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THE FUBINI THEOREM FOR EXACT C*ALGEBRAS

EBERHARD KIRCHBERG

1. INTRODUCTION

Let A and B be C*-algebras. By A ® B we denote the minimal (or spatial)
C*-tensor product of 4 and B, {7). Further, algebra, subaigebra, tensor product,
and ideal mean C*-algebra, C*-subalgebra, C*-tensor product and, closed ideal, res-
pectively. A ® B is a subalgebra of the spatial W*-tensor product A** & B**, see
e.g. [6]. For every linear functional ¢ € A* there is a unique ultraweakly continuous
linear map L, from A** ® B** into B** with L,(a ® b) = ¢(a)b for ac 4, be B,
see e.g. [6], [8]. Hence L,(A® B)=B if ¢ #0 and o A* » L, (4 ® B, B)
is an isometric linear map.

Now let D be a subalgebra of B. Then D** is a W*-subalgebra of B** and
D#:n B=: D. The Fubini algebra F(A, D, A ® B) of A and Din A ® B is the set
of all re A® B with L,(r)eD for every state of 4. From D**nB =D,
L, (A ® B) < B and from the commutation theorem for W#-algebras we get

and _ _
.F(A**’ D;:::::, A** ® B::::{:) — A,** ® D::::::’

1e. F(A4,D, A ® B) is a subalgebra of 4 ® B containing A ® D.

For fixed A the minimal tensor product is a functor B~ A4 ® B in the cate-
gory of C*-algebras. We call 4 exact if this functor is an exact functor, [3]. Accord-
ing to [4], A4 is exact if and only if F(4,J, 4 ® B) == A ® J for every algebra B
and every ideal J of B. By [5] quotiens of subalgebras of nuclear algebras are exact.
Now let H be a Hilbert space of countable dimension and let £(H) and €L (H)
denote the algebras of bounded and compact linear operators on H, respectively.
The kernel of the canonical epimorphism A ® Z(H) » A @ (L(H)/CL(H)) is
F(A, 6% (H), A ® £(H)). Hence

0 - ARECL(H) > A®@ L(H) » AR(LH)CL(H)) =0
is an exact sequence if and only if

F(4, ¢%(H), A @ L(H)) = A Q@ CL(H).
In Section 2 we prove the following Fubini type theorem.
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TreoreM 1.1, Let A be a C*-algebra. The following properties of A are equi-
valent :

(i) F(A, D, AQ® B) =~ A® D for every C*algebra B and cvery hereditary
C*-subalgebra D of B (i.e. DBD < D).

(ii) A is exact.

(iit) The canonical sequence

05 AQ®CLH) > AQ L(H) » AQ(LH)CLH)) -0

is exact.

According to [4], subalgebras of exact algebras are exact. C@ M, ® M, &...
... (g L(H)) is not exact and C*%G) is not exact for every discrete maximally
almost pcriodic nonamenable group G (e.g. G == free group of two generators).

CoroLLARY 1.2. (Wassermann [9], [10]). Let M be a W#-algebra.
M@ CPLH) > M® LH) — MQ (LH)CLH))

is exact if and only if M is a subalgebra of C(K,M,) = M, ® C(K) for some
compact space K and some positive integer n. In particular,

L(H)® CL(H) > L(H) ® L(H) » L(H)® (L(H)[6L(H))
is not exact.

CoOROLLARY 1.3,
C*(G) @ $¥(H) » C%(G) ® L(H) - CHG) ® (L(H)/CL(H))

is not exact for every maximally almost periodic nonamenable discrete group G.

REMARK. A satisfies the Fubini property f F(4,D,A® B)=A ® D for
every B and every subalgebra D of B. It is easy to check that we can restrict to unital
separable B and unital subalgebras. By the strong completely positive approximation
property, nuclear algebras have the Fubini property. In general A has the Fubini
property if

F(d, CHE(S)) + J, A ® CHF(SUTY)) == A ® (C*(E(S)) + J)
for every ideal J of C*(F(SUT)). Here F(S) denotes the free group generated
by S. S and T are countable sets. This follows from
D = (C*(F(S) + HJ < CHF(S u T)/JJ =B
for some ideal J if B and D are unital and separable and from
F(4,n~YD), A® C) = (id ® n)"*(F(4, D, 4 ® B))

if 7: C — B is an epimorphism. Compare [1], [2), and [5] for further information.
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2. PROOF OF THEOREM 1.1

Ideals J of B are hereditary subalgebras of B: JBJ < B. Thus the implications
(i) = (ii) = (iii) are obvious. To show the implication (iii) = (i) we need three
lemmas. \

LemMA 2.1. Let C be a separable C*-subalgebra of B. There exists h 2 0
in C such that C < hBh.

(>
Proof. Put h = ¥, 2™"h,, where Iy, h,,... is a sequence dense in

n=1
{k€ C10 < k, ||k|| < 1}. hBh is a hereditary subalgebra of B containing 4%, hence
hehBh and {h, hy, ...} < hBh, ie. C = hBh. Q.E.D.

Now let 4 and B be C*-algebras and 0 < he B, |ji]| < 1. We denote by
m(B) = B@® B @ ... the algebra of bounded sequences in B and by cy(B) the zero
sequences in B. Then ¢q(B) is an ideal of m(B).

Put j=(h, B2, .. kY. . ) and &(b) =(b,b,...,b,...) if beB. Then
J€ M(B) and ¢ is a monomorphism from B into m(B). So 6(b) = &(b) — je(b)j
defines a linear map from B into m(B) and id © 6: 4 © B - A © m(B) (algebraic
tensor product!) extends uniquely to a bounded linear map id ® § from
A® B into AQ@m(B) with id® (1) =id®@e(r) — (1 ®j)id ®e(r) (1 ®j) and
L,(id ® 6(1)) == 6(L,(1)) for te A ® B, ¢ € A™.

Let p, denote the canonical epimorphisms p,:(b;, by, ..., b,, ... )em(B) -
- b, € B. Then »(t) = (id ® py(1), id ® py(t), ...) defines a canonical monomor-
phism x% from A ® m(B) into m(4 ® B) such that x(a ® (b, b, ...)) =
=(a®b,, a®b,, ...). » extends to the canonical isomorphism between the
W*.algebras 4%** & m(B**) 2 A ® m(B) and m(A** & B**) 2 m(A ® B).

(@ ® (by, by, ... ))E (A ® B) if (by, by, ...)eco(B). SO #(A ® co(B)) =
S (A ® B). The span of elements x(e®(0,...,0, 5,0, ....))=:(0, ...
<o, 0, a® 5,0, ...)is dense in (4 ® B), i.e. x(A ® cy(B)) = c,(4A ® B).

Lemma 2.2, Let te A ® B. Then
(i) t€ A @ hBh if and only if id ® () e A ® cy(B).
(ii) re F(A, hBh, A ® B) if and only if id ® 8(t) € F(4, co(B), A ® m(B)).

Proof. hBh - C is a hereditary subalgebra of B containing /°. Hence
re C, RnBhit < C,

(1@ AOQOBIL @)« AQ "B AQ C
and
1RMNHNARBI®I") AR C
by continuity of ¢ — (1 ® /")l ® /7).
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id ® 6(1)e A ® cy(B) means x(id @ d(1))ecy(4d ® B), ie. .

1id @ pu(id ® O(N)L == 1 — (1 @ W) (1 @ M) >0 if n — oo.

Thus te A ® C if id ® d(1) € A ® ¢o(B). "7 tends to h if n — oo, hence S(hBH) o
€ cy(B), 5(C) € ¢4(B), id® HA O C)S AQ cp{B) and id @ (A ® C) « A ® ¢,(B)
by continuity. (ii) follows from L,(id ® (1)) =: 3(L,(t)) if we putin (i) 4 C: -
= complex numbers. QED

Now let S be the set of completely positive maps V from m(B) inte ¥(H)
with V(cy(B)) € €% (H). From the decomposition ¥(b) == T*D(b)T with D : in(B) —
— #(K) a =-representation and T'e #(H, K) we obtain that id @ V: 4 © m(B)-»
- A © Z(H) extends uniquely to a continuous linear map id ® V from A ® m(B)
into A® £L(H) with id ® V(A® ¢,(B)) S A® CL(H) and (id@ V, - V..

LevMma 2.3, Let t€ A @ m(b). Then

(i) te A ® co(B) if and only if id @ V1) c A @ C.L(H) for every V& S,
(i) te F(4, ¢o(B), A ® m(B)) if and only if id ® Vit)e Fl4, C¥H),
A ® Y(H)) for every Ve S.

Proof. Let be seA® B, then s -=sup{ id® V(s). . V:B—> M, com-
pletely positive, !V < 1,n:::1,2, ...}, In fact for fixed faithful representations
Dy:A - PH) and D,: B —» L(Hy) with v - D, ® Duo(s)c L(H,) & L(H,) &
< Y(H, ® H,) we have

isii== [l s suplQx, 3> {xy € By O Hy, fixl 1)

and
WKrx, )2 == {1l @pyr(1 ® p) < id ®V(s),

if V(B)::pDud)p pHs, p==p*p, ((d@®p)x:-x (d®p)y -y dimpH, -
c iR <00, LX; = fyn==1. Then L(pH.) = M,, V), -=1 and V is completely
positive. On the other hand, }lid ® V(s). < 'V -is; if ¥V is completely positive.
Now et 714 ® m(B)N\A ® ¢y(B). Then x(t)e m(A ® B)\cy(4 ® B). Sc
there exist ¢ > 0 and a strictly increasing sequence v(1), v(2), ... of positive
integers such that {jid ® P,,(?);, = 2. Hence for every n there exist a positive in-
teger t(n) and a compleiely positive map V,: B —» M, with ¥V, <1 and
rid @ Vo(id ® pu (1)) = & Put H:: C'W @ C @ ... (Hilbert space sum).
Then M- Myqy @ Moy @ ... € L(H) and Vi(by, by, ...)cm(B) = (Vilb,n),
Vibo)s .. YEM < P(H) defines a completely positive linear map from mn(B)
into Z{Hywith ¥ < land (0, ...,0,5,0, ...)c €L (H). So V(c)(B)) S 6 ¥ (H),
te. VeS. LetP,: H-000Q ... 209 C™”@®0@... c H be the canonical
n-1

orthogonal projection if # > 1 and P, ==0. Put @, =1 — Y P,. Then P, < O

Zn
k=0
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and

10 ® 0, (@ V(M) (1 ® )= lI(1®P)3Id V(1)) (1 @ Py =

= ||id ® V,(id ® P,u(1)ll = ¢
because

id® V,(id® Pu(t) =(1 @ P)(id® V(1) (1 @ P,) | P,H.

1 ® 0)s(1 ® Q)| = 0if n — co for every se€ 4 © ¥£(H) and hence for every
s€e A ® €L(H) because Q, — 0 strongly and so |0,dQ,|| — O for every d € €. £ (H).
Hence id ® V(t) is not in 4 ® €L (H). (1) follows from L,(id @ V(1)) = V(L,(t))
by (i). QED.

Now assume A4 satisfies (iii), i.e. F(4, ¥L(H), A ® L(H)) = A Q L (H).
By Lemma 2.2 and Lemma 2.3, A satisfies F(A4,/4Bh, A ® B) = A ® hBh for
every B and every 2 > 0 in B. Now let D be a hereditary subalgebra of B and
teF(4,D, A ® B). The linear map S,:@peA — L,(t)e D is compact because
S, is in Z(4*%, B) the norm limit of linear maps S,,re€ A4 © B, and the S,’s are
of finite rank. Hence S,(A%) is contained in a subalgebra C of D generated by a
compact subset of C, i.e. C is separable. By Lemma 2.] there exists # > 0in C < D

such that C < #Bh < DBD < D. This means
teF(A,C,A® B) S F(A,hBlLA®B) = A® hBh < 4 ® D.

Q.E.D.
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