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GAUGE INVARIANCE OF SCHRODINGER OPERATORS
AND RELATED SPECTRAL PROPERTIES

HERBERTYT LEINFELDER

INTRODUCTION

In this paper we consider Schrédinger operators
— 1 = 2
#(a, V)=(—.-V —’é) + V=
1

=—A+2ig-V+iV-d+a+ 7,

where (g, ¥): R™ - R”XR is a measurable function, and look for a most general
condition on (@, ¥) so that the essential spectrum of 3#(@, V) coincides with the
interval [0, co). We set the spaces of potentials X'y, ,, L1, Lo, M, and M. as
follows:

Ay ={@ V)ldeLix, Ve L},
Hy={@ V)| de L, V-de Li, Ve L},
£, ={(@, V)| (a, V)€ A, the form (#(a, V)-,-) is closable*’ on Cg},
Zo={@, V)l (@, V)ex,, #(a, V) is essentially self-adjoint on C},
My = {(a, V)| (a, V) ey, V. is A-formbounded with relative bound less than 1},
My ={(@, V)| (@, V)eA,, V.. is A-bounded with relative bound less than 1}.

Here V_ denotes the nonnegative function max (—V, 0). We note that ¢, (respec-
tively ) is the largest possible set of potentials (@, ¥) such that the quadratic
form (5#(a, V) -, *) (respectively the operatcr 3£(a, V)) can te defined on C¥; that

*) In this note a closable form is assumed to be bounded from below.



164 HERBERT LEINFKLDER

My LA (see [2; 22; 14]) and if (@, V)e &, there corresponds a unique
self-adjoint operator H(a, V) which we abbreviate simply by H{a)if V - - .

The purpose of this note is two-fold. On one hand we prove that any self-
-adjoint Schrédinger operator H(a, V) is invariant under gauge transformations
@ — @ +- V2. On the other hand we apply the freedom of gauge transformations
to the investigation of the essential spectrum of H(a, ¥) and show that
0.s(H(@, V)) == [0, 0o) under very mild conditions on the potentials (a, V).

We show about the gauge transformation that:

(1) .#; is closed with respect to gauge transformations among ¢, ie. if
@ V)e .2’,~,(3, V)e s, and b == a4 V2 with some A€ @', then (b, Yye %, and
the Schrddinger operators H(a, V), H(b, V) are unitarily equivalent,

e H(@, V) e~i* == H(B, V).

(2) On each (@, V)e &, we may impose the so called “Coulomb gauge con-
dition V-3 == 0, ie. for any (@, ¥)e .&; we can find a gauge transformation
A€ 9’ such that (7;, V)e &, and Vb= 0, where b =@ -~ VA.

Using these results we show that the spectrum of H(a, V) is distributed in a
specific way in R+ provided (@, V)€ .&, and (Q(H(a, V))<= Q(H(a)) (see Theorem 2.1
for a precise statement). As a simple consequence of this we obtain:

(1) Either o (H(a, V)) = @ or o.(H(a, V)) is unbounded.

(2) If H(G)<yH@, V) (some y>0) and info(H(a@, V)) =0, then o(H(@, V}):=
P [0, m),

Our main result states that o (H(a, V)) == [0, co) if (a, V)€ 4, and if for
some be L, with curld = curlb in @

—y

0.1y lim [SV_ + S (B2 -+ V,,)] —0.

|x]~»00
S, ans,

Here S, is the sphere {y|ix — y| < 1} and Qis any open subset of R™ containing
spheres of any radius. In R® (or R?) condition (0.1) is satisfied if e.g.

lim curlg(x) =~:0 and lim S Vo +XaV,):=0
|x|—>c0 |%| 200

xXEN sx

and we recover a resultin [15; 16; 17]. Finally we remark that most results mentioned
above can be extended to admit highly singular potentials (see Concluding Remarks).
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It seems to us that the usefulness of gauge transformations though well known
to physicists, has not been extensively used in many mathematical treatments of
Schrédinger operators and we know only [2; 13; 19; 24] where rigorous mathema-
tical statements concerning gauge trarsformations are made.

While there exists an enormous literature about the investigation of the essen-
tial spectrum of Schrédinger operators without magnetic fields (see [19; vol. 1V,
pp- 342 —343)) the number of results including magnetic fields is very limited. With-
out giving a complete list we mention those in [3;4; 11;12;13;15; 16; 17; 21; 25].

After having checked the literature we believe that the results presented in
this note have not yet been proved elsewhere. Certainly, Theorem 2.5 is known
in principle [11; 13; 21; 25] but only under considerably more restrictive assumptions.

We list here the notation and the ccnventions used in this paper. For 1<p< oo
and Q < R™ open, LP(Q) is the space of (equivalence classes of) complex-valued

functions u: Q — C which are measurable and satisfy S lul? < co. In case p =2,

L*(Q) is a complex Hilbert space with inner product (u,v) and norm |[u] =
== (u, )M2. (LA(2))™ is the m-fold Cartesian preduct of L*(Q) and is equipped with

the scalar product (%, B) = ¥, (4, v;) and norm |/%|| == (%, %)'/2. The space of in-
finitely differentiable functioilslwith comipact support in  will be denoted by CP(Q)
or 9(Q). 2'(Q) is the space of distributions on 2. For 1 < j < m let §; = 9/0x; be
the j-th partial derivative, V= (0, - .., 0,), each acting on 2'(2). For ne N,
1 <p < oo the Sobolev space Wn?(Q) is d=fined as the space of those u € L?(Q), for
which all partial derivatives up to order » are in LP(Q2). W™?(Q) is a Banach space

- \UP
with norm lu||, , = ( ¥y Slvzlp) . For a linear subspace F < 2'(Q) we define

gj<n
laj<n J

Foc as the space of those u e 2'(Q) such that gu € F whenever ¢ € 2(Q). If in ad-
dition F is normed, then u, -~ u in Fy raeans ou, — ¢u in F for all ¢ e 2(Q).

m — — — m
Finally A = ¥ 7 is the Laplacian and P(a) =17V —a, V-d =Y, d;a;with
j=1 1 j=1
i=}~1and Ge L3(Q). If p = 2 or 2 = R™ we usually omit the symbols “p”
respectively “Q’". For any real-valued function we set ¥, = max (+V, 0).

Concerning notations and results in the theory of linear operators we refer
to [19].

1. GAUGE INVARIANCE OF SCHRODINGER OPERATORS

Since we are dealing with Schrédinger operators with singular vector poten-
tials, we first make precise what we mean by a gauge transformation.
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Let © be any open subset of R™ and 4, be LL (Q). We say that G and & are
related by a gauge transformation, a > b, if there is a A€ 2'(Q) satisfying
(L.1) b-=d-F Vi

By curld we denote the skew-symmetric, matrix-valued distribution having d,a, —
- 0,4, € 9'(Q) as matrix elements.

LemMMa 1.1. Let Q be any open subset of R™, 1 < p < o0 and @, be L8 Q)
Then the following assertions hold:

(i) Every 1€ 9'(Q) satisfying B=1a+ Vi belongs to WEE(Q). If Q is simply-
~connected, then:

4~ b <> curld =curl 5.
(i) For any ae L{,.(2) (2 < p < o0) there exist a ¢ € LE(Q) such that

and V+¢.:0 (Coulomb gauge condition).

o

(1.2) a~

REMARKS. (1) The statements of Lemma 1.1 (i) are well known facts of vector

analysis if @ and b are smooth (see [5]). In case of nonsmooth @, b we refer the reader
to [20, Theorem 14].

(2) Suppose @(x) = a(|xl) 'i“-‘ , a€ LL(R*) and a(r) = 0 in a neighborhood
X

of 0. Then curlg =0 and thus @ ~ 0 by Lemma 1.1. This example shows that there
exist @ € LL(R™) satisfying @ ~ 0 where [@! may behave “very badly”.

Proof of Lemma 1.1. (i). Clearly @ ~h implies curlg = curlb. Now suppose
curl @ == curl b. We first show that for any point x € Q there exist an open sphere
S, < S, = Qand al e WLr(S,) such that

(1.3) b=a+ VA, inS,.
To see (1.3), choose vector fields @, and I;:, in €=(S,) such that
(1.4) a,—a,b,—bin LB(S,) and curld,—curlb,.

By a classical result in vector analysis (see Remark 1) there exist A€ Cc>(S,)
such that

—

(1.5) b,=3d,+ V24, inS,.
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Without loss of generality we may assume in addition

(1.6) tha

Sx:

Applying Poincaré’s inequality (see {[9; (7.45)]) to 4, — 4, and using (1.5) we get

A, — }'IHWM’(sx) s H Vi, — Vi, HL”(Sx) <

(L7

< elllbw — billyrs y + @ Gillgrs ) = 0 (1,1 00)

where ¢ is a constant which depends only on m, p and the radius of S;. From (1.4),
(1.7) we conclude that there is a 4, € W7(S,) such that 1, — 1, in W2(S,). Taking
n — co in (1.5) we get (1.3).

To obtain the global result choose some fixed sphere S < Q with center x,,
any x € 2 and connect x and x, by some: continuous curve y, — £. Using the pre-
ceding step and a finite covering argument it is easy to find a connected neighbor-
hood Q, of y, containing S and a y, € WL.7(Q,) satisfying

(1.8) B=3+§lx in Q; S,’,x:(),

S

Since VA, = —V.).,,- in Q nQ. and since O is simply connected it follows 1, = 1
in @, n Q.. Thus A = | 4, is a function which belongs to WiZ(Q) and satisfies
xX€9
a 5' b.
Finally, if u e 2'(Q) satisfies b=a + ‘—7';1, then p — A is locally constant and
thus u € Whi(Q).
(ii) Let A be any distributional solution of

(1.9) —AL=V-3.

By a result of [10; Corollaries 3.5.3, 3.7.1] solutions of (1.9) really do exist. Since

de LL(2) and 2 € p < oo we have V.de Wt (2)0c and thus every solution of
(1.9) belongs to Wi(2) (see [10, Theorem 4.1.5)), in particular A€ LE(Q). Let
p’ be the exponent conjugateto g, 1 = p=1-f p’~1 and let Q' be any sphere strictly
contained in Q. For all ¢ € 2'(Q) we have

I()‘: —Ap)| = (@, Vo)l < ”a”LP(g')l

Pllwree gy
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By elliptic regularity [1; Theorem 6.1} we conclude e Wi5(Q). Define ¢ =@ --
Vi, then e IR (Q) and V8=V a4+ Al=-0. Y
We now concentrate on the gauge invariance of Schrédinger operators. Let

us recall the fact that if (@, V)€ ., , the symmetric quadratic form (#(a, V) -,-)
on Cy° is well defined by

(1.16) (K@, V) 0, 0) = (P@o. P@ o) - (V1 HsgnVp, Vi),

If (@, V)e &,, then by the representation theorem for forms a unique self-adjoint
operator H(a, V) corresponds to (#(@, V)-,-). On the other hand if (@, V)e i,

(L1 2@, V) -A+20§.V-iV-a+ @+ V, GG V) C

is a svmmetric (hence closable) operator. Let us denote by Hy(a, V) the closure of
3%(a, V). Notice that we have Hy(a, V) < H(a, V)if@, V)€ &, n A sand Hy@@, V)~
= H(@, V) in case (@, V)€ &, N Z..

Our results on the gauge invariance of Schrodinger operators can now be
stated as follows.

THEOREM 1.2. Let (@, V), (Z, Vyed', and assume curlg - curlb. Then
(¥, V)-,-) is closable if and only if (H#(b, V) -, ) is closable. Moreover

(1.12) &AH(G, V)ei* -« H(b, V)

whenever b .-: @ -+ V4 in 9.

THEOREM 1.3. Let (@, V), (B, V)€ A, and assume curl@ == curlb. Then
(1.13) S (@, V)e~i* == Hy(b, V)

whenever b = @ + VAin 9. In particular (@, V) is essentially self-adjoint if and
only if (b, V) is essentially self-adjoint.

REMARKS. (1). In view of Lemma 1.1 any gauge transformation A appearing
in Theorem 1.2 respectively 1.3 belongs to Wi respectively Wi, Thus 4 is always
a measurable function and e*# are unitary operators.

(2). Theorems 1.2 and 1.3 tell us that the uniqueness of Schrédinger operators
depends only on the “magnetic field”” curlg. Moreover, any spectral property of a
Schrodinger operator H(a, V) may be proved by choosing any suitable gauge trans-
formation.
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(3). One can impose on Schrédinger operators H(d, V) whose potentials

(@, V) belong to #; the so called “Coulomb gauge condition ¥V -g == 0" without
loosing geunerality.

Before proving Theorems 1.2 and 1.3 we give an application.

CoRrOLLARY 1.4. Let G€ Lf,., Ve L. and suppose V_ is A-bounded with

relative bound less than 1. Let A€ £’ be any solution of —AL == V-G Then
H(@, V) is essentially self-adjoint on e~ 29,

REMARKS. (1) Since ¢™1*9 ¢ W4 and — AL = V.G,

HG,V)o=—Ap +2i3-Yo + i(V-d) ¢ + @0 + Vo
belong to L2 for all p € e~14g.

(2) Corollary 1.4 has been shown bv Simon [24, Theorem 3] under the assump-
tionsge L% ¢ > m,q > 4 and ¥V _ = 0. But Simon remarks that it may be possible
to extend his result to allow de L%, and V_ # 0.

(3) Notice that on one hand 5#(d, V) is essentially self-adjoint even on CP if
V-de L%, [14, Theorem 3] and that cn tae other hand 5#(g, V) can not be defined
on CP if V-4d¢ L. Hence, in case V- @ ¢ L3, e~ seems to be a natural
domain of essential self-adjointness for #(a, V).

Proof of Corollary 1.4. (using Theorem 1.2). Let 1€ @’ be any solution of
— AJ =V - @ (such solutions really exist) and define b = @ + V. Then by Lemma
1.1 (ij) (see proof) we have b e L{, and ¥ -5 = 0, hence @V, (Z, V)e #,. More-
over (Z, V)e &, by a result in [14; Theorem 3]. Applying Theorem 1.2 we obtain
SHH(G, V)e™i* = Hb, V) = Hy(b, V).

Thus e ~1*9 is an operator core of H(d, V). Since e~49 < W14, itis not difficult
to see that for all ¢, Y e 9

(H@, V) e~ ¢, ) = (B@e o, P@)Y) + (V1 VisgnVeitp, [V|12y)) =
= (#(@@, V)e™ *p, Y*)ai..

Thus #(@, V)e~%p = H(@, V)e ¢ for ell ¢ € @ and the proof is complete. &

Proof of Theorem 1.2. Let (4@, V), (—l;, Vye o, and assume curlg = curlb.
By Lemma 1.1 there exists 1€ Wi, such that d = @ + V4. Take a sequence (4,)
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of C>-functions such that 2, » 2 in W},. and define &, = @+ V4,. Let g€ C&.
Then

(H(@, V)e g, e ng) = [ B@ e g [t + (Vi PsgnVe g, V1P e ng).
But F(b') e g . - e-iﬂ,,j)’(j,’n) ¢ and e Pnisa unitary operator, thus
(1.14) (H(@, V)e g, e ng) = (b, V), ).
Since B, — b in 12, we conclude F(E:,)(p - P(b) o in L* andi then
(1.15) (@ V) @ 0 = lim (# (B,. V) 9. 0).
Hence, if (#(a, V)-,-) = 7, then by (1.14), (1.15)

(A, V)@. 0) = lim (A(@, Ve "rg, e ) = y(o, ¢)

n-»00

for all ¢ € CP. Suppose now (3#(a, V)-,-) is closable. Since e *ap - e~idp and
(H(@, V) (e g - ™M), Vi - e k) -
= |Ie"uﬂ-ﬁ(l-;,,)(p — c_m"—ﬁ(l_;k)(p ij2 - SVIe-u" - t:"i'a"i2 ipi® = 0 (1, k —~ o0)

we see that e~i4p eQ(H(d, V)) and (using 1.14, 1.15)

(1.16) (H@, V)eidp, e )= (#(b, V), 0)
for all ¢ e CP.

Let ¢,€ C®, ¢, — u€ L2 and (b, V) (9 — @1), @n — 0:) = 0 as 1, k—co.
We have e~ e Q(H@, V)), e 4p, > e %y and

(H@, V) (e~g, — e™,), e g, — e“Hp) > 0asn k- oo
due to (1.16). Since (#@d, V)-,-) is closable we conclude e~*ue Q(H(@, V)) and

lim (5, V) @,, @,) = lim (H(@, V)e~idg,, e~*gp,) = 0,

n=yo0 n—soo

last equation being valid if u==0. Hence (.%9(5: V) -, ) is closable, e""Q(H(b_,' V)
< Q(H(@, V)) and taking the limit » — oo in (1.16) (with ¢ replaced by ¢,) one gets

(H(@, V)e~i*u, e~i*u) - = (H(b, V) u, u)
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for all ue Q(H(-b‘, ¥)). Finally, interchanging @ and & we obtain e(H(a, V)e it =
== H(F, V) as quadratic forms and thus as an operator equality, too.

Proof of Theorem 1.3. The proof is similar to that of Theorem 1.2, Let (@, V),
(b, V)e Xy and curlg = curl . By Lemma 1.1 there exists an Ae Wi satisfying

b =13+ VA Choose 2,€ C® such that 4, » 4 in Wht and A4, —» AL in Lk,
(recall AL =V B — V-de L%,). Let ¢ € CP, then e *np e C and

(1.17) H @, V)e Pnp = e at(b,, V) @

where _l;,, =g —ﬁ).,, and c}i”(z,,, V)= —A+ ZiZ;,, . §+i§-3,,+3§+ V. From b,— b

in L and V-5, =V -3+VL, >V -d+A1 =V b in L%,. we conclude
c}?(_b‘,,, Ne - Jf(z;, V)e. Moreover, e““ﬂ(p —e %y and e'u".}?(i;,,, V) o —
- e~ %52(b, V) .

Thus e~ € @(H,(4, V)) and

(1.18) Hy(@, V) e~ == e"RH(5, V).
But (1.18) means H,(b, V) < ¢*Hy(@, V)e=*. Interchanging @ and b we get

e H (@, V)e~ % = Hy(b, V).

2. GAUGE TRANSFORMATIONS AND SOME SPECTRAL PROPERTIES
OF SCHRODINGER OPERATORS

We begin this section by showing first a result about the distribution of the
spectral measure of Schrédinger operators H(a, V).

THEOREM 2.1. Let (@, V) € &, and assume

(2.1) H@) < y’lH@, V) + ]

with some positive constants ¢, y. Set d(l, u) = u + 24y (u + )V? and let E be
the spectral measure of H(@, V). Then for any A, p 2 0

(2.2) dimR(E[2 — d(4, 1), A2 + d(4, @) > dimR(E[—p, p)).
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Proof. Let b= G-+ Vv with v(x) == Ax;. By Theorem 1.2 we have (75, r)e ¥,
ard ¢"H(G, V)e~v: : H(b, V). In particular

(2-3) 0us(H(@, V) = 6(H(B, V).
We show first Y(H(G, V)) - - G(H(b, V)) and

(2.4 H(b, V) — * == (G, V) — 24P,(3).
For ¢ e CP°, a simple calculation shows

(2.5) ((Fih, V) — 19, ¢) = (H(G, V) -- 2iPy@) 0, o).

'}

Since, by virtue of the assumption (2.1) both sides of (2.5) are closed forms with
common core C5°, we have (2.4). Let ¢ € R(Ef—yu, g]). By (2.4)

LHb, VYo ~ 2ot < HG, V)e!| < 24 P@)e " <

< 1 H(@@, Vg 5 2MH(G) 9, o) <
(2.6)
< pllo || < 2A91(H(@, V), ¢) + e(9.p)]2 <

< (u -+ 20 4 QM) jo)) == d(, 1) oL

[et F be the spectral measure associatcd with H(l;: V) and let 1 [A% - (s, 1),
A% 4- d(2, 1)), The spectral theorem and estimate (2.6) show that, if F(fje - O,
we have ¢ === 0. Thus F(I) is injective on R(E[- j, p]) which gives

dimR(F(I)) = AimR(ET—u, u)).

Since E(J) = e~®F(I)e”, the result follows. %3

COROLLARY 2.2. Let (a,V)e &, and assume Q(H(@, V) < QUIG)). Then
cither ao{H(@, V)) == O or 6 H@, V) is unbounded.

Proof. By the closed graph theorem, (2.1) holds with some 7. ¢ > . Suppose
ges(IH{d, V) # @. Take u > 0 large enough so that dimR(E[—pu, ul) -~ co. Then
by (2.2) we have

(2.7) dimR(E[A® — d(2, ), 2* -1 d(Z, 1)]) = oo
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for all A = 0. Since d(4, u) is linear in A infinitely many nonoverlapping intervals
I, =22 — d(A,, 1), 22 + d(2,, )] exist if the J, are chosen suitably. Hence

oes(H@G, V) > ) (el HGE, V) 0 ];)

a=1
is an unbounded set. %,

COROLLARY 2.3. Let (a, V)€ &, and suppose (2.1) holds with ¢ = 0. Then either
infa(H(@, V)) > 0 or o(H(G, V)) = [0, o0).

Proof. By hypothesis H(a, V) = 0. Suppose info(H{a, V) = 0, then (use 2.2)
dim R(E[2% - d(}, @), 22+ d(, 1)) = dimR(E[— u, 1]) > 0

forallA 20, u > 0. Since d(4, u) — 0 as u —» 0 we conclude A* € o(H(a, V)). Hence
o(H(a, V)) =10, o). %

REMARKS. (1) Notice that the operator H(a, V) of Corollary 2.3 is always
positive and thus infao(H(a, V) > 0. Moreover we mention that 0 is never an cingen-
value of H(d@, V), because H(@, V)¢ = 0 would imply P(@)¢ = 0 which is in fact
impossible since each P,(d) is unitarily equivalent to 8, (see [22]).

(2) The assumptions of Corollary 2.3 are satisfied if ae L}. and 0 < Ve L},
but slightly negative potentials are allowed, too. For instance, if m = 3, d€ L},
Ve L and if V_ < er? for some 0 < & < 1/4, then (@, V)€ #, =« &, and
H(@) < yH(@, V) with some y > 0. This can be seen easily by using (4r%)-! < H(a)
(see [23], [19; vol 2, p. 169]).

To establish our main result we nced Weyl’s theorem for Schridinger ope-
rators H(a, V) under very mild conditions on the electric potential V.

THEOREM 2.4. Let (@, V)€ #,. Then

6] lIim SV- = 0 implies o H@, V)) = c(H@, V..))
xl-wosx
and
(ii) Illim SIV[ = 0 implies 6os(H(@, V)) = 0us(H(a)),

Sx

where S, denotes the open sphere of center x and radius 1.
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Proof. (i) Set A=H(a, V,), B=H@,V) and C=V_ >0. By Weyls
essential spectrum theorem [19; Theorem XIII. 14 and Corollary 4] it is sufficient to
show that C'is A-formbounded with relative bound less than 1 and that C/2(4-4-1)~"2
is compact for some integer n. By hypothesis, if A > 0 is sufficiently large,
CH2(--A -} )~VY2is a bounded operator with norm less than 1 and C¥2: ™2 12
1s compact whenever # > m/2 [25; Theorem 10.20]. On the other hand the operator
(--A - A" L2 — W2 is bounded. Hence CY2(—A + 2)~"2 is compact. As a
consequence of Kato's inequality

(2.8) A+ Do) < (A + )7 Yo,

holds pointwise a.c. for all ¢ € L? (see [22], [14, Lemma 6]). Thus, iterating (2.8)
and multiplying by C¥? we obtain

(2.9) iCY3(A4 + Dkl < CV2(— A + 2)~Hg|

for all integers k and all ¢ € L®. As a consequence of (2.9) we see that Cis A-form-
bounded with relative bound less than 1 and that CV2(A + 4)~"2 is compact [8;
18], hence (i) is proved.

(ii) Set 4 = H(a@) and B = H(4, V). By a result in [7; Theorem 13] it suffices
to show that 4 and B are mutually subordinated and that Ey(I) (B — A) E (1)
is a compact operator for all bounded intervals. Here E,(I) (respectively Eg(I))
denotes the spectral projection of A (respectively B) for the interval I. As in the
proof of case (i) we conclude that |V{¥2(4 + i)~ is compact if #n > m/2. Thus,
IWRE (I) == WA + A)~™*(A4 -+~ D"PE,(I) is a compact operator, since
(4 + N'BE(I) is bounded. Moreover, we have R((4-- 1)) < Q(4) nQ(V)
and using (2.8) it is not hard to see that Q(B) == Q(4) N Q(V). Thus, by the
closed graph theorem

H(B + V¥4 + )72 + (4 + V(B + 1)~ < oo

if A is chosen sufficiently large. This shows that 4 and B are mutually subordinated.
Since R(E (1)) U R(Ey(I)) = Q(A) nQ(B) we have the equation

Eg(I) (B — A)EL) = [WPPELD]* senV[|V[V2EL(D)].

Hence Ey(I) (B — A) E,(I) is compact which completes the proof. 2

An open set Q = R™ is called quasi-conical if it contains spheres of any radius.
Clearly, every conical region is quasi-conical.
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THEOREM 2.5. Let (4, V)€ M,. Assume there exist a quasi-conical region Q
and a magnetic vector potential b€ L} such that curld = curib in Q and

(2.10) lim [SV_ + S (32+V+)]=0.

|%}>00
)
ons

Then o (H(a, V)) = [0, c0).
Proof. First we show that without loss of generality we may assume that @

itself satisfies (2.10). To see this it suffices to notice that there exist a quasi-conical

region Q' < @ and a gauge transformation 1€ Wi.{R™) such that b—1d+ Vi
in ' (use Lemma 1.1 and a suitable cut-off function!). Next we remark that in view
of Theorem 2.4 we may assume ¥ _ == (), Finally, applying Corollary 2.3, it is suf-
ficient to show infe(H(4, V)) = 0.

Define W = (@ + V)y, and remember @ = b in © as wellas ¥ > 0 due to
our reductions made above. Then

(H@ V)9, 9) = (—A+W)o, 9) = |Vo | + W]

holds for all real-valued ¢ € C$°(L2). Choose pairwise disjoint spheres S, with center

n
any real-valued C®-function with support in {x||x] < 1} and with norm 1. Then

x, and radius n, all contained in 2, and define ¢, = n="2¢p ( x,,) , where ¢ is
@, € CPQ), llo.ll=1, @, 30 and 6‘90,, 350 for every multiindex o # 0. In

particular, (p,,z)() in each Sobolev space W¥*. Since lilm SW = 0, we have
|x]|-3c0

Sx
W12 %50 [25; Theorem 10.20] and thus (H(G, V) @n, ¢,) = 0 as n — co. It follows
infg(H(a, ¥)) = 0 which proves the thecrem.

COROLLARY 2.6. Let m = 3, (4, V)€ 4 land assume a€ C'. Suppose there
exists a quasi-conical region Q such that

x>0 Ixlmr00
xe2 sx

lim curl@g(x)=0 and lim S V- +XV,)=0.

Then o_ H((a, V)) = [0, oo).

eS8

REMARK. In case ¥ = 0 this result has been proved in [15; 16; 17].

Proof. By hypothesis there exist pairwise disjoint spheres S, < £ with center
¢, and radius z such that |curlg| < n~% on each S, . It is easy to find a vector poten-



176 HERBERT LEINFELDER

tial b€ Li,. which satisfies curla -- curldb and b, < constn~! on each S,. For
c

instance, with the notations B -= (By, Bs, By) == curlg and ¢, = (x,, ¥,, 2,), the
vector potential

s y P
Bx,y, ) ( S B.(x, v, 0) dt S Byx, 1,0)dr, — S By(x, y, 1) dt, 0)

yn
on S, and T;(x, v,z) 0 would do it.

=)

Apply Theorem 2.5 (with QY S,,) and Corollary 2.6 follows. %
R=1

CoOROLLARY 2.7. Let (a, V)& 4, Suppose thereisa conical region Q and a

vector potential be L}, such that cuila == curlb in Q. Assume Jurther that with some
0 < ¢ < 2 the following relations hold

lim S V_ =0, inf {xI°V_{x)>0
x| =00 x€Q

N
x

lim |x(b¥(x) + V. (x)) = O.
ey

Then ¢ (H(d, V)) == [0, 00) and o4(H(@, V)) is infinite.

Proof. Without loss of generality we may assume that Q is an open cone with

center 0 and that G ~ b in Q (see the proof of Theorem 2.5). As a consequence of
Theorem 2.5 we have o (H(a, V)) = [0, co). Therefore infinitely many eigenvalues
exist below 0, if we can show that (H(a, V) ¢,, ¢,) < 0 for a sequence of real-va-
lued functions in CP(R) having pairwise disjoint support. Define W by W =Bt V,
then (recall @ = ¥ in Q)

(H@, V), 0)=(—A+ W)o, )

for all real-valued @€ CP(Q). Choose a real-valued function ¢ € CP(2) with
norm 1 and put ¢, = n="2¢(-[/n). Then ¢, C3(Q) and a short calculation
shows

lim a°%(—Ae,, ¢,) =0

n-=00

limsup n*(Weo,, ¢,) < — const. inf|x|*V_(x).
xEN

n-

Hence limsupi®(H(a, V) ¢,, ¢,) < 0, which proves our theorem.

n—CO
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3. CONCLUDING REMARKS

We like to mention that most results of this note can be extended to Schro-
dinger operators including highly singular electric potentials:

Define the class

N ={@, V)|ae L}, 0 <V measurable, Q(H(@)) n Q(V) dense in L%}
and let H(a, V) be the self-adjoint Schrédinger operator associated with the qua-
dratic form

Q% = QIH(@) nQ(V)

W, ) = (P@ o, P@ ) -+ (V'2p, Vi)
Using the results of this note the following theorems can be shown.

THEOREM 3.1, Let (4, V)€ N, be Licand b = a + V2inD'. Then(b, Ve N
and &*H(@G, V)e™* = H(b, V).

THEOREM 3.2. Let (@, V)€ N and let E be the spectral measure of H(a, V)
Then the following assertions hold:

(i) dmR(E[L — p)® — 2u% (2 + %) = dimR(E[— 1%, 12D (A, u=20);

(i) either oess(H(A, V)) = @ or ces(H(@, V) is unbounded;

(iii) either infa(H(a, V)) > 0 or 6(H(a, V)) == [0, 00).

THEOREM 3.3. Let (@, V)€ N'. Assume there is a quasi-conical region € and a
vector potential be Lk such that curl @ == curld in Q and

lim S B+ V) = 0.
|x]—>00
2n Sx

Then oes(H(@, V)) == [0, 00).

Moreover, Corollary 2.6 remains valid if .#, is replaced by A°. We mention
that the potential ¥ in Theorem 3.3 may have severc singularities on any closed
subset I' « R"™\Q of measure 0. Thus Theorem 3.3 generalizes a result of Colgen
[6] and shows in particular that no perturbation theory is needed to prove it.
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