ¢,y (Hy + V)R-
which holds for m -: 1 with ¢, = 1. Then
Cm-r (Hy + VY™ 2 (Hy + V) VD (Hy + V) ==
s Ho VR =DH, 4 Hy V3=t 4 V2= + Y >

@m =) VR VR
2pam-1

> Ve

. 2m — 1)

e pEm . — pm-s gV > bV

provided
bil=1— (2m — 1) /2.

The hypothesis (4) ensures that 0 < b,, < oo for all 1 < m < n. Thus ¢, = b,¢,,-1
and the theorem holds for the value

The next two theorems taken together allow us to weaken the conditions on
the potential ¥ in Theorems 7 and 10.

THEOREM 11. Suppose that Ve 4, that We 4, where

O<a<—2>
(2n — 1)

und that
0 < W(x) < V(%)
Jor all xe RY. Then

(6) 0< wen < C,,(Ho + V)‘Zn
where ¢, is defined by (5).

Proof. Theorem 7 implies that

I\W"(H, + W+ &)™ <
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for all ¢ > 0. But the integral kernel of the L.H.S. is non-negative and pointwise
dominates that of W"(H, + V -+ ¢)~= by [3], so

IW"(Ho + V' + )7 <

for all ¢ > 0, which is equivalent to (6).

THEOREM 12. If Ve 4 and 0 < a < oo ana ¢ > O then there exists a largest
potential We % satisfving
0< W(x) < V(x)+ ¢
for all xe RV,
Proof. Defining
W(x)-12 if 0 < W(x) <o
> ={o if W(x) = oo

we are claiming the existence of a smallest function w satisfying
V(x)+ &) 1 € w(x) < oo
and

W(x) — WOl < %a”z!x —

The class # of all such w is non-empty since the constant function e~%/2lies in it,
Moreover the class & is closed under taking minima and under taking decreasing
pointwise limits [5].

Note 13. If Vis a non-negative polynomial in one dimension then

lim V'(x) ¥V(x)-*=0
|x}—»00
and the potential W constructed in Theorera 12 coincides with V{(x) 4+ ¢ for all large
enough |x!.
These theorems may be used to show that eigenfunctions of H, 4+ ¥V vanish
at any strong enough local singularities of F7, at least in the L? sense. For pointwise
results of this type see [5], and references there.

COROLLARY 14. If Ve ¥ and
Q)] lim x®V(x)= 400

{%|=poo

then any eigenfunction f of H, + V satisfies

N1Q1=" fll: < o0
Jor all n > 0.
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Proof. If we put
4

W) = ax?

then a simple computation shows that We ¥, . Moreover there exists a constant
a, > 0 such that

0 < W(x) € V(x) -+ a,
for all xe RY, by (7). By choosing o small enough we deduce by Theorem 11 that

WWSIE == (WS, ) < ca(Ho+ V + a)* f, f) < o0

3. LOCAL SINGULARITIES

We apply the above results to the analysis of local singularities of a non-nega-
tive potential. For expository reasons we confine attention to the case where H
is defined as the form sum

H=H,+V
on L*R3), where

® V(x) = c|x|=*¢

for some ¢, @ > 0. For earlier results concerning this problem see the note added
in proof. Since H is defined as a form sum we have

Quad(H) = {f& W S V(x) 1f(x)[? dx < oo}
where ¥~ is the Sobolev space
W = W12 (R®) = Quad(H,).

The exact specification of the domain of H is a more difficult problem. It is
a general consequence of the definition of form sums that

Dom(H, + V) =2 Dom(H,) n Dom(V)

and it is obvious that the right-hand side contains CZ(R3\(0). The following propo-
sition is essentially due to Glimm and Jaffe [7].
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PROPOSITION 15. The following conditions are equivalent
© o Dom(H, + V) = Dom(H,) n Dom(¥);

(i) Dom(H, + ¥) € Dom(V)
and
IW(H, +V+1)"Y] < o0;
(iii) OS(V+ A< c(Hy+ V+ M)

Sor some ¢, 1 = 0.
We now apply this proposition to the particular potential (8). If 0 < « < 3/2
then
Ve L¥R?) + L*(R?)

so V is a perturbation of H, with relative-bound zero, whence
Dom{H, + V) = Dom(H,).

If 0 < « < 2 then one knows [8, p. 170] that ¥ has relative form bound zero with
respect to H,, so that

10) Quad(H, -+ V) = Quad(H,).
If « > 2 we have the following result. (Se: note added in proof.)

THEOREM 16. If 2 < a0 < o0 then

Dom(H) = Dom(#,) n Dom(¥V).
Indeed
(11) WrHy + V 4+ )77 < o0
forall A,n > 0.

Proof. Putting
A4+ clx]=%=p;(x)"%

we see by (3) that if x e R\ 0 then
V0,0t = eI A,

This is a non-negative continuous function on R3 which vanishes at 0 and co. More-
over it decreases monotonically to zero as A — co for each x € R?, so

lim [[V,]le =0

A-»00
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by Dini’s theorem. We may now apply Theorem 11, to obtain (11) for large enough

Z > 0, and hence for all 2 > 0.
A similar method making use of Note 5, enables one to prove the following

result.
THEOREM 17. [f @ = 2and 3/2 < ¢ < oo then
SV(H = V4 1577 < oo
50

Dom(H) == Dom(H,;) n Dom(¥V).

We now consider the cases 3/2 < a<2. The formula (9) is not then valid,
but to establish this we must use PDE methods . We shall construct an explicit
spherically symmetric function / on R® such that f'e Dom(H) but

S VSR dx = - 00

The difficulty is to obtain a sufficiently precise definition of Dom(H) to be sure
that the function /' we construct really does lie in Dom(H). This is achieved by the
following sequence of propositions.

PropPOSITION 18, Let
2 < Dom(Hy) n Dom(V)

tH

be a quadratic form core of Hy -V, and suppose that '€ Quad(H), ge LYRY)
satisfy

(12 {f Hh) == (g, h)
for all he 2. Then fe Dom(H) and Hf :- g.

PROPOSITION 19. The lincar subspace & :- CP(R3\0) is a quadratic form
core for Hy,, and hence by (10) also for H.

PROPOSITION 20. Let f: (0, 00) — C be twice continuously differentiabie and
define f: R¥\0 - C by
(13) FOx) == ix}=1 fx)).

Then [ € Dom(H) if and only if the following conditions all hold.

(i) Slf(r)i"' dr < 00;
]
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(i) S £ (H2dr < co;
]
(i) lim f(r) = 0;
r—=0
(iv) S' — f"(r) 4+ Vi) f(r)12dr < oo.
)

Proof. Conditions (i), (ii), (iii) are needed to ensure that f lies in %", which
equals Quad(H) by (10). Condition (iv) coincides with (12), once one chooses.
% -+ CE(R3\0) and notes that distributional derivatives coincide with ordinary
derivaties when the latter exist.

THEOREM 21. If 3[2 < a <2 and 0 < ¢ < oo then
Dom(H, + V) # Dom (H,) n Dom(V).

Proof. Let f: (0, 0o) » C be a C* function which vanishes for x > 2 and
satisfies :

~

2 — o

dgr
S(x) = x1? J(2~u)”’(——_— x{g-al2 )=

(o]
=xY a,x(2-en
n:=0

for ¢ < x < 1. Then

— f7(x) 4+ a7 f(x) == 0

for 0 < x <1 by [l, p. 362). It follows by ¢ routine calculation that the function ;‘:
defined by (13) lies in Dom(H) but not in Dom(¥).

Note 22. A similar but simpler calculation, based upon putting f{x) : : x#
for small x, establishes the same conclusion for « =: 2 and 0 <¢<3/4. B. Simon has
informed the author that a separate analysis in each angular momentum sector esta-
blishes that Theorem 17 holds for a == 2 and all3/4 < ¢ < oo.

4. HILBERT-SCHMIDT ESTIMATES

We now turn to the question of finding conditions on ¥, W€ ¥ under which

(14) W(H,+ V + 1)-fe T,
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where &J, are the various trace ideals [9]. For simplicity we shall consider only the
case p : = 2, which is of importance in the Kato-Birman approach to scattering
theory; one shows that operators of the form

(Hy+ V' + )77 X(Hy + V+ 1)

lie in J, by writing them as products A% B, where A, B are of the form (14).

This problem has been extensively studied [2, 8, 9, 10] and it is known that
(14) holds if We L*RY), Ve 4 and § > N/4. Moreover the condition on W cannot
be weakened if one takes no account of the potential ¥. Qur theorems above sug-
gest, however, that it might be possible to extend the results by allowing W to have
singularities wherever V has strong enough positive singularities. Our results below
confirm such hopes.

In our first theorem, which can probably also be proved using Dirichlet decoup-
ling or functional integration [6, 10], we write y; for the characteristic function
of the ball with centre 0 and radius R. We do not attempt to find the smallest f3
in any of these theorems.

THEOREM 23. If B > N/4 -- 1 then there exists a constant c < oo independent
of V such that

frVVE(Hy + V+ 1)y < ¢
for all Ve 4.

Proof. Since the constant ¢ is independent of V a standard approximation
technique shows that it is sufficient to treat the case where V' is bounded. We sup-
pose that fe CP(RY) equals 1 if !x; > R and 0 if {x] = 2R. Then

YRV (Hy -+ V4 D70 o= g f VIR (H, + V 4 1)
=y VUE(Hy - V + 1) f(Hy + V4 1)+ 1
e gRVVAHy - V4 1) [Hy = V4 1, f1(Hy 4 V4 1)7F =
= VYR (Hy + Vo 1) f(Hy - V4 1)
VYR (Hy -V = 1)U ge - Y Dig) (Hy+ V- 1)7F

where g; are combinations of partial derivatives of f. The fact that this is Hilbert-
~-Schmidt follows from the bounds
PR Hy + V + D72, fi(H + V + D7D < 1,
Lf(Hy + V = D782, < {f(Hy + 1)78* U, < oo,
[gi(Hy -+ V= DA < jigd(Hy < 1)7F, < oo,

as does the fact that the constant ¢ is independent of V.
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THEOREM 24. Suppose Ve &G, where

O<ac<

n — 1
Then
lxrV"*(Hy + V + Dl < o0
provided B > 0 is large enough.
Proof. We observe that
IxrV"*(H,y + ¥V + D=4l =
=t{(Ho + V+ D Ppp V(H, +V+ 1) <
S(Hy +V + DX NI VH(Hy + V + D8

The first term is finite by [2] (see also [10, p. 266]) while the second is finite for
B = n by Theorem 10.

THEOREM 25. Suppose Ve % and

lim x2V(x) = + co.
]x}=0

Then for every n > Q there exists 8 > O such that
(15 el @I~y + V + 1) =Pl < oo.
Proof. If ¢ > 0 and W(x) = c/x?, then there exists 1 > 0 such that
0< Wx) s V(x)+ 4
for all xe RY. Now by taking ¢ large enough and applying Theorem 24 we obtain
llxr WH(H, + V -+ 2 + 17|, <

< |lxp WA(Hy + W -+ 1), < o0

which implies (15).

We finally comment that it should be possible to derive all the results of this
section by use of functional integration [10], if one first estimated the probability
of Brownian paths getting very close to the origin sufficiently carefully.
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