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APPLICATIONS OF THE KREIN RESOLVENT FORMULA
TO THE THEORY OF SELF-ADJOINT EXTENSIONS
OF POSITIVE SYMMETRIC OPERATORS

G. NENCIU

1. INTRODUCTION

Let T be the closure in L%({0, ©0)) of — d%/dx? defined on CP((0, o0)). T has
deficiency indices (1,1) and its self-adjoint extensions T, are indexed by the boundary
conditions

d
(1.1) a;—f(x) [ xm0 = f(0), o e(— oo, o]
The Friedrichs extension T corresponds to o = oo (more properly speaking f(0) = 0)
and at the formal level is obtained by taking the limit & — co in (1.1). Indeed one
can verify that

12 . lim || (T, + 1)~ — (Tg + 1)~ = 0.
Again, at the formal level, one can see that 7% is also obtained by taking the limit
o = — co in (1.1) and indeed, one can verify with some work that

(1.3) lim (T, + D~ — (Tr + DM =0.

a—— O

Now for « < 0, 6(T,) = {—a?} U[0, co0), so in the sense of (1.3) Ty is the limit of
self-adjoint extensions of T, which are not uniformly bounded from below.

The same phenomenon has been observed recently in the study of regulari-
sations of the one-dimensional Schrédinger operator [5,8]. The initial motivation
of this paper was to see whether this phénomenon (the fact that the Friedrichs exten-
sion of a positive symmetric operator is in some sense the limit of some sequences
of self-adjoint extensions which are not bounded from below) is a generic one or
‘, related to the structure of the above examples. Our results below prove the gene-
Jicity of this phenomenon. Our main result, contained in Theorem 2 below, gives
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a “parametrisation” of classes of not bounded from below self-adjoint extensions,
which in some sense made precise in Theorem 3, are “neighbourhoods” of the Fried-
richs extension. Theorem 4 concerns the finite deficiency indices. An application
of Theorem 4 to the problem discussed at the beginning of the Introduction is given
in [15]. Some basic results of the Krein-Birman theory are also recovered.

After the first version of this paper was finished we became aware of the fact
that a particular case of our results was known. More exactly, the fact that the von
Neumann extension corresponding to a point A [1,2] converges in the strong resol-
vent sense to the Friedrichs extension as 4 = — oo (see Corollary 1 (i) below), has
appeared in [2] with a completely different proof.

Qur main tool is the Krein resolvent formula [9, 16] combined with a distin-
guished property of the Friedrichs extension described in Lemma 3 below (for a
related result see Proposition 4.a) in [14] and § 1 in [12]). Recently, the theory of
generalised resolvents for nondensely defined contractions in Hilbert spaces has
been thoroughly developed [12, 14]. The basic result of the Krein-Birman theory in
the form given in Theorem 5 below has appeared in {13] and is also implied, via
the Cayley transform by the results in [12, 14].

2, THE KREIN RESOLVENT FORMULA

As has already been said in the Introduction our main tool is the following
resolvent formula given by Krein (see [9] and for the case of infinite deficiency

indices [11, 16)).

THEOREM 1. Let A be a closed symmetric (densely defined) operator in a sepa-
rable Hilbert space #, with domain 2(A) and equal (finite or infinite) deficiency
indices. Let Ay be a fixed self-adjoint extension of A, 2y € p(Ay) (the resolvent set
of Ao) and let P(A,) be the orthogonal projection on ((A — Ag)2(A))*. Then defining

2.0 E(4y, A2) = (Ao — A)(Ao — A) ™Y, Ay, A€ p(4o);
(2.2) F(y, ) = (4 — 23)E(Ay, Ie) 4+ (A — I2)/2

the following assertion holds.
The formula

(23) Ry = (4o — )71 — E(4, L)@l + QF (4, 2)Q17*QE(4, 4)

gives a one-to-one correspondence between all the self-adjoint extensions of A different
Sfrom A, and all the pairs (Q, n) where Q is a nontrivial orthogonal projection smaller
than P(y) and n is a self-adjoint operator in Q3.
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3. APPLICATIONS TO THE THEORY OF SELF-ADJOINT EXTENSIONS
OF POSITIVE SYMMETRIC OPERATORS

We shall start by listing some observations of a technically preparatory cha-
racter.

1°. Let A, be a sequence of bounded self-adjoint operators satisfving the con-
ditions :

() 0< Aysy < Ay, n=12,...;
(i) s-lim 4, = 0;
(i) Oes(4,) = [0,5,], lim, = 6.

Then lim|j4,|| < 6.

n—o0

Proof. Suppose that for some ¢ > 0

3.1 limji4,] > & + 2e.

n-00

By (iii) it may be assumed that
3.2 o0+e=z2d,, n=12,....

Let P, be the spectral projection of 4, corresponding to [§ + ¢, 00). Then from (iii)
and (3.2) it follows that each P, is a nonzero projection of finite rank. Let x, be a
normalised eigenvector of A, corresponding to the eigenvalue ||4,]-

Then it follows from (3.1) that, if £ < n

6 + 2 < ”An ” = (Anxn’ xn) < (Akxn’ xn) <

< || Al 1Pex, |12 4 (6 4 &) {1 — || Pex,, 1%}
and hence that

(33) | Py P 2 e(l Al =0 — &)™ 2 e(|l 4]l =6 — &)~ =y > 0.

The bounded sequence {x,} can be assumed to converge weakly to a vector Xe.
Since each P, is of finite rank, (3.3) implies that

4 | Pex |2 = lim ||Pex, || 2y

n—->00

which yields

(3.5) (AixeoX0) 2 (0 + &) || Pixeo |2 2 (6 + &)y
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But (ii) implies

lHm (4, x5, X0) —= 0
k~o00

a contradiction.

2. Let N be a self-adjoint operator bounded from below (respectively above)
and F(.) a bounded self-adjoint operator valued function norm continuous for 7. ¢
€ [a, b] = R. Then infa(N -i- F(2) (respectively supa(N 4- F(A))) is a continuous
Sfunction of 2 on [a, b].

3°. Let B be a bounded positive operator with bounded inverse and P an ortho-

gonal projection. Then the operator PBP considered as an operator in P has a bounded
inverse, (PBP)~Y, and

(3.6) (PBP)-'@® 0 < B~

where the orthogonal sumn is taken according to # = P#H & (1 — P)¥.
Proof. The inequality (3.6) is equivalent to

37 BYP(PBU:BL:pP)-1PBYE < 1.

If BY2P -:: V' |BY*P}is the polar decomposition of BY*P then the Lh.s. of (3.7) is
just VV*
From now on A4 will be a closed densely defined symmetric operator satisfying

m(A) = inf (f. AF)/Lf2 = 1.
fe a4y

In what follows, it is understood that A is not self-adjoint and that A denotes the

Friedrichs extension of 4 [4, § 14], P denotes the orthogonal projection on (AZ(A4))*
and Q an orthogonal projection smaller than P.

Taking Ay == Ag, 49 - 0, the formula (2.3) may be written as
(3.8} (A — )™t = (Ap — )71 = E(4, 0) O, [1, -+ fo, (D] ' QuEL4, 0)
where
(3.9) Jo(A) = AQ Ax(Ap — D71 1 g -
LemMMA 1. Let A, e RNp(Ap). Then 2,€ p(4,) if and only if 0€ p(n, ;-
+ fo ()

Proof. The result is a direct consequence of (3.8).

To obtain further results we need some properties of the analytic operator
valued function fp (4): Q3 — Q..
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LEMMA 2. For A€ (—o0, 1) and Q, < P, fp (4) is a bounded self-adjoint oper-
ator, and

@ o(fo (M) = [4, A1 — D),

(i) fo (A) is strictly increasing,

%fa,(l) > min{L.1(1 = 27

Proof. This is a direct consequence of the definition.
LeMMmA 3. Forall Q £ P

() s lim f53'(%) =0:

A= .00
(ify If in addition A7' is compact, then
Jim 172" 1l = 0.
Proof. (i) If G, is the spectral measure of Ag, then

oo

(f; ade(As + )-f) = S—i’ﬁ— d(G,f.f), a> 0
a+p

1

and the monotone convergence theorem implies that

lim (f, adg(4Ay + @)7Y) < o0

a-»o0

is equivalent to f€ 2(4}%. On the other hand [4; Proposition 15.2] 2(4:% n
NP == {0}, from which, for fe Q#

(3.10) lim (f, adp(4s + a)~Yf) = oo.

a—-»oo

The first point of the lemma follows from (3.10) by standard arguments.

(ii) If (Ag — A)~! is compact, it follows that f(1) — A = A2Q(4f — A0
is compact and then A~!— f5'()) = f3'(M(fp(A) — /A is compact. Then
6(es— f3'(A)) = {—1/4} and one can apply 1°.

Now let a e (—oo, 1) and Ay(a) be the self-adjoint extension of A4 correspond-
ing to the pair (P, — fp(a)). Itis easy to see that Ay(a)is nothing but the von Neu-
mann extension [1; § 107,2] corresponding to the point a.
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COROLLARY 1.

(@) s lim (45%a) — 45" = 0.

Q= 00
(ii) If one of the following is true
(a) Ag' is compact;

(b) dimP < oo
then
lim | ARNa) — 45'} = 0.

a—+»-~-0

Proof. Let a < 0. From (3.8)
Ax'(a) — A% = Pfp'(a)P
and Lemma 3 concludes the proof.
LemMA 4. Let 2, < 1. Suppose that
(@) p(4,) > (4, 1);
(b) for some 2Aye(%,1)

(A, — 273 — (g — 1 < 0.
Then for all 4 e (4, 1)
(A, — ) = (dp - 1 < 0.
Proof. For Ae(—o0,1), let

m,(2) = n, 4 fo, (A)

and
P2y = info(m,(1)).

Since p(4,) > 0 it follows that p(i) > —oo for all A€ (—oco, 1). Then p(L) ¢ a(m, (1))
and, by 2° is a continuous function of 2. From Lemma 1 it follows that p(.) # 0
for Ae(4,,1), which implies that p(4) > 0 for ie(4,,1). Then m(2) > 0 for
A € (4, 1) which together with (3.8) proves the lemma.

ProposITION 1. Let 4, € (—oo, 1). Then

(3.11) M%) = m, < fo, () 0
if and only if
(3.12) p(Ay) 2 (4, 1)

and for some 2y e (4y,1)

(3.13) (Ag — A) ™' — (Ap — 4)71 < 0.
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Proof. Suppose m,(1;) > 0. Then from Lemma 2 (ii) for all A € (4,, 1)
i
my(d) = Smin{l, 1/(1 — £)?} dt
Al

and from Lemma 1, A€ p(A4,). The inequality (3.13) follows from (3.8). Suppose
now (3.12), (3.13) to the true. Then by Lemma 2, Lemma 4 and (3.8) m, (1) > 0 for
all A€ (4, 1). This together with 2°, finishes the proof of the proposition.
Let A e (—oo, 1)\{0} and %(%) be the class of self-adjoint operators in Ps#’
given by
@A) = {C:qupx ’ 0< C<fF()  for '1>0}-
0=>C>= f3@A) for Ai<0

By €(1), ¥(—oc0) we shall denote

= ﬂl)(g(l)

€,

C(—o0)= [ FW).
AE(-0,0)

By Lemma 2, f35'(2) is a decreasing function, positive for 2 > 0 and negative for
A < 0. Thus [4; Proposition 7.8]

(1) ={C:P# —» P# | 0 < C < slim f5'(})}
A=l
G(—o0)={C:P# —P# | 0> C > s lim f5'(D)}.
A= — 00

COROLLARY 2. ¥(—o0) = {0}.

Proof. This is an immediate consequence of Lemma 3.

With each C,€ %(A) we shall associate the pair (Q,,n,), and then a self-
adjoint extension A4,, taking

0, =P —N(C,)

where N(C,) is the orthogonal projection on the null subspace of C, and
n, = —(Qaca ) Qa.#)_l'

Note that C, = C,ifand only if O, = Q, and n, = n, .

THEOREM 2. Let Ay € (—oo, 0). Then C,€ ¥(4) if and only if p(A) > (4, 1)
and for some e (1, 1)

(A — )™ — (4p — A)71 < 0.
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If Cﬁ’ Ca3 € G(4,) then c, =2 C“;: is equivalent to

(Agy =) — (A, -1 20
Jor all 7¢c (1)

Proof. Suppose C, € ¥(4,). Then for all ¢ > 0 [4; Proposition 6.1]
(=Co 87" 2 (—[F(4) + &)™
This implies that for all g e Z(nl?) < Q,#
(3.14) (& (7' +&)7%) = (g, (— f5{(4) + &)%)

Taking the limit ¢ — 0 in (3.14) one obtains n, > — fp(4;) and p(A4,) o (4,1) by
Proposition 1. Conversely, suppose that p(4,) o (4, 1) and (3.13) is true. Then
by Proposition 1, n, > — an(/‘.l) and hence 0 < n7' < — f5!(4,). Using the defi-
nition of C, and 3° one obtains 0 < — C, < - fpY(2). The order relation follows
from

A7t — Ag! = PC,P

and the proof is completed.

THEOREM 3. (i) Let A, be a sequence of self-adjoint extensions of A satisfying :

p(4y) > (—a,, 1), lim a, = oo
G-+0C

At — A8t < 0.
Then
s-lim (A3 — AFY) = 0.

g—0

(it) If in addition, one of the following are true
(a) AF! is compact;
(b) dimP < o0
then
lim | A7 — A§'" = 0.

i
q—+>

Proof. Now
A;' — AF':  PCP

and since by Theorem 2, C, € ¥(—a,), the use of Lemma 3 finishes the proof.
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THEOREM 4. Suppose dim P = m < oo, and let A, be a sequence of self-adjoint
extensions of A with the property that there exist {a,}°, a, > 1, lim a, = co such
q—oQ

that A, has m eigenvalues (counting multiplicities) in (— oo, —a,). Then

lim |47 — 4! = 0.
q—oo
Proof. Since A, can have at most m eigenvalues in (—oco, 1), [1; § 107}, it
follows that 0 € p(4,). Let .4, be the m-dimensional subspace spanned by the eigen-
vectors of A, corresponding to the eigenvalues A{ e (—o0, —a,), i=1,...,m.
Since Ag!' > 0 it follows that

(x, (AF' — 4A7Hx) > mgn{w -3IxlE, xed,

from which we see that A;1— Ag! has at least m negative eigenvalues. From
A7Y — A5t = - Q7' 0,

it follows that A;' — A%'is of finite rank, at most m, i.e. has at most m eigenvalues
different from zero. It follows that 4;' — 45* < 0 and one can apply Theorem 3 (ii).

Repeating (with the obvious changes) the proofs of Proposition 1 and
Theorem 2 one obtains the following basic facts of the Krein-Birman theory
[3, 10].

PRrOPOSITION 2 [3]. Let 4, € (—o0, 1). Then m,(A;) < 0 if and only if p(4,) o
o (—o0, A).

THEOREM 5. (i) Let 4, € (0,1]. Then C, e () if and only if p(A,) o (—o0, A,).
If C.Co, €6 (4) then C, > C,? is equivalent to

A, < A,

(i) A has an unique self-adjoint extension with the spectrum contained in[1, co0),
if and only if

s-lim /31() = 0.
A1

The following result announced in [6] has also a simple proof.

PROPOSITION 3. Suppose Ag! is compact. Then A, is bounded from below if
and only if n, is bounded from above.

Proof. Suppose n, is bounded from above. From Lemma 3 (ii), an(A) <
< — B(A), lim B(2) = oo so that for L - —oo, my (1) < 0.Then Lemma 1 implies
Ao —oc0

Aep(A,). Conversely if p(4,) o (—co, 4,) by Proposition 1, n, < ——an(/ll) and
the proof is finished.
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