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ERGODIC THEORY AND THE FUNCTIONAL
EQUATION (I — T)x =y

MICHAEL LIN and ROBERT SINE

The problem of solving the functional equation (I — T)x = y, for a given
linear operator 7 on a Banach space X and a given y € X, appears in many areas of
analysis and probability. The well-known Neumann series gives (/ — T')~1 when
|T||<1. When ||T||=1, the problem is first to know if ye (I—T7)X, and then
to find the solution x. The solution is wusually found wusing an iterative

procedure (see [4], [5], [6], [16]). We are interested in the convergence of
n k-1
X, =071y, Y, T’y to the solution x, and obtain the precise necessary and sufficient
K1 jo0
.\ - [t
conditions (Corollary 3). The necessa y condition sup\ Y Ty
k>1 j==0

{ < oo is shown to

be sufficient if 77 (for some m > 0) is weakly compact. An example shows that
otherwise the condition need not be sufficient. The reflexive case appears in [1],
(2], 3}

We then solve the problem of existence in the case of a dual operator on a
dual space, obtaining as a corollary an application to Markov operators.

Next, we look at the same problem for Tf(s) -= f(0s), where T is induced on a
suitable function space by a measurable map 0. A new “ergodic’” proof for 0 a
minimal continuous map of a Hausdorff space is given.

Finally, we obtain results for positive conservative contractions (Markov
operators) on L,(S, Z, ). In that case we look also at solutions which are finite
a.e., though not necessary in L,.

For the general Banach space approach, we need the mean ergodic theorem:

] = .
o Z T

R j=0

If T"n — Ostrongly, and sup

n

< 00, then

n--1 . ———
{xl Yy T'x converges} ={y:Ty=y} @ — D)X.

n j_o
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We call T mean ergodic if the above subspace is ail of X. We mention the
uvaiform ergodic theorem [19]:

n-1
(I — T)X is closed < n~? Y T* converges uniformly.

k-0
. 1 n k-1 )
In that case,  — T is invertible on (I — T)X, and - - Y p) T’ converges
n roj-0

vaiforily to (I -- T)~! (on (I — T)X), which is a generalization of the Neumann
series theorem.

THEOREM 1. Let T be mean ergodic. The following conditions are eguivalent
Jor yc X:

() yed - T)X;

. 1 n k—ﬂl )
i) x,: ¥ T’y has a weakly convergent subsequence;
n Y y
R kg jo:0

(iii) {x,} converges strongly (and x = limx, satisfies (I — T) x = y).

Proof. (1) = (iii). Let y == (I — T)x’. By the mean ergodic theorem, &' -~ x ~- z,
with xe(/ -~ T)X and (/— T)z=0. Hence y:=(I— T)x with xc(/--T)X.

n k-1
X, - =n’12| ZT’(I—T)x-~n‘1z(I —T")x-—x—n‘lzT‘

k: k=1 k==1

But ( =y, Thx! o 0, since xe (I — T)X, so |lx, — x|| = 0.
2 s

N
(iil) = (ii) is obvious.

(i) = (i). Let Xp, > X weakly. Then

(I~ T)x == lim(I — T)x,, = lim ;! 'ii, (- THy =y — limn;" 5_, T*y.
k=1

ksl

By the mean ergodic theorem the limit satisfies

1 k-1 TE n k-1 (2{-)
Br,= %N Pyl ¥y Ey—
kel j=0 oxo1j=0

$0 Exy — Ex is possible only if Ey == 0. Heace (I — T)x == p
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REMARK. The solution x of (I — T)x ==y, obtained in (iii), is always in
cm{T’y :j > 0}.

CoRCLLARY 2. Let T be power-bounded, and assume that for some m > 0, T™
is weakly compact. Let y € X. Then the condition (iv) below is equivalent to the three
conditions of Theorem 1:

k=1
(iv) ili;()) j;oTy < ©0.
Proof. (i) = (iv).
k—1
y=U—T)x=|Y, Ty|= - THx|| <||x|(1 + supl{T"]).
j=0

. . . 1 k=l . ;
(iv) = (1). By (iv), o Y T’y| - 0. We restrict ourselves to cim{T”y :j >0},
C j=0

on which T is now mean ergodic (in fact,T is mean ergodic on X). By (iv) and weak

k=1
compactness of T’",{Z ~(r ”’y)} is weakly sequentially compact, and so is

j=0
ook S
z,== -~ Y, ¥ T/T™y, so, by Theorem 1 (iii), z, ~ z which satisfies (/—T)z=T"y.
N fe1 j=0
m—1
Now x =z -+, T’y satisfies (I — T)x = y.
j=0

ExampLE 1. T may be a mean ergodic contraction, but, in general, (iv) does
not imply the conditions of Theorem 1.

Let Y be a non-reflexive Banach space and T a contraction which is not mean

n—1 R
ergodic(e.g., Y =¢,, T the shift to the right). Take z € Y such that n—? Yy T’z does

not converge (ie., z¢(U— DY@ {Tx =x}). Let y=(J—T)z, and X =

= cIm{7’y:j > 0}. X is an invariant subspace for 7, and T on X is mean ergodic

(with no fixed points). Clearly y satisfies (iv). If there were x € X with (I — T)x =y,

then

(I—T)z—x)=0, so n~* Y Thz=n"1 Yy, TXz — x) + n‘lkZ Tkx >z — x,
k1 =zl

k=1

contradicting the choice of z. Hence (/ — T')x - = y has no solution in X.
REMARK. The previous example shows also that without ergodicity in Theo-

rem 1, (i) need not imply (ii): The {x,} is always in (I — T)Y (in fact, in X), while
the solution is in Y, and if Xn, COnVerges weakly, the limit must be a solution.

Hence {x,} has no weakly convergent subsequence.
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CORCLLARY 3. Let T satisfy:
n -1 i )
(a) sup N1 Z T'! < co;
v
(b) T"in - 0 strongly.
Then the following conditions are eguivaleny for veX-
() ve -TYU - T)X;
() es in Theorem 1;
(iti) @s in Theorem 1.
Proof. Let Y -+ (I - T)X. On Y, T is mean ergodic.

(i) = (ii)). y: ([ — T)x, with xe7.
(iii) follows from Theorem 1, applied in Y.

(i) = (i). If xy, 2 x, the cemputation in the proof of Theorem 1 yields

T

W 3 Thy Sy (T
k=1

Henceyc Y @ {Tz - -} = Z. Apply Theorem 1 to Ton Ztoobtain y (I - T/
-~ T)Y.

COROLIARY 4. Let T be as in Corollary 2. Then the following conditiony are
equivalent for y ¢ X ;

1 )
) Ty converges weakly (toxe X, and then (I — T)x: 3,
joo{)

J

(2) 7" ~>0, and ]ilminf' i T/y < co.

hoes {0
Proof. (1) = (2) is easy.
(2) => (1). If é_‘, T"'y. < M, then i; T/ is weakly sequentially com-
. . k; w
pact. Take a subsequence of {k;} (called still {k,}) with ¥ 797"y — 2. Then
o

(- T)z Top—lim T " Yy oy,

m -1 )
Hence x: -z %) Ty is in clm{T7} with (] — T)x: y. Now also T"x >0
jo

weakly, so (1) holds.
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REMARK. For strong convergence in (1) we put strong convergence in (2). If

k .
we know that y € (I — T)X and T"y converges (necessarily to 0) then }} Ty will
j=0
converge to x (in the same topology that 7"y — 0), assuming only mean ergodi-
city, instead of weak compactness, for 7 power-bounded (see also [2]). However,
(2) does not imply that y € (I — T)X (even when || 7"y|| — 0): see the beginning of
Example 3.

(o]

k-1
ExXAMPLE 2. The condition that { pIA / y} be weakly sequentially compact,
j =0 k21

though sufficient to imply the other conditions in Theorem 1, is not necessary.

In [17] there is an example of a real Banach space X and an isometry 7, such

N—1
that for some vector x,€ X we have sup —]]V Y, | {x*, Tkxy> | — 0, but for
Il =1 k=0

1 N
*A; Z TkxO —>0,

k=1
by restricting ourselves to cIm{T’x,:j > 0} we have T mean ergodic. Let

no subsequence n; does T "jxo converge weakly to 0. Since clearly

y = — T)x,. Then kzl T’y = x4 — T*x,. The choice of x, shows that 0 is in
j=0

the weak closure of {T%x,}. If this closure were weakly compact, some subsequence

of {T%x,} would converge weakly to zero, (since the weak topology on a weakly

compact set in a separable Banach space is metrizable [7, V.6.3]) — a contradiction.

Hence the closure is not weakly compact, and {7%x,} is not weakly sequentially

compact [7, V.6.1].

REMARKS. 1. Examples 1 and 2 show that we cannot, in general, reverse any

of the implications {LZ] ij} is w.s. compact = ye ([ — T)X = {kzl ij}
j=0 A2l j=0 k>1
bounded. Example 2 is new, and shows how remarks on compactness made by pre-
vious authors should be understood in relation to Theorem 1. Special examples of
the kind of Example 1, for the shift in /., appear in [10] (expressed in different
terms).

Corollary 2 improves the result of Butzer and Westphal [3] (for Cesaro ave-
rages). In that connection they too consider the linear manifold (I — T) (it—ﬂ;\".
However, Corollary 3 is new. Theorem 1 is essentially given in [4].

In many cases, we may have to identify if y* € (/—T)X* when T is a contrac-
tion on X. Here condition (iv) works, because of weak-* compactness. For comple-
teness, we repeat the first author’s proof from [17].

THEOREM 5. Let sup||T”|| < co. The following conditions are equivalent for
y:j: 3] X:i: .
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(i) ¥ e = THX;

<3 | !

i) su S TE < oo
W AT
. . a ko1 i
Proof. (ii}) = (i). Let x* == n—? ¥y Yy T#/y% Then {x}} is bounded, hence
K1 =0

is relatively compact in the weak-“ topology. Let x® be a weak-* closure point of
{xF}. For y e X therc is a sequence {n;} with

L= THx*, p)y = (%, (T = T - - imdx, (L T

n

e limdU = TH)x, py = mdy® -t Y T, % ()
k.1

Hence (I -~ T#)x% =. y*,

As an application of Theorem 5 we have the following corollary, which, in the
measure preserving case, was proved by Browder [1, Theorem 2] by using a diffe-
rent method.

COROLLARY 6. Let (S, Z, u) be a o-finite measure space, and 0 a non-singular
measurable transformation of S. Then fe Ly is of the form f(s) = g(s) - g(0s),
y e 1 o
with g€ Lo, if and only if sup Yy o8 < oo
k>»1 J 0 :m
Proof. On X == M(S, X, ), the space of finite signed measures absolutely
continuous with respect to u, define Tv by Tv(A)::v(0-'4). Then X*: : L.,
and T*f(s) := f(0s), and Theorem 5 applies.

The following result was conjectured by M. Keane and J. Aaronson
for T positive.

THEOREM 7. Let (S, X, i) be a o-finite measure space, and let T be a contrac-

tion on Ly(S, X, p). Then fe L, is of the form f-=(I — T)g with ge L, if and only
Bkt
if sup; ¥, T'f < co.

£21 1

1

Proof. We identify L,(S, 2. ), via the Radon-Nikodym thecrem, with
the space M(S, Z, u) of countably additive measures < p. Then we have
Tk—~1
sup §1 TV ! < 00, with dv - - fdu
L2117 .
T*% acts on L(S, Z, w)* = ba(S, X, i), the space of bounded finitely addi-
tive measures (=: charges). By Theorem S (applied to v in L% and T7%), there exists
peba(S, Z, p) with (I — T*%) =2 v. Decompose [21] 5 -4y % #o, With iy
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countably additive and #n, a pure charge (i.e., |#,| does not bound any non-negative
measure). Then

Vo= (I . T::::::)r’ —_ 7]1 - T::::::rll _}_ ’12 - ]":}::E:ﬂ2 .

Since T**y, = Tn, € M(S, Z, n), we obtain that v, = 5, — T*%y, is countably ad-
ditive. Hence |[nsll = |T**nsll = llne — will = {Inall + [Inall since [T#%] < 1, while
s (a pure charge) and v, (a measure) are mutually singular [21]. Thus v, = 0 and

vz (I — T*)y, = (I — T)ny, yielding g = -d;-l- as a required solution.
m

In the next proposition, Theorem 5 cannot be applied, since the space B(S, X)
of bounded measurable functions is not a dual space, in general.

PrOPOSITION 8. Let (S, X) be a measurable space, and 0 a measurable trans-
formation of S into itself. Then fe B(S, X) is of the form f(s) = g(s) — g(05s), with
k-1

f(6%s)
=0

ge B(S, 2), if and only if sup < oo.
k>1

7

Proof. For f satisfying the condition, define

1 n k-1

WG

g(s) = limsup
n-00 N k=) j=0

Since — 0, we obtain

1 n—1 N
. fo 0
n ;Zo

(=]

g(0s) = g(s) — f(s).

REmARKS. 1. The previous proof gives also a direct proof of Corollary 6.
2. In Corollary 6, if 8 is recurrent, a function g can be obtained by setting

k
g(s) =sup Y} f(0%s) (see the first and last paragraphs of the proof of Theorem 9).
k>0 j:=0

ExXAMPLE 3. There exists a compact metric space S, a uniquely ergodic con-

tinuous map ¢ such that ¢”s converges for every s S, and a function fe C(S)
k-1

Y. (@)

with supl
ol

< oo, such that for every ge C(S), g(s) — g(os) # f(s).

(o]

Proof. Let T’ be an operator as in Example I, on Y. Let T = ~;~ (I41).

1 . .
ThenI — T = -2 -(I—T"), so Tis mean ergodic too, on X, and 7" converges strongly
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W zeroon X ([ T°(1--T), =: 27"* I --T'Y({ — T - 0). Now T yields also
an example of (iv) #>(i). Let S be the unit ball of X* and the weak-* topology, ¢

is the rcstriction of T* to S and for s & S < X*, f(s) == {s, y), where y satisfies (iv).
k-1

Hence sup, z flois)i - sup, Y T’y <oo. Now [ T"x}| -0 for every x¢X
L0

vields ¢"( s) - 0 for every s€ S. Hence ¢ is uniquely ergodic and the operator

Ah(s) - - h{gs) is mean ergodic on C(S), since A"h — h(0) weakly (- : pointwise).
n k-1

if fe (I~ A)C(S), we must have, by Theorem I(iii), that g, :n~1 Y Y Af
3R

converges strongly. But

n L1 a kel
als) Y S AP Y Y G TSy
A1 j:0

k<1 j- 0

n k-1
: <iz‘1 ‘L L Ty, s> .
ksl j-=0

and the right-hand side does not converge uniformly on S, by the choice of 7" and y.
Hence f¢ (I — A)C(S).

THEOREM 9. Let ¢ be a continuous map of a topological Hausdorff space S into
itself, such that {@"s :n > 0} is dense in S for every se S. T/wn = C(S) is of the

Jorm fis) - :g(s) —- glos), withg c C(S), if and only if %upI L/(g’)’s} < oo.

>Cl, jo0

k
Proof. We have to prove only the “*if " part. Defineg(s) =sup V. flg’s). Then
k>0 7

-0
Lo ) k . .
gles) == sup Y flo's) = - sup Y f(@'s) — f(s).
h20 j -1 k>l j=0

If @(s) - fls), then g(os) < 0, so g*(@s) =0 ==g(s) — f(s). If g(s) > f(s), then
g(ps) - - gls) — f(s) > 0,50 in any case we have g*(os) : = g(s) — f(s).

Our purpose now is to show the continuity of g. We say that a function lz has a
jump of at least J at s, if for every ¢ >0 and U open containing s, there are s, " in U
with [A(s") -— A(s”") > & — &. If Jy(h) is the set of points where 4 has a jump of
least 3, then J5(A) is clearly closed. It is easy to show that J5(A%) < J5(h).

Crav 1. o(J5(2) = Js(g)
We show that for s, € J3(g), @5, € J;(g*), which is enough. Let U/ be open
with os,cU, and let ¢ > 0. Since f is continuous, there is ¥ open with

) - fls) ' < : for se V. Let W~} (U)n V. It contains s,, so there are s,
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s in Wwith [ g(s') — g(s") | > 6 — —32— But ¢s’ and ¢@s”’ are in U, and using

g*(ps) = g(s) — f(s) we obtain
|g*(ps) — g*(os”)| = | g(s") — g(s") — [f(s) — f(s")]|> 9 —~;— — 2—2— =d—¢.

CLaM 2. Jy(g) = O.

By Claim 1 J; is closed invariant for ¢. If J; # O, there is s,€J; and
{@"so} = J5, 80 J; = S. By definition, g is lower semicontinuous, i.e., {g > a} is
open for every a. Let o, = inf{g(s) :5€ S}, 0 < B < 4. If J; = S, then every open
set # @ contains two points s, s" with |g(s') — g(s”)| > B. Now {g > &} is
open and non-empty (or g = o, and J; = ). Hence there are points s, s €
€ {g > «}. Hence {g > «, + B} is not empty. Similarly {g > ay + nf} # G for
every n, contradicting the boundedness of g.

We have Jy(g) = @ for every § > 0, hence g is continuous. Now g(¢s) €
< gH(es) = g(s) — f(s), so that h(s) = g(s) — g(ps) —f(s) = 0 is continuous
non-negative. But

j=0

k k
Y Al@’s) = g(s) — g(o**1s) — Y, flo’s),
j=0

oo
so that ¥, h(gp’s) < oo for every s € S. But our condition on ¢ implies that ¢”s
j=0

o . 1] .
enters every non-empty open set infinitely many times. If {h > ——} is entered
n

Jj=0 n
and h = 0, so that f(s) = g(s) — g(ps).

infinitely many times, Y, h{p’s) = co, a contradiction. Hence {h > —l—} =0

COROLLARY 10. Let ¢ be as in the previous theorem and feC(S). If

k
sup| ¥ f(@'so) | # oo, then there is a g € C(S) with f(s) = g(s) — g(¢s).
k> 0] j—o
k K .
Proof. We prove supi ¥, f(¢’s)|< oco. Let 5,€ S satisfy sup| ¥ f(¢’so)|=
k>0l ;5 k>0] oo

n
=a < oo. Then, for every m and n, we have | ¥ fl¢’s)| < 20. Now
J=m
n
{seS: sup| Y flols) | < a} is closed, ¢@-invariant, and non-empty. Hence it is
nm j:;m

all of S.

11-1105
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REMARKS. 1. Theorem 9 for the compact case appears in Gottschalk and Hed-
lund [15, 14.11] with a different proof. Browder [1] generalized their approach in
order to obtain it in the general case treated here. The problem is trcated (in
disguise) also by Furstenberg [10, p. 162].

2. A result of Gottschalk [14] shows that if S is locally compact and ¢ is mi-
nimal, then in fact S must be compact.

3. Corollary 10 for the compact case, with a proof which generalizes that of
[15), appears in Furstenberg, Keynes and Shapiro [13, Lemma 2.2], and in Shapiro

20, Theorem 2.3].
4. Our proof is more direct, since it is based on the fact that if f(s) - = g(s) - -

— g(ops), with inf{g(s) : s€ S} = 0, then the minimality of ¢ implies that

max L flo’s) = Jnax [g(s) — g(&**+15)] - - g(s) — min g(g*+is)
oskan ;T oskan
must converge everywhere to g. If S is compact the convergence is uniform, by

Dini’s theorem.
Claim 1 in our proof of continuity in Theorem 9 is a simplification of a method

used by Furstenberg [11] for a different functional equation (which he attributes to
Kakutani in {12]). Claim 2 avoids Baire’s theorem (used in [11]), and allows general

spaces.

The analogue of the previous corollary for non-singular transformations is
easier:

THEOREM 11. Let (S, Z, 1) be a o-finite measure space, and 0 a non-singular
transformation of S, which is conservative and ergodic (i.e., B(A) c A impliea Ay - :0
or f(S\NA):=0). If f is a.e. finite and satisfies u {s sup zf(ofs) < oo} > 0,

u +0
then there is a ge Lo with f(s) —: g(s) -~ g(0s) a.e. (hence fe Ly).

k-1
Proof. Let gi(s) = ¥, f(6’s). We show sup' g,(s) ! finite a.e. .
Joo0 k21
Let A:={s: s%pi 8u(8) ! < o0}. Then g (0s) == gy.,(s) — f(s) shows that
Ose A for se A, and u(4) > 0 implies p{S \A4)- -0. Hence for a.e. s, g,(s) 1s bound-
ed, yieldin gk—1g,(s) — 0 a.e. . Nowlet g(s) ~ hm sup Z 2:(s). Then

2iad

. i "
g(ls) = limsup- - §7 g,(0s) - - Jim sup- z_. Zials) ~ A8) -
AN |

R0 n n-eo

= 8(8) -- f(s) -4- lim[ g,,.4(s) -~ g()]/nn - : g(8) —~ f(s).

n=-00
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We have to show now that g is bounded. We have g(s) — g(6%) =
== Zf(ols) hence sup] g(0%s) | < oo a.e.

jo0

(o]
Let Ay == {s :sup| g(0*s) | <N}. Then S:= |_J Ay (mod p), and p(4y) >0
k>0 N=1

for some N. But 0(4y) = Ay, hence S = Ay (mod u), and |g(s)] € Na.e. .
REMARKS. 1. The previous theorem may fail for a general conservative and

ergodic Markov operator on L. Let u(S) = 1, and define Tf = Sfdu, forfelL,.

. | k=1 o
lffeLlwitthd,u = 0, then ] Y Tffi = | f]. But we may take f ¢ Lo .
i=o
2. If 0 is only conservative (i.e., 071(4) o A = 6~ (4) = A), the theorem
may fail. (Examples are easy to construct.)

For the general set-up of Theorem 1, if (I — T)x; =y, then T(x; — xy) =
==X, —X,, SO uniqueness of solutions in the Banach space depends on the fixed points
of T. We now Jook at a Markov operator on L, , and study the finite solutions (not
necessarily integrable) in a special case (see [8] for the extension of T').

DEFINITION. A positive contraction of L,(S, X, n) is called conservative if for

u>0ae., uel,, we have ¥ TVu(s) = oo ae. .
j0
THEOREM 12. Let T be a conservative positive contraction on Ly(S, Z, 1), and
let fe L. Let g and g, be a.e. finite (measurable) functions satisfying (I—T)g; = f.
If

. : " l
. 8l . ’
(*) lim -2~ =10 ae forsome0 <uel,,
H=00 Z lel
=0
then

- 0.

T(g: — g)* = (82 — g)*, and It nt ’Zl ij

Proof. Let g =g, —g,. Then Tg =g, hence Tlg| > |gi, and Tg* >g*.
(Since g need not be integrable, we cannot conclude equality immediately.)

Then Tg* ==g* -+ h, with 0 </t < ooa.e.. (By assumption, T"g| < oo
a.e. for every n.) Hence also Tg~ =g~ + h.

Without loss of generality, we may and do assume u(S) = 1.

n-1

5 T‘g+—l—);JTh——Z Tigh = Zle-{~ g* =Tg*
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We take the w € L, with u > 0 a.e., for which (+) holds. Then
'S T
+ o ih
Y, Tiu Y, T'u
i-=0

Let Z, = {AeZ:T%1, =1,ae.}. By the Chacon-Ornstein thecorem (see [8])

T‘v Eo!E
L ECeiZ) ae., forwvel,,

iy E@Z)

lim _

n-oo

,'M= [rM;

i
o

0. We conclude that EhiZ) 0, so h==0

and therefore also for any finite v >
EulZ)
a.e., since i > 0. Hence Tg* == g*.
Now (I — T)g, =— f implies, using (), that
Tl
0 = lim _:_’f"i*ié'_ i Eo_f LBz
E(g| Z:l)

n

f=0 i-0
Hence E(f| Z,) = 0. Since all T*-invariant functions in the conservative
case are X, -measurable f is orthogonal to all T*-invariant functions, hence is in

(I - T)L,. Thus | n'1 2 T’f - 0.

j=0

COROLLARY 13. Let T be as above. Let f< L, satisfy l{ n-1 ) T/f' - 0. If
. J::0 i
>0, g, > 0 satisfy (I —T)g;:=f, then T(g - g)* = (& -~ g)*-

Proof. We show that (=) is satisfied for g;:

n 1
Tif
& —Tg _ JYO — E(f1Z) 0

n-1_ -
Tiu 2 E(ul X))

e
3, Tu )s]
j 0

(Sincc E(f| Z,) must be zero.)
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REMARKS. 1. Condition (%) in Theorem 12 is a necessary and sufficient con-
dition for obtaining Tz| — |g| from Tg = g, for T conservative. If T|g| = |g|, then
the proof of Corollary 13 shows that (+) holds. The following example shows that

. . 1
Tg -~ g does not imply T|g] = !g|. Define T on /,(Z) by (Tu); —= Py (u;_qy + uipq).

Then g, : : i defines an invariant function, but T'|g| # |g|, since (T|g])o = 1.
2. 1n Corollary 13 we have looked at the uniqueness of positive solutions g

that (in the conservative case) positive integrable solutions exist for a dense subset
of (- T)L, .
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