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ON THE DISTANCE BETWEEN SIMILARITY ORBITS

DOMINGO A. HERRERO

1. INTRODUCTION

Consider the finite dimensional vector space C* (n > 1) with its usual inner
product and Hilbert space norm and let M,(C) denote the Banach algebra of all
n X n complex matrices under the norm ||A| = max{||4x| :xe C", ||x|| =1}. If
A, Be M,(C), then a straightforward computation shows that

€4’ — B)| _ Ie(4 — B)|

n n

M 4" — B'|| >

for all A’, B'e M,(C) such that A’ is similar to 4 and B’ is similar to B, where
1(R) denotes the trace of R e M, (C).

The main result of this note says that if 4 is a cyclic operator (this is equi-
valent to saying that the minimal monic polynomial of A4 coincides with d, (1) =
= determinant(Al — A)) and B is not a multiple of the identity, then the above
lower bound cannot be improved. More precisely, if for T e M, (C),

P(T) = {WTW-*: WeM,(C) is invertible}

denotes the similarity orbit of T, then we have the following
TrHEOREM 1. If A, Be M,(C) (n > 2), 4 is cyclic and B is not a multiple of
the identity, then

def)

dist[(4), #(B)) L inf{l4' — B : A € S(A), B'e FBY} = A= Bl
n

The case when 4 = AI for some complex A will be treated separately (Theorem
8 below). An example will illustrate about the difficulties of the general case.
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Several consequences can be derived from Theorem 1. Among others, we have

ProposiTioN 2. If N e M, (C) is a normal operator such that 1ea(N) (: : the
spectrum of N) and o(N) € {A€ C :Re ) > 0}, then

. 1
dlSt[N, {Q € MH(C) . Q" = 0}] > El,‘[;l: .

If A is a nilpotent (equivalently: a(4) == {0}), o(B) =: {0,1} and rank B - 1,
then the result of Theorem 1 foliows from Proposition 2.35 of {4] (see also [2, Example
2.4)). If N is positive hermitian, then the result of Proposition 2 is Proposition 2.30
of the same reference. For future purposes, it will be convenient to introduce the
notation 7' ~ R to indicate that 7, Re M,(C) are similar operators.

The main result of this note was developed during a short visit to the Univer-
sity of California at San Diego. The author is deeply indebted to Professors I.. C.
Chadwick and J. W. Helton for several helpful discussions.

2. THE MAIN RESULT

Let {¢;}7.; be the canonical ONB of C” and let T =:(1;);;., denote the
matrix of Te M,(C) with respect to this basis. We shall need two auxiliary results.

LemMa 3. Let T e M,(C) be a nonconstant operator (i.e., T # Al for all i & C).
Given ¢ > Q there exists U, unitary in M{C) such that R== UTU¥ - (r;;}; .,
satisfies

() Fypboy - - Fae1,n # 0, and

H '
. X oTY i
(i) max r; - 9] <e
i I .

Proof. Let o == T(T—) By a well-known result (see, e.g., [3, § 56, Exercise
i

6(a)]), there exists U unitary such that all the diagonal elements of UTU“ are
egual to a.

We can assume without loss of generality that U =: I. Since T # «l, it readily
follows that ¢;; # 0 for some (i,j), 1 < i,j < n,i # j. Thus, replacing if necessary
{€&;}): 1 BY {€a;}f.1 for some permutation = of {1,2,...,n}, we can dircctly
assume that ;5! == 6 > 0.

Assume that tyofay ...ty # 0, but £, ,;:-0 for some s <n--1. Let
V() e M,(C) be defined by the relations V({)¢; - - ¢; forj # 2 or s -- 1, V({)e,

ccosle, — sinle,,,, V({e,,, =sinle, -+ cosle,, ({€C); then V(0): 1,
V(w[2)e; == e; for j # 2 or s + 1, V(n[2)e, == --€,,, and V(n/2)e,,, = es, and there-
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fore V(OTV(D) Y = (t,0)),j=1, where t;; =a for all j# 2 or s+ 1, £,(0) =
5 byp # 0, 129(0) = o, 5, 342(0) = 0, £4q 542(0) == &, 112(7/2) = 0 and ¢, ,,,(n/2) =
o= t12 # 0.

Since the entries of V({TV({)~! are entire functions of {, there exists (;,
0 < {, < ¢/2, such that 1,,({,) # 0, 155(L) # 0, ¢, (+1({;) # 0 and

max{|ts({) — al, ltse1,s42(8) —al} < g/n.
Define
T' = VT V)™ = VATV = (s -

It is casily seen that 7’ is unitarily equivalent to T, tjyf3; ... t;_; 5541 7 0 and
max|t;; — o| < g/n.
i

Now the re ult follows by an obvious inductive argument. %

LemMma 4. Let

[ 0 —~ly —hg ... —liao1 —hy ]
L 0 —ty ... —lyu-1 —ly
- 0 0 ... —fyu-1 —la
T(C‘Jacsa--"cn):—: 3
(—l)”_l n—1 0 _tn—l,n
(_1)”Cu 0 0 A
where tygtes ... ty_y,, # 0. Given a monic polynomial p of degree n of the form

p(A) = A% 4+ a, "4 ...+ a)+ ay there exists §, 0, ..., e C such that
det2 — T(Cs, &y - .5 E)1 = p(2).

Proof. By developing the determinant by the first column, we obtain

dotl2] — Tl Gy ooy E= A (DI E, 22 B
oif (Lo & L)) = A,y (D) L B An_g(}ﬁ)\ju ¢ I
IBI;(}’) * \ ;Bn—l(ﬂ*) :]:!

e s T : PP -1 n Bn )«. ==
R L T R

= 2 b Uytyad™2 b GBI -k L+ GBI 4 L

e + Cn—lan—l(l)l + Cn|Bn('1)l>

where A4,(1) is an upper triangular k X k matrix with diagonal entries equal to
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2 (50 that detAy(4) == {4,(4)! == %) and

e Ny ha ... tp-1 I
A P O S
VR VO S R Y
B.()) = T ] : , k=23, ,n—1
0
fomop-1 li-ag
% bio1k

An inductive computation of the determinants !B,(2)! indicates that
detlAl — T(Le, G5 ooy G)] = A%+ (thals + go)A""
+ (fhatayly + @)A"3 A Lo = (yatey + -t bk T g)AE R L
R T/ S REPRN SY R

where g, is a homogeneous polynomial of degree k in the variables {¢;})cicjar
and Ck+1’ Ck+2’ cte Cn'

Since t, #0, tiotay #0, ..., tateg ... £y, # 0, we can inductively
define £, = ay(fistos . .- taey, )™ Gomr = (@1 — o)) (fotey -+ toma no) ™S oo G
vy ) (tates < o) TS s Gom (@ams — @)

It is completely apparent that, with this choice of the coefficients {,, {5, ..., {,,
we shall have det[il — T((,, &5, ..., {)) == p(A). ]

Now we are in a position to prove the main result. Let A and B be as in
Theorem 1 and let ¢ > 0 be given. By Lemma 3 there exists B’ ~ B such that
B <.

4 n |
On the other hand, by Lemma 4 there exists T = T({,, (, ..., {,) with

B == (b;)} jo1 With bysbes ... b,_1,, # 0 and max b, —

t;; = by; for all (i,j) such that 1 < i < j <n and detfil — T]:== det[).[ - A

4 .T(A)—] . Define A' =T+ "—I—(ﬂl; then det(il — A’) =d (%) and therefore
il n

A’ and A have the same spectrum and, moreover, for each point in the spectrum the

corresponding spectral invariant subspaces have the same dimension. Since A is

eyclic, it follows from [4, Corollary 2.2] that A’ belongs to the norm-closure %(A4)~

of the similarity orbit of A.
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Given r > 1, let R,e M,(C) be the invertible matrix defined by R,e; =
2= rlej, j=1,2,...,n; then A, = RAR;'~A', A, € #(4)", B, = R,B'R"'~B
and

( by —t(A)/n ]
(ba+8)/r b — 1(A)/n
basfr bgz—1(A)/n 0

. . bn—-l,n—l—T(A)/n
.(bn,1+(_])”cn)/r"_1 . . . . bn, n-l/r nn T(A)/n B

so that

dist[#(A), #(B)} < |4, — B,|| <

Smax(b "‘;‘”: (e n+uB'n><’“A)’

4 28

provided r is large enough.
Since & can be chosen arbitrarily small, we conclude (by using (1)) that
. . A
dist{&(4), 2(B)] = A 7
n
REMARKS. (i) Ad hoc modifications of the proof of Lemma 3 show that, if
4, denotes the unitary group of C*lthen %,(T) = {Ue %, : all the entries of UTU*
are different from 0} is an open dense subset of %, and {UTU*: U € %,(T)} isan
open dense subset of the unitary orbit of 7.

(ii) Similarly, if # is a complex separable infinite dimensional space with an
ONB {¢;}°, and T is a nonconstant (bounded linear) operator, then %(T) = {U: U
is a unitary operator and all the entries of the matrix of UTU* with respect to the
given ONB are different from 0} is a G,-dense subset of the unitary group of #.

(iiiy Condition (ii) of Lemma 3 cannot be replaced by “r; = «1) for all

n
f=:1,2,...,n". Indeed, if
}GMS(C)’

o © O
(= R
o O O
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then T 'is a nilpotent of order 2 and rank 1. Thus, if

0 rp iy
= lru O Fag
Fgr F3e O

and rygreg # 0, then rank R > 2 and therefore R cannot be similar to 7. A fortiori,
R cannot be unitarily equivalent to T.
(A -- BY

N

(iv) Let Aand Bbe as in Theorem 1. If A’ ~ A4, B'~ Band i4'— B’ -
n
hen (as in the proof of [4, Proposition 2.17(i)]) we can easily check that B': -
= A" — A 62 I 1t readily follows that B is similar to a translation of 4. (In
n

particular, B is cyclic too.)

Conversely, if B=: WAW-* + I for some AeC and some invertible
W e M,(C), then the distance dist{#(A4), #(B)] — inf{} A" — B'~: A" ~ A, B'~B}
is actually attained and equal to IWAW-1 — B = ', It is clear that in this case,
for each A’ ~ A, there exists B’ ~ B suchthat 'A’ — B'{ : = dist[#(A4), #(B)}, i.e.,
F(A) and F(B) are “parallel’” orbits.

(v) In contrast with Theorem 1, the main result of [1] shows that if 3 is an
infinite dimensional Hilbert space and A and B are operators acting on 3, then
“in most cases’ $(A4)~ n &(B)~ contains a large family of normal operators. In
particular, dist[#(4), #(B)] = Q.

(vi) Theorem 1 remains true if the operator norm in M,(C) is replaced by

any norm | - | such that, if de; == A,e;,j - 1,2, ..., n, then V4" =« max 4; .
i

3. SOME CONSEQUENCES OF THEOREM 1

The result of Theorem 1 can be used to compute the distance between many
different kinds of pairs of similarity-invariant subsets of M, (C). For example, we
have the following two (very simple) corollaries. Their proofs are immediate con-
sequences of the theorem.

COROLLARY 5. Let A, and A, be two nonempty subsets of C and let F(A)) - :
= {Te MJ(C) :0(T) = A} (j==1,2); then

dist{#(4;), F(A)} = inf{(l,’n). h (A — ) @ Ag€dy, me Ag} .
: ko .
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COROLLARY 6. If I'y = {Ay, Jo, ..., A} and Ty = {uy, s, ..., U5} are two
subsets of C containing at most n points and FE(I;) = {TeM,(C) :0(T) =
=TI} (j=12), then

dist{F&(Iy), FE(I)] Fmin{(l /)

r s !
’Zm,,/l,, ——ankuk! Ty, e, .., My, By, Hoy oy R
h=1 <=1 1

r §
are positive integers such that Yym=Y m= n}.
h=1 k=1

Theorem 1 also has the following infinite dimensional extension.

ProrosiTioN 7. Let A and B be two compact operators acting on an infinite
dimensional Hilbert space. Assume that either

(1) o(4) = o(B) = {0}, or

(2) A is not an algebraic operator and B has infinite rank, or

(3) B # 0 and the restriction of A to each spectral invariant subspace cor-
responding to a singleton {A} is a cyclic operator on this (necessarily finite dimen-
sional) subspace, for each A€ o(A)Y\{0}; then

dist[#(4), ¥(B)] = 0.

Proof. Given ¢ > 0, it follows from the characterization of the closure of the
similarity orbit of a compact operator (see [4, Proposition 8.5 and 8.6}) that

(1) In the first case, 4 ~ 4, and B ~ B, where ||[4,|] < ¢ and || Byl| < ¢.

(2) In the second case, there exist A'e $(4)~ and B’ e #(B)~, and n =
=n(e, A, B) such that A'=(4, @4 @D.. DA) DAy, B =B, @B, D ...
... @B, ® By, ||All< & || Byll <, 4;and B; act on the same subspace of finite
dimension n, A4; is cyclic in this subspace, B; # 0,

B -, g 1B

<g forall j=1,2,...,n
7 n

(3) In the third case, there exist A’e ¥(4)- and B'e ¥#(B)-, and n=
=n(e, A, B) such that A" = A" @A,, B’ = B" @By, ||4oll < &, || By|i<s, A" and B”
act on the same subspace of finite dimension n, A’ is cyclic in this subspace, B" #* 0,

M)—l < g and E(P_”l <eg.
n n

In either case, it follows from Theorem 1 that there exist 4, = A, ® A, € F(A)~
and B, = B, @ B, < &%(B)~ such that A, and B, act on the same space and

dist{.#(4;), L(By)] < 2e.
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A fortiori,
dist[#(4), #(B)] < dist[F(4,), F(B,)] <
< max{dist[F(4;), F(B)), dist{F(4,), S(B,)]} <
< max{2e, {4ofi -+ || Byll} = 2¢.

Since ¢ can be chosen arbitrarily small, we are done. 43

REMARK. Proposition 7 is essentially the best possible result that we can de-
duce from Theorem 1. Indeed, if B=1,@®0 is a rank one projection and 4- :4,,® K,
where A, denotes A acting on a space of dimension m > 1 and Kis a compact
quasinilpotent such that X" # 0 for all n == 1,2, ..., then we have

(1) Ifeither A:=0 (m arbitrary), or A # 0 and m=1, then dist[&F(4), S (B)] =0
by Proposition 7 (third case).

(2) However, if 2 # 0 and m>2, then for each A’~A4 and B'~ B we can find
a unit vector x’' =: x'(4’, B') € kernel(4’ — 7) n kernel B', therefore]

dist{#(4), P(B)) = inf{|!d' — B'|: A' ~ A, B' ~ B} >
> inf{ll(4' — B)x'l|: 4" ~ 4, B’ ~ B} = 2\ > 0.

(dist[£(4), #(B)] is actually equal to iA!, in this case.)
Furthermore, exactly the same argument shows that

dist[#(2. @ T), #(1, @ 0)] > U4,

for any operator T, not necessarily compact or quasinilpotent!

4. DISTANCE FROM A MULTIPLE OF THE IDENTITY
TO A SIMILARITY ORBIT

THEOREM 8. If Ae C and Be M,(C), then
distiAl, S(B)] == dist{F(AL), F(B)] = sp(i — B)'='max{\i — 1: u € a(B)}.

{where sp(R) denotes the spectral radius of the operator R).

Proof. 1t is obvious that F(Al) = {AI}. If peo(B), then there exists a unit
vector x ¢ C” such that Bx == ux; then

|21 — B > {L — B)xil = (i — wyx] = 2 —

whence we deduce that dist[Al, #(B)] > sp(Al — B).
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On the other hand, a simple analysis of the Jordan form of a matrix indicates
that given ¢ > O there exists B, ~ B such that

|AI — Bl < sp(AI — B,) 4 ¢ = sp(if — B) +¢.

The proof of Theorem 8 is now complete. 2

REMARKS. (i) The main result of {1] implies, in particular, that the formula
dist[AI, ¥(B)] = sp(Al — B) also holds for B acting on a separable infinite dimen-
sional Hilbert space. Indeed, the separability is irrelevant in this case.

(i) Let A and B be as in Theorem 8; then there exists B’ ~ B such that
[|A — B'|| = sp(AI -—— B) if and only if each u< 6(B) satisfying |A — p| = sp(Al—B)
is a simple zero of the minimal polynomial of B.

The foilowing example illustrates about the difficulties involved with a possible
general formula for dist[#(A4), & (B)], 4, B€ M,(C).

ExampLE 9. Let E, Qe M,(C) be two operators such that E2=E # 0
and Q% = 0. Then we have

(i) If rank E < rank Q (< n/2), then [4, Proposition 2.19] and its proof show
that dist[#(E), ¥(Q)] = 1/2, (independently of n ).

(ii) On the other hand, if rank E > rank Q, E’ ~ E and Q' ~ Q, then there
exists a unit vector x’ = x'(E’, Q') such that E'x’ = x/, but Q'x’ = 0, so that

NE"— Q' = I(E"— @) == [¥]| = 1.

Since E is similar to a non-zero orthogonal projection P and Q~ &0 for
all € > 0 (use the Jordan form of Q), we conclude that 1 < dist{¥(E), #(Q)] <
< infl|lP — eQl] = 1, so that dist{¥(E), L(Q)] = 1. (Once again, the result is

=0

independent of n.)

5. APPROXIMATION OF NORMAL OPERATORS WITH
POSITIVE REAL PART BY NILPOTENT OPERATORS

Let Ne M, (C) be a normal operator with eigenvalues 4,, 4,, ..., 4, (counted
with multiplicity) and assume that |[N — QI < ¢ for some nilpotent operator Q.
Since the norm of the resolvent (1 — N)-1 (1 ¢ o(N)) is equal to (dist[4, a(N)]) -3,
it follows as in, e.g., {4, Proposition 2.30] that

o(N), = {Ae C: dist[}, 6(N)] < ¢}

is a connected neighborhood of 0.
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By using Theorem ! and proceeding exactly as in the above reference, we
see that if 4, == 1 and Re 4; =z 0forall j— 1,2, ..., n, then

e> Ny IO Ny o)
1] 17} 1]

(2)

1
> {140 =2 - (1 —4e) = ...+ (1 —2me)} = L (= (1 - - me),
n n

where m is the integral part of (2¢)-1L

. | 1 .
It readily follows that ¢ > ,ie., &> ----, whence we obtain Propo-
4"6 2!’}1
sition 2.

ExampLE 10. Assume that A is a normal operator as in Proposition 2 such

that !N — Q' < ¢ for some nilpotent Q and that the eigenvalues of A are *‘e-dense’
in D"+~ {leC: A <1,Rel >0}, in the sense that D* < g(N),. Then

1 75\
> 7).
4 ( 7] )

Proof. Let A denote the equilateral triangle with vertices 1 ~ 2¢, 1-- 2(m -5 1)e
{where m is defined so that 1 — 2(2m + 2)e = 0 > | —2(2m + 3)¢) and [l —2(m -~
- el ]@'mui and let I" be the net of vertices of equilateral triangles obtained by

dividing the sides of 4 into 2m equal parts. Then an estimate similar to that of
(2) shows that

Ret(N)z= Y Rei —[(1 —28) (1 —4e) -+ ...+ (1 —2(2m - 1)e)] >

rclr

= 2{4me - 2(4m — 2)¢ -+ 3(din — d)e -+ ... + (2m — 2)6¢ -
4 (2m -~ 1)de + 2m . 2¢} — {2e -~ 4e + 6e + ... + 22m + 1)g} >

> S(m - 1)% > -5 -
64¢°

{m 2 my). Proceeding as in the proof of Proposition 2, we see that

5

ez N-Q > ~ -
6dnet

v

5

1
ond therefore ¢ > - (
4 \n

1/3
) , (for all n large enough).
This result strongly contrasts with [4, Proposition 2.28] which exhibits a normal

T\ .
-—) for a sui-

operator L € M,(C) such that iL == 1eo(L)yand L — Qi <3 (

n
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table nilpont Q. (This normal operator has 0 trace and its eigenvalues are “uni-
formly sparsed’’ through the whole unit disk.)
Proposition 2 and Example 10 provide a strong support to the following.

CoNJECTURE ([4, Conjecture 2.29)). There exists an absolute constant C > 0
such that

inf{jN — Q|| : 0" =0} = Cj\n
for all normal operators N in M,(C) such that |[N|=1 (n=1,2,...).
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