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STABILITY OF OPERATOR INEQUALITIES

FUMIO KUBO

1. INTRODUCTION

Let 4y, A4;, ..., A, be a finite sequence of bounded linear operators on a
Hilbert space . It often occurs that the mutual relationship among these opera-
tors is governed by a finite (or infinite) number of inequalities;

(%) F(Ag, Ay, ..., A) >0 (i=1,2,...,N),

where X > 0 means that X is a positive semidefinite operator on 2. One might be
interested in when the system of inequalities is stable under Cesaro averaging. More
precisely, let {B,} be the Cesdro average of {A4,};

By = (Ag+ A+ ... + Ak +1) (k=0,1,...,n).

Does the system of inequalities (+) imply that
F(By,B,,..,B)=0 (i=12,...,N)?

In this paper, these stability properties are discussed. The first example con-
cerns the convex sequences of operators. Together with this, the second section dis-
cusses the stability of log-convexity of operator sequences. The following two sec-
tions discuss the stability of the relations governed by truncated Hankel and Toe-
plitz operator matrices. The last section gives an application and a continuous ana-
logue of the stability.

In concluding this introduction, the author would like to express his heartly
thanks to Prof. T. Ando for many valuable suggestions and discussions.

2. CONVEX SEQUENCES

An operator sequence {A4,} is convex if

(Ak"‘l ‘*‘ ‘Ak+])/2—Ah > 0, (k: l, 2, A A 1)-
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After some routine calculations, it follows that
Fo2[(k—-Di(k+2)F,_, (k=:2,3,...,n—1),
where
Fo=(B,_,+ B, )2—B, (k=12 ...,0—1),

and hence the Cesiro average {B,} is also convex.
A stronger condition on an operator sequence {4,} is given by

[Ak—l A ]20 (k=1,2,..,n—1),
A Apyy

and called log-convexity.

REMARK. From this definition, it is implied that all the terms of the sequence
{A,} are positive semidefinite. If the terms 4, commute with each other, the stability
of the log-convexity under Cesaro average is already known in essence through the
spectral theory, cf. [4] and [5]. But their proof does not work for this general casc.

Note that if the operators 4, B and C are positive semidefinite and A4 has the
inverse, then the positive semidefiniteness of the 2 X 2 operator matrix

[z o)

C > BA-'B.

is equivalent to

THEOREM 1. If {A,} is log-convex, then so is its Cesiro average {B,}.

Proof. By the induction argument, it is sufficient to show that

[Bn—a Bn—z] > 0 and {A,;_.g An—)l]
Bn--2 Bn—l Au-—l An

together imply that

A\

0

Bn—Z Bn-—l] > 0
Bn-l Bn

"I'o this end, it may be assumed that each 4, is positive definite and that

Ay + A, + ... 4-A4,_,-=1  (the identity operator).
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In view of the preceding remarks, the assumptio ns yield that

An Z An—lA;l_—32An—1
and
(n— DI+ A,_p) > n(n —2) (I — A,_p)~".

From the last inequality, one gets
ALz — 1) I+ A4, DU+ (n—1)4, )"

This inequality further implies that
I+ A4, ) — (M — DT+ A, )+ n?d, A7 04, 2
U+ (n— 124,070+ 4, ) U — (n — D4,4P,

whose right hand side is shown to be positive definite by a routine. Again by using
he preceding remark, it follows that

[ I/(fl — 1) (1 "!_ An—'l)/n ]? 0
T+ A, Din T+ Ay + Ayy A7 4, )0+ D]

and hence the requirement. Z

3. OPERATOR HANKEL MATRICES

Each matrix [A"’l A
k Ak+1
operator Hankel matrix H(A4,, 4;', ..., A,) associated with the sequence {4,};

] in the preceding section is a submatrix of the

Ay A, ... A,

H(4g, Ay, ..., A) = |4 A con Ay (n = 2m).

Am Am+1 A An

If the operator sequence consists of odd terms, we have the following sta-
bility theorem:.

THEOREM 2. Let n be an even positive integer. If the operator Hankel matrix
H(A,, 4;, ..., A,) is positive semidefinite, then so is the operator Hankel matrix
H(B,, By, ..., B,), where {B,} is the Cesdro average of the sequence {4,}.
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Proof. It may be assumed that 4, == 1. An operator version of a truncated
Hamburger moment problem (see [2]) and the Naimark dilation theorem (see [6],

P. 32) show that there is a bounded Hermitian operator 4 on a Hilbert space # 2 #
such that

A= PA* | (k=0,1,...,0—1),
and

A, =2 PA" 'y,

where P is the orthogonal projection from % onto . Since

(A A1+ . ARk + 1) ——«SB(t)"dt,
0
where B(t) == t4 + (1 — )1, it follows that
1
H(B,, B,, ..., B) ;SH(CO(t), G(D), ..., Clrydt
0

where
Ci(t) =PB(t)cle (k==0,1,...,A).

The integrand of the right hand side of this inequality is positive semidefinite at
every t. In fact, it is factorized as follows;

H(Cy(1), Cy(2), - .., (1)) =
PB(1)°

== | PB(1)! [B(1)°\%, B(1}* %, ..., B(t)"/? 4]
PB(:t)"/ﬁ

Now the positive semidefiniteness of H(B,, B,, ..., B,) follows. ¥

If the sequence of operators consists of even terms, the stability thecorem
is stated as follows.

THEOREM 3. Let n be an odd positive integer. If the operator Hankel matrices
H(Ay, Ay, ..., A,y) and H(A,, A,,. .., A,) are positive semidefinite, then so are
the operator Hankel matrices H(By, By, ..., B,_,) and H(B,, B,, ..., B)), where
{8,} is the Cesdro average of the sequence {A,}.
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The proof of this theorem is based on the truncated Stieltjes moment pro-
blem for operator sequence just as the preceding theorem on Hamburger’s type
and will be omitted. The moment problem will be found in [2].

Another example of stable inequality associated with operator Hankel ma-
trices is given in the following. The proof is based on the truncated Hausdorff mo-
ment problem for an operator sequence which can be found in [2].

THEOREM 4. Let n be an even positive integer. If the operator Hankel matrices
associated with {A,} satisfy

H(A0>A17 RS ] An) 2 O
and
H(A4;, Ay, ...s Ay_y) = H(Ay, As, ..., A) > 0,

then so do the operator Hankel matrices associated with {B,};

H(B,, B,,...,B) =0
and

H(Bl’ B2: fees Bn—l) 2 H(Bz, B39 teey Bn) = 0,
where {B,} is the Cesdro average of the sequence {A,}.

THEOREM 5. Let n be an odd positive integer. If the operator Hankel matrices
associated with {A,} satisfy

H(ACH Ala st An-—l) Z H(A1’ AZ; L An) 2 O:
then so do the operator Hankel matrices associated with {B,};
H(BO, Bl! vy Bn-l) 2 H(‘Bls B‘Z; R -Bn) 2 0’

where {B,} is the Cesdro average of the operator sequence {A,}.

4. OPERATOR TOEPLITZ MATRICES

In connection with the power moment problems in the preceding section,
it will be of interest to consider Toeplitz matrices. The operator Toeplitz matrix
T(Aq, Ay, ..., A,) associated with the operator sequence {4,} is by definition

‘A, A, ... A A,

n

T(dg, Ay, ..y )= | AT Ao oo A A

AF AR, A4,
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THEOREM 6. If the operator Toeplitz matrix T(Ay, 4,, ..., A,) is positive
semidefinite, then so is the operator Toeplitz matrix T(B,, By, ..., B,), where {B.}
is the Cesdro average of the sequence {A;}.

Proof. It may be assumed that A, = I. Then by an operator version of a tri-
gonometric moment problem (see [2]) and the Naimark dilation theorem (see [6]),
there is a unitary operator U on a Hilbert space # = # such that

A, =PU* % (k=0,1,...,n)
where P is the orthogonal projection from ¢ onto 3. The last dilation repre-

sentation of the sequence {4,} yields that

1
= SB(:)"dz,# (k=:0,1,...,n),
]

where
B(t) = tU+ (1 — 1)L
Since B(t) is a contraction, i.e. | B(t)} < 1, it follows that

T(B(t)°, B(1)', ..., B(t)") = 0,

by using a theorem of Sz.-Nagy (see [6], p. 28). Now the positive semidefiniteness
of T(8,y, B,, ..., B,) follows. 21

5. SOME REMARKS

1) The stability theorem (Theorem 6) yields the positive definiteness of the
following Toeplitz matrices;

T(1,(1 -~ cosz)/2, ..., (1 - cost —+ ... 4 cosnt)f(n - 1))

for 0 < ¢ € 2m, and
T(sint, (sin2f)/2, ..., (sinat)in)
for 0t <

2) The system of inequalities

T4y, Ay, ..., 4) > 0
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and
RC[T(Ala A2s ey An+1)] P 0

is not stable under Cesaro average.

3) A continuous analogue to Theorem 6 holds, too. A continuous (operator
valued) function on the real axis is nonnegative definite if for any set of real values
Xy, Xs, ..., X, and any vectors z,, z,, ..., z, in 3, the inequality

f;j X, — x9)2, 129 2 0

risea1

is satisfied.

THEOREM 7. If f is a continuous nonnegative definite function, then so is the
Sfunction F defined by

X

(Sf(y)dy) /’x if x#0,
F(x) = 5

f(0) if x=0.

Partially supported by KAKENHI and THE SAKKOKAI FOUNDATION.

REFERENCES

1. AkHiezer, N. 1., The classical mmoment piroblems, Oliver-Boyd, Edinburgh, 1965.

2. Anpo, T., Truncated moment problems for operators, Acta Sci. Math. (Szeged), 31(1970),
319—334.

3. Davis, CH., A device for studying Hausdorff moments, Trans. Amer. Math. Soc., 87(1957),
198 —225.

4, MITRINOVI¢S, D, S.; LACROVIC, I. B.; STANKOVIE, M. S., Addenda to the monograph ‘‘Ana-
Iytic inequalities™. 11, Univ. Beograd Publ. Elektrotehn. Fak. Ser. Mat. Fiz.,634(1979),
3—-24.

5. Ozexr, N., On some inequalities (Japanese), J. College Arts Sci. Chiba Univ., 4(1965), 211 —214.

6. Sz.-Naagy, B.; Foias, C., Harmonic analysis of operators on Hilbert space, North-Holland,
Amsterdam, 1970.

FUMIO KUBO
Department  of Mathematics,
Faculty of Science,
Toyama University,
Toyama 930,

Japan.

Received April 28, 1982.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [445.039 677.480]
>> setpagedevice


