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ECONOMICAL COMPACT PERTURBATIONS. I:
ERASING NORMAL EIGENVALUES

DOMINGO A. HERRERO

1. INTRODUCTION

Several recent works on compact perturbations of Hilbert space operators
deal with problems of the following type:

Given an operator T acting on a complex separable infinite dimensional Hil-
bert space # and a certain property (P), there exists a compact operator K such
that T — K satisfies (P).

In certain cases (e.g., [1], [11], [14]) it is shown that, given ¢ > 0, K can be
chosen so that ||K|| < &. In other cases (e.g., [1], [13]), the authors obtain a mere
existence result with either no control at all or only a very rough estimate on the
value of |Kl.

In the first part of this article it will be obtained the “most economical’’ value
of ||K]|| for a particular perturbation problem, considered in [13].

We shall need some notation. In what follows .Z(5#) will denote the algebra
of all (bounded linear) operators acting on # and '(5¢) will denote the ideal of all
compact operators. Given T in Z(#), o(T) and o (T) will denote the spectrum and
the essential spectrum of T (i.e., the spectrum of the canonical image T = T +
+ A(#) of T in the quotient Calkin algebra /(3#) = L()| A (), respectively).

An isolated point A e o(T) is a normal eigenvalue of T if the Riesz spectral
(dempotent associated to the clopen subset {4} of ¢(T) via functional calculus is a
finite rank operator. (This is equivalent to saying that A is an isolated point of
o(TYNo(T).)

In [13, Lemma 6], J. G. Stampfli proved that given T in Z(#) there exists
Kin A (s#) such that go(T — K) = @, where 6,(R) denotes the set of all normal
eigenvalues of the operator R; furthermore, K can be chosen so that

IK]| = max {dist[1, 0 (T)] : 4 € 0o(T)}

isee Proposition 2.6 below). But this estimate of the norm of the compact pertur-
bation necessary to “erase’’ the normal eigenvalues of T"is very crude in all cases.
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The result of [4, Proposition 6.6] (see also [7, Section 2.4)] suggests that one-half
of the above value “plus &° always suffices and this is, indeed, the case.

In fact, the first result of the article provides an estimate for 'K which is
the best possible general formula. (The results of [7, Chapter II] and {8] indicate that
a formula for the optimal value of K| will necessarily involve the particular struc-
ture of T; see also Example 2.3 below.)

_ In the second part of the article it is shown that the distance from a given
operator T to the set of A7(3#) of all nilpotent operators is exactly equal to the
maximum between these two quantities

(T) == dist [T, A" () < H(H)]
So(A) = inf {i| A} : A € LK), oo(T — 4) - = O ).

(The precise value of %(T) was obtained in [6]; see Theorem 3.1 below.)
Indeed, the same arguments can be applied to a very general kind of similar
problems.

2. THE NORM OF A COMPACT PERTURBATION ERASING THE NORMAL
EIGENVALUES

Given T € L(#), we define

m(T) = min {1 € 6([T*T¥?)} (= the mininum modulus of T),

m(T)==min{ie o((T+T1 3} (= the essential minimum modulus of T')
and
4N ={ieC:m(Gi—-T)< vy} (y=0).

The most immediate properties of m(7) and m (7T) have been analyzed in
[2], [7, Proposition 6.10]). In particular

im(A—T)—mu—T) <'2—ypu| and m@A—-—T)—m(u—T) < i--pu

(for all A, pe C), the left essential spectrum o, (T) == {ie C: (L — T ) is not left

invertible} coincides with 4y(T); 4.(T) is a compact neighbourhood of 4..(7') for

all y >y >0, 4,(T) = C and each component of 4(T) U o(T) meets (1)
»50

(see [6]).
Given 4 € C, define

my(T ;) ==min {y > 0 :dist[4, 4,(T)} < v}
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Itisconvenient to remark that m (T'; 1) < (1/2)dist[4, o, (T)] < (1/2)dist[4, 8o (T)],
where 02 denotes the boundary of @ = C. We have the following.

THEOREM 2.1. Given T € () and ¢ > 0, there exists K € A (o) such that

K| < &+ max{m(T ;%) :2eao(T)}
and
Uo(T—‘ K) = ().

Let pop(T)={Ae C:A— T is a semi-Fredholm operator} denote the
semi-Fredholm domain of T. (The reader is referred to {10] for definition and pro-
perties of semi-Fredholm operators.) If A e po.p(T), then following [I] we define

minind(A — T') = min{nul(A — T), nul(4 — T)*},

where nulAd = dim ker A4.

Combining Theorem 2.1 with the main result of [1] (and its proof), we obtain
the following.

THEOREM 2.2. Given T e £L(#) and ¢ > 0, there exists K € A () such that

IK|| < & + max{m (T ;2) : A € oo(T)}
and
minind(A — T) =0 for all A € p.s(T).

A simple example will show that Theorem 2.1 is the best possible general
result (i.e., without involving the particular structure of the operator). If 4, e £(#,)
and A4, € £(#,), then 4, @ 4, will denote the direct sum of 4; and A4, acting
in the usual fashion on the orthogonal direct sum 5, @ #, of #; and #,. Similar
notation will be used for arbitrary finite or denumerable direct sums. If « is a car-
dinal number, 0 < o < oo, then A® will denote the direct sum of « copies of A
acting on the orthogonal direct sum #® of « copies of .

ExampLE 2.3. Let T e Z(5#) be an invertible operator; then

5= m(T®;0) > —;— m(Te) = % IT-12 > 0,

If Ac L(H# D CY and 6o(T @ 0, — 4A) = @ (where 0, denotes the zero
operator acting on C'), then ||4]| > §. Furthermore, if 0 belongs to the unbound-
ed component of C\ ¢(T) and 4 is compact, then ||4] > 4.

Proof. Assume that Be Z(#C) @ CY) and [[B|| < §; then (T @ 0; —

— B) — 2 is invertible and uniformly bounded below by & — ||B|| for all Ae C
such that [A1| = .
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It follows from the functional calculus (see, e.g., {7, Section 1.1] that oo(7'®
@0, -B)n{l:11| <8} # ©. Therefore ||4|| cannot be smaller than J.

Moreover, proceeding as in the above reference we see that if {A1: §, then
(T @O, —~A)n{l::2 <8} # O. Suppose that |[4]| - 3, A is compact and O
belongs to the unbounded component of C\o(T). If peo(T® @0, - - A)n
n{A:ii < 8}, then (T @ 0, — A) — pisaFredholm operator of index 0. 1t is
completely apparent that u also belongs to the unbounded component of C\ o(T)::
= pp(T @ 0, — A). Since T @ 0, — A-—pu is not invertible, we conclude that
i is a normal eigenvalue for this operator, i.c., 6o(T®) @ 0, — A) # ), contradict-
ing our hypothesis. L

ReMARK 2.4. The hypothesis “A is compact” is crucial: If T: : I @ (O, and
A= (12)I® (- 1/2),, thenm(T;0) = 1/2 = [ 4|l and T — 4 =: (1/2) I ® (1/2),,
s0 that go(T -~ 4) =: ().

ExaMpLE 2.5. Let U be a bilateral shift with respect to the ONB {e,} 2% of #
(ie., Ue, = ¢,.,, neZ) and define U, e L(H) by

Cav1> n# 0

U,.e, = 1

—e;, n=0.
m

Then U, is similar to U, o(U,) = o(U) = ¢ (U,) = 6 (U) = 6D (where D de-
notes the open unit disk) and

m(i— Uy =m(:—U):=1—|1,, ieD.

If F € #(C4) is an arbitrary operator such that ¢(F) < D, then there exist
compact operators K, € £ (# & C?), |IK,|| < 2/m, such that

oU, ®F—-K,)=0,(U,®F — K)=0D.
Indeed, if K;, € #(3¢) is the rank one operator defined by

0, n#0
—-e, n=0,

then U,, — K, ~ § @ §*%, where S denotes a unilateral shift (and S* is the adjoint
of §). Thus, o(U, —K,) =D, 6(U,—K;)=0D and U, — K, — A is a
Fredholm operator of index 0 and nontrivial kernel for all A € D.
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According to [1] (see also Theorem 2.2), there exists K € Z(# @ C9),
| Knl| < 1/m, such that

o((Up — Ki) @ F— K)) = 0, ((Un, — Kp) @ F — K;)) = 0D.

Thus, K,, = K, ® 0; + K,, satisfies our requirements. 7

This simple example shows that, in general, Theorem 2.1 does not provide
the best possible answer.

The following result has been taken from J. G. Stampfli’s article [13]. Its

proof will be included here because it will help to understand the proof of
Theorem 2.1.

PrOPOSITION 2.6. Let T € L(5¥); then there exists a compact operator K
such that 6o(T — K) = Q. Furthermore, K can be chosen so that

I|K|| = max {dist [4, 6,(T)] : 1 € 0o(T)}.

Proof. Let {A,}1<n<m (1 <m< 00) be an enumeration of the points of o(7) and
let o, be the Riesz spectral subspace corresponding to the clopen subset {4, 4, ...
.., Ay} of 6(T). Define #y= {0} and H,=H#,0 #,_,, n=1,2,,..., ther

M M,
AZ /{2
. * .
T= A, M,
0 - .
To! #o

where # oo = H# © (® M,).
n=1

For each n, let u, € 95, (T) be any point such that |1, — p,| = dist [4,, ¢,(T)]
and define

A= My
Ay — s My

}'n - un '/{ln
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Since |4, — p,| = dist[2,, 6 ,(T)] = 0 (n — co0) and .#, is finite dimensional
foralln = 1,2,..., itreadily follows that Ke #(5#). On the other hand, it is
straightforward to check that ¢o(T — K):=: ) and

K|l = sup |4, — p,| = max {dist[, o ,(T)] : 4 € ao(T)}]. -

LeMMA 2.7. Let y be a Jordan arc joining 0 and p in C and let ¢ > 0. Then
there exists d = d(g, y), a normal operator N and a nilpoint operator Q in £(C4)
such that

() p€a(N) = v;
and

(i) N - Qi <e

Proof. By [5, Proposition 2.28]} (see also [7, Section 2]) for each d > 1 there
exist a normal operator M, and a nilpotent @, in £(C¢9) such that 1 ¢ o(M,),
1Myl =1 and ‘[M,— Q,| » 0 (d - o0).

Let ¢ : D~ - Q- be a conformal mapping from (some neighborhood of) D)
onto a compact neighborhood Q- of y\ {1} such that ¢(D) = Q is open and simply
connected, @ < (Y)ere, YN\ @ =: {1}, ¢(0)==0 and ¢(1) = p (where X, (_f’;f){;_ €
e C:dist [A, X] < ¢}, X = C). Then @(M,) is normal, ¢(Q,) is nilpotent, p €
e olp(My)] « @~ < (¥),: and (since ¢ is analytic in some neighborhood of D-1)
it is not difficult to check that [lo(M,) — @(Q)| = 0 (d - o).

Define d = d(e, y) as the first dimension such that ['¢(d,) — 0(Q,) | < &/2.
Now define Q = ¢(Q,). Since u € a[@(M,)] < ()2, there exists anormal operator
N such that geo(N)cy and [N — @(M,)] < /2. (Roughly speaking : write
¢(M,) as a diagonal matrix with eigenvalues u,, i, - .., ity with respect toasuitable
ONB of C4 and define N by “pushing’ p,, s, ..., fy to suitable points of 7.)

Since ||N — Q]| < &, we are done.

If T—A=V,H, (polar decomposition), then m(i — T) = m(H;) c o(H,)
and therefore m(A — T') is an approximate eigenvalue of H,. Assume that m(A—T') is
actually an eigenvalue of H, and let ¢ be a unit vector suchthat [H, -- m(A — T)] e« =0.
As usual, if f, g e then f® g e ¥(#) is the rank one operator defined by
S ® g(x) = <{x, g>f With this notation in mind, it is not difficult to check that

ecket(T— i —m(l — T)V,e ® e).

Lemma 2.8, Let T,2, V,, H, and e be as above. If p # 4 and (T-- m(4 --
—DN)YV,e®@e~—u) f=0 for some unit vector f, then m(u — T) < m(2 - T).

Proof. Since e and f are unit eigenvectors of T — m(2 — T)¥V,e ® e with
different eigenvalues, they must be linearly independent and therefore [{e,f>| < 1.
Since (T — m(A — T)V,e ® e — p)f =0, it follows that

T—pf=mlA—TYWe®e([f)=md—T){f,edV,e
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and therefore

m(p — T) < (T — wfll = m(A — DKf, e)] <m@ —T). i

The strict inequality cannot be improved in any sense. Namely, if U is a bila-
teral shift (Ue, = e,+1, n € Z, with respect to the ONB {¢,}*%) and A = 0, then
U= U-I (polar decomposition), m(U)=1 and e, € ker(U — Uey ® ¢;). But
U— Ue ® e, ~ S @ S* where S is a unilateral shift with adjoint S$*, and there-
fore each point u of the open disk D is an eigenvalue of U — Uey ® Ue, and
m(p — U)=1— |u| (peD).

Hence, we cannot expect that m(A — T) — m(p — T) will be bounded below
by some positive constant depending on 7 and 1!
Even the two dimensional case produces some surprises:

ExaMPLE 2.9. Let E, = ((()) ;) e L(CH(r > 0); then ¢, =m(E,—1) |0

as r t 0o, so that if E, — 1 = V,H,, then H, has two eigenvalues: ¢,, which is
small for r large, and r = ||E,||.

Let e, be a unit vector in the kernel of H, —¢,; then 1 ea(E, —¢,V,e,®e,)
and

[trace (E, — ¢, V,e, ® e,)| = ¢, [(V,e,, e.)] <&,

so that the second eigenvalue of E, — g, V,e, ® e, is a number y, € D such that
1 4 y,] < e,. Hence 7, is very close to (—1)!

It is not hard to check that m(A — E,) only depends on |4| and m(y, — E,)
is very close to ¢,. (In the sense that ¢, — m(y, — E,) = 0(g,).)

The following lemma is the key result of the first part of the article. Example
2.3 shows that this is the best possible result along these lines.

LemMa 2.10. Let A € L(H#) be an operator such that A ~ A and
ker([(4 — 2,)" (4 — 2)1"2 — m(4, — A)) # {0}
Jor a dense subset {,}2., of points of the complex plane such that {3,} n o(4) is
dense in a(A).
Assume that Ay ¢ o(A) and let T = )y ® A e L(Ct ® H). Given ¢ > 0 there
exists Ce A (Ct @ o) such that
ICll <&+ m(T;4) and o(T — C) = o (T) = o(A).

Proof. Let yo=m,(T; ) and let yje dd,(T) be any point such that
|20 — #s| = 0.
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Define > 9, > 92> ... > yp-1> 7= 0 so that

dH[0A.,j(T), 6A,,j_‘1(T)] =¢gl6, j=1,2,...,m—1,
and
dylod, (T), éo(T)] < ¢/6,

where dy( -, -) denotes the Hausdorff distance. (Since 4, (T) is compact, we cannot
have infinitely many pairwise disjoint open disks of diameter ¢/6 in A.,O(T ). This
guarantees the finiteness of the decreasing sequence yy > y, > 7. > ... > 7,.)

FIRsT PERTURBATION. Now we can find (inductively) u;e 84, (T) (j=:
0,1,2, ..., m—1)and p,, € 35 (T) such that |u; — u_4| < ¢/6, j~= 1,2, ... ,m. Let
; be any point of {1,} n [A.,j(T )\A.,j_l(T)] suchthat |u; — pj! <e/6, j: 0 L,2,.

Let y be the polygonal line obtained as the union of the segments i, ujﬂ],
0,1,2, ... m — 1. By Lemma 2.7 there exist a normal operator M, and a nilpotent
operator @, acting on a finite dimensional space such that yu, € 6(M,)  y and
[iMo — (Um -+ Qo)ll < &/6. Clearly, we can find a normal operator N, acting on the
same space as M, such that pyea(N,) < {;}70, nul(uo — No) == 1 and [iNo —
— M,!|< /2. A fortiori, [|[Ny — (u,, + Q)i < 2¢/3.

Let
Ho My
121 0 Ay
NO — Ha . {12
0
Um | Ams

where dim .#, = 1anddim #; =r; < oo (M;=ker (u; — No)), j=1,2,...m
Let A — pu; = V;H; (polar decomposition) and let e; be a unit vector in
the kernel of H; — m(u; — A4), j=1,2, ... m; then

A- = (M P ,
m(u; — A) Vie; ® e; ( )e}f@v{}

J
Txlg@A® ~ A @ { A‘/’}@A(w)
J=

=1
and

® { @ AP } @ A — (Jo — po) @ { -é. [m(; —A)Vse; ® )77 } ® 0 =
J:

j=1
= Ho @ @(”’ B’)’ ® A =
=t \0 A4;
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Mo . \
Y B
) (r,)
By * B,®
‘u(rm) H B(rm)
== eeeen m m @ A(0) ~
447
(r,)
A,
)
A m /
~ Ny Bo) ® A,
0 A,

Bf'r. iz

0 n

where By ~ ( m ) ) and 4, = @A;’i) .

@ i
j=1

It is easily seen that
Ko= (% — 1) ® {@1 [m(ﬂj - A)Vjej ® ej](’j) } @0
Jj=

is a finite rank operator such that ||Kol| = [1g — ol = 0.

SECOND PERTURBATION. It is clear that oo(A4;) = oo(Ad — m(u; — AV;e; ®
® e)\{w}; therefore (by Lemma 2.8) go(4;) < 4, (T). A fortiori, oo(4o) = 4, (T).
Since 0,(4p) = o(A4), it follows that ao(Ao)\A,,z(T) is a finite set.

Assume that the Riesz spectral subspace of A4, corresponding to the clopen
subset  6o(A4o)\ 4, (T) of 6(4,) has (necessarily finite) dimension &, and let 1, be
any point of ao(A;)\A,,2(T); then

Ay = (ll *)’
0 A

where 1, acts on a one-dimensional subspace, oo(4y)\ {4} = 6o(4}) < go(4y)
and the Riesz spectral subspace of A corresponding to o-o(A{)\A,,z(T) has dimen-
sion d; — 1.



298 DOMINGO A. HERRERO

Thus
By

Ao

Jo @ A® — Ky > (év" )@A(“> ~

1)
No B, 0 B

~ |° ('11 0 ) e ae,
0 \o 4=/ o

\0 0 0 Aj
where (B, By') = By.
Now we can proceed exactly as for the First Perturbation and find a point
v, € 0, (T) and a normal operator N, and a nilpotent operator Q, acting on the
same finite dimensional space such that

A N,
Vo N
N1 — Vg 0 JV‘ 3
0 . .
vﬂl ‘Mm ’

dim Ay =1 and dim A =5, < co (j=2,3,...,m), vjeA;,j(T) (=23, ...
...,m) and [Ny — (v, + Q)] < 2¢3.
As in the previous step, we can find a finite rank operator

Ki~0®0® ({(’5 [m(y; —A)ijjfj](sj) } @O(oo))@ 0 @ Q)
\j=2

(with respect to the decomposition of (1)), where 4 — v; : = W;H; (polar decom-
position) and f; is a unit vector in the kernel of H; — m(v; — A), such that

N() i *
@A —(Kg+K)~|{0 N, = |@ A,
0 0 4,

where 0 ,(A4,) ca(A4), 09(4;) =0o(4;) cA.yl(T ) and ao(Al)\A,,e(T ) == aO(A{)\AVS(T ).

It is completely apparent that the action of K; only modifies a certain number
of copies of 4 corresponding to a subspace contained in kerK, 0 ker K7 and
Ky'(ker Ky v kerK7) = 0. Hence K, + K, is a finite rank operator such that
Ky + Kol == max {[{K,|l, [Koll} = 7o.
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If there is any point Z, in ao(Al)\Ayz(T), we repeat the argument with A,.
Otherwise, we consider a point 4, € [64(4y) N A,,E(T )]\A,,S(T), etc. After finitely
many steps we shall obtain a finite rank operator C, = Ky + K; +K; + ... + K,
such that ||C,|| = y, and

N =«
lo @ A — C =~ @ A,
° r (0 B')
where
No Noy Noa . . . Ny,
Ny, Ny .o o Ny
N = N, N,

acts on a finite dimensional space, ¢ .(B’) = d(A4) and 6y(B’) = 4y

(7).

THIRD PERTURBATION. Furthermore, the above construction also yields an
operator

-1

F=(u»:+Q0)®(vm+Ql)® @(Tm+Qp)

(Qo, Q15 ..., Q,are nilpotent; Q; acts on the space of N;,j=0,1,2,...,p)
such that o(F) c do(4) and | < 2¢/3.

r
i=0

r
Hence, there exists a finite rank operator C, ~ ( @ N; — F) @0 @ 0
j<-0

such that
G = G %
2) @ A —(C, + C}) ~ Al®) ~ @ A
@ 1@ Grep= (s ) (5 5 i)
where
Hm + QO NOI N02 L . NOp
v, + O Ny - . . Ny,
G = nm+ QZ' . . N2p
0 ..
Tm+Qp

It is completely apparent that 6(G) = 6(F) = {lps Vs Toms « -+ Ty < 00(A4)
and [|C|l < 2¢/3.
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FOURTH PERTURBATION. Finally, since o, (B’ @ A©?) = 0(4) and oo(B’ ®
D A®) = 4, (T) = o(A):s, it follows from Stampfli’s construction (Proposi-
tion 2.6) and the main result of [1] that we can find a compact operator
C.5 IIC, I < ¢/3, such that

@A — G+ G (T 7)o a,

(where B is a small compact perturbation of B’ @ A() satisfies o(B) —~ ¢ (B) -
= g(A).

By hypothesis there exists a unitary mapping U : C' @ # — C! @ #) such
that T= 1o @® A = U*(Jo ® A) U. Define C = U*(C,+ C,,-+ C,)U; then
C e A (C' @ ##) is a compact operator, (T — C) = o(4) = ¢,(T) and

LCH < G+ NG+ TN < 70 + 2¢[3 + 83 == & + m (T ; A).

The proof of Lemma 2.10 is now complete.

Now we are in a position to prove Theorem 2.1. Let T e Z(#) and let
p: C*(T) — Z(s#,) be a faithful unital *-representation of the C*-algebra generated
by T and lina separable infinite dimensional Hilbert space 5#,. By using the
observations of [3] (see also [7, Section 4.4]), p can be chosen so that if A':
«= p(T) and {2,}.1 is a dense subset of C such that {1,} ndo(4’) is dense in
00(A’) == 6,(T), then ker([(4" — A)*(4" — 2)]'? — m(4, — A")) # {0} for all
n=1,2,... . (It is easily seen that m(A — 4)=m (A —T), LeC)

Given ¢ > 0, it follows from Voiculescu’s theorem [14] that there exists
K ¢ K(#), |\K'|l < ¢/3, such that T — K’ ~ T @ A, where 4 ~ A'®),

Let {4, pto, ..., i} be an enumeration of the (finitely many) eigenvalues of
T contained in go(T)\0.(T).s (€ach eigenvalue counted with its algebraic multi-
plicity); then

Uy My
Ho * Ay
T == ) )
0 Ui 4 m
To | .7, ,

where dim.Z; = 1,j=1,2,...,m, and 0o(T}) = 6o(T) N 6(T)yy. By Propo-
sition 2.6, we can find K, € #(#,), |IK,)\ < &3, such that 6o(To — Kp)) == ©
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Hence, there exists K" € #(#), K" ~ K, @ 0, such that

13}
Hy *
T— (K + K"y~ . @ A ~
0 Bm
T,
T Ae)
U @ A *
~ . @ A,
Y Hm @ A
T,

Applying Lemma 2.10 to u; @ A, j=1,2,..., m, we can construct a
compact operator K'' ~ K{"”" @ K;"' @ ... ® K;;" @ 0 @ 0¢ such that |K'"|| <
<ef3+max {m(T;u):j=1,2,...,m}and 6o (T — K) = @, where K =K'+
+ K" 4+ K" e A (s#). It is apparent that

IKI < K|+ K] + 1K) < & + max {m(T"; 1) : 2 € ao(T)}. v

Clearly, the same arguments can be used to “‘erase’’ the normal eigenvalues
of T lying in a certain region, without modifying the remaining ones. For instance,
in certain problems related with compact perturbations of operators in nest alge-
bras it is necessary to remove the eigenvalues of T'not contained in 6 .(7T) " = the poly-
nomial hull of ¢,(T) (i.e., the complement of unbounded component of C\ (., 7))
[9). Exactly the same argument as in Theorem 2.1 yields the following.

COROLLARY 2.11. Given T e L(H#) and ¢ > 0, there exists K" € A (H)
such that
(K[| < &+ max{m (T ;4) : 2 € ao(T)\0(T)"}

and oo(T — K)=06o(T)no (T)".

3. THE DISTANCE TO THE SET OF NILPOTENT OPERATORS

In [6] the author announced a general argument to compute the distance from
a given operator to a subset £ of £ () invariant under similarities, provided #
is also invariant under compact perturbations and satisfies certain “very general”
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conditions. The argument sketched in {6] can be modified to obtain an “acceptable’
formula for the distance from a given A in () to a similarity-invariant subset %
satisfying those “general conditions”, but not invariant under compact perturbations.
The results will be developed for the case when # = A7 () is the set of all nilpo-
tent operators, but they can be easily translated, e.g., to the case when # is the
set of all operators with spectrum equal to a fixed compact set or with spectra con-
tained in a fixed set, etc.

Recall that B € (BQT) (= :biquasitriangular operators) if and only if ind(A- -B): :
== 0 for all 1 € ps.g(B). (This is not the original definition, but the one that will
be used here. The reader is referred to [7, Chapter VI] for the original definition
and properties of these operators. In particular, [A () + H(H)]™ = A(H )™ -
-+ H () = (BQT).)

THEOREM 3.1. Let A € L(H#); then

(i) dist [4, /() + H(H)) = x(A), where »(A) is the maximum among the
Sfour quantities

a s max{m, (2 — A) : 2 € ps.p(A) and ind(i — A) <0, or /e o (A)},
o« = max{m ((A — A)*) : i € ps.p(4) and ind(A — A4) > 0, or /€ éa (4)],

B =min{y > 0:4,(A4) is connected)}
and
d = m (A).

(i) Furthermore, given & > 0 there exists T € [N (H) + H(H)] such that
14 — Tl = #(4), A — T (BQT), 6(T) = 0,(A) U dy,,(4) and dyfo(T), o(4) y
Ue(T)] < ¢, and m (A — T) == max {m (i — A) — %(4), 0} for all /. e C.

(iii) dist [4, A7 ()] == max{x(A4), do(A)}, where do(A) = inf{’ M’ : M € L(H#),
oo(4 — M) = O}.

(1v)

max{x(A4), fo(A)} < dist[4, #(#)] < max{x(A), max[m (4 ;) : 7 € 6o(A)]],
where
Bo(A) = min{y > 0 : the set {Aie C:m(i — A) < y} is connected).

We shall need an auxiliary result. Lemma 3.2 below has some interest in
itself and raises a related problem.

LEMMA 3.2. Let A, L € #(H#) and assume that oo{A — L) =: . Given ¢ > 0
there exists M e (BQT) such that

(i) oo(4d — M) = O,

(i) MY < |L} + e and [M} = LI,

(1ii) each component of o (A — M) contains some component of ¢ (A), and

(iv) ps.r(d — M) < psp(A) and ind(A — (A — M)) = ind(% — A) forall i e
€ ps-F(A - M)
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Proof. Let p : C*(4, L)— L(H,) (#, a separable space) be a faithful unital
*-representation of the C*-algebra C"-‘(/I, i) generated by A, L and 1,andlet B =

-—=p(/1) and S = p(i). By Voiculescu’s theorem [14], there exist K., C, e A (H#),
K|} < /2, ||C,ll < &/2, such that

A — K, = U(A @ (B™)) @ (BE)=) U*
and

L — C,= UL @ (S©)) @ (St U*,

where U is a unitary mapping from &# @ { @ (H# E,”’)}} ) { &) (Jfff,“))}} onto .
jes1 jeo1

Let {r;}?. (ro=0, r, =1) be a denumerable dense subset of the interval

[0, 1] and let N be a normal operator such that o(N) = {4 :|4] < ||L]|}. Now
we define

M= U(L ® {5 er<°°)} @ {55 er(“)}) U* + K,.
j=1 j=1

Then A — M — U[(A — I @{ ® (B — rj3)<°°>}@{ ® (B— r'jN)(“)}]U*,
j=1 j=1

so that oo(4 — M) c 0o(4 — L) = @. It is completely apparent that [[M| <

< L+ K+ G < LI+ & and ||M]] = max{|[L]l, [IS]l, NI} = [IL]l. On the

other hand, since o (M) =0 (L) U0c(S) U a(N)=0o(N)={A:|A| < |IM|} and

the normal operator N is a direct summand of M, it readily follows that M e (BQT).
Since {r;}~ =0, 1), it is not difficult to check that

o(d—M)= ) o((B—1S)®(B—1N))> UJ o (4 — L)
0gist Ogtgl

By using this equality, we can easily check that each component of ¢.(4 — M)
contains some component of g,(A), the left essential spectrum o,(4 — M) of
A — M contains o,,(4) and the right essential spectrum o, (4 —~M) of A—M con-
tains 6,,(4). Thus, ps.p(4d — M) < per(4).

Assume that A € psp(4 — M), but ind(2 — A) # ind(A — (4 — M)); then
the stability properties of the index imply that iedo ((B— 15) @ (B — N))
for some 7, 0 < T < 1, whence we conclude that A — (4 — M) cannot be semi-Fred-
holm, a contradiction.

Hence, ind(A — (4 — M)) = ind(A — A) for all A € ps.g(4 — M). 7
Lemma 3.2. and Theorem 2.1 suggest the following.

CONJECTURE 3.3. Let A, L e L(#) and assume that oo(A — L) = 0. Then
given ¢ > 0 there exists K € A () such that o9(A — K) =0 and |K|| < ||L|| + .
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Proof of Theorem 3.1. (i) and (il). The formula dist[d, A (H) + H(H)} -
== %(A) is the content of {6, Proposition 4.2]. In order to prove (ii) it suffices to
modify the approximant T obtained there.

Let p :C* (A) — ZL(HH,) (H, separable) be a faithful unital “-representation
and let R == p(A) By Voiculescu’s theorem given #,0 <5 <g¢, there exists

K, e A (), . K,|| < n, such that 4 — ~ A @ (RN @ R; furthermore (as
in the proof of Theorem 2.1) we can a]so assume that nul(f(4, -- R)* (4, -- R)]\*—
— m(%, — A)) = oo for all /, in a given dense subset {1,}%2., of the complex plane.

If R--24,:=V,H, (polar decomposition) and {r,}3>, is a dense subset of

the interval [0, 1], then we define

- & 5_;1 (2 + Vi(H o A)}

nef

(acting in the obvious way in the space of (R(®))©), so that [[((R©))() - T,z
= supry(A) == x(d)).
Let N be a normal operator such that o¢(N) = {1 :'A < %(A4)} and define

T, = R — N (acting in the space of the last direct summand R).
Clearly, we can find Te #(#) such that T — K, > A® T, @ T, and

4 — T} = max{[i0fl, (R - Tyj, iR — Tpit} = (A).

Applying the results of [6, Section 2]to T3, we see that A @ T, e [A(H) -}
+ A ()]~ and 6 (4 ® T) = 6(A4) U 4,(4,(A); moreover, since a(Ts) < 0(R),,,<
c o(R)Ud,,(A) =0,(4 @ Ty, it readily follows that T~ A DT, ® T, -
<+ compact also belongs to [A(#) + H#(#)]~. Thus, T is an approximant for A
in [#(H)+ A ()]~ and o (T) =0 (4D T) U (T:) = a(4) Ud,,(A4).

Since ||4 — T|| = x(A4), it is immediate that m (A — T) < max{m (4 -- 4) -~
— x(A), 0} for all A e C. But the definition of 7; makes it apparent that this inequa-
lity is actually an equality! (Recall that {1}~ == C and {r,}~ = [0, 1].)

On the other hand, 4 — T ~ 0 & {e-) ® .S',,k} @ N©) where |'S,.!' < »#(A)

el ke

for all # and k. Since N is normal and o(N) = {1 :|}| < %(4)}, it readily follows
that 4 — T e (BQT).

Finally, since # can be chosen arbitrarily small, the upper semicontinuity of
separate parts of the spectrum (see, e.g., [7, Section 1.1], [10}) implies that  can
be chosen so that dy([6(T), o(4) U (T)] < &.

(iii) If !4 — B|| < 84(A4), then o¢(B) # 0 and therefore B cannot be a limit of
nilpotents [7, Theorem 5.1]. Hence, the distance from 4 to 4 (3#) cannot be smaller
than dy(4).

On the other hand, it is completely apparent that this distance cannot be
smaller than dist[4, 4 (5#) + H#(#)]. Hence (by (i)),

dist[4, A ()] > max{x(A4), do(4)}.
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Assume that oo(4 — L) = @, ||L|| < do(A) + ¢, and construct M asin Lemma
3.2 such that go(4 — M) = @, |[M|| < 6¢(4) + 2¢, each component of ¢ (4 — M)
contains some component of ¢.(4), ps.r{4d — M) = ps.r(4) and ind(A — (4 — M))=
= ind(1 — A) for all 1 e p,.p(4 — M).

Define K, (0 < 5 < ¢), R, Ty and T, as in the proof of (i} and (ii). Comparing
that proof and the proof of Lemma 3.2 it is completely apparent that we can find
an operator

To':'—(A—M)@Tl(‘BTz‘{"Cm

where C, = K, @ 0 @ 0, such that 6o(T,) = @, Ty € (BQT), 6 (7o) is a connected
set containing the origin (so that Ty € A°(#)~ [7, Theorem 5.1]) and

A—Ty= M@ {(R) — T} @ (R — Ty,
so that

|4 — Tl = max{||M], |4 — T} = max{6o(4) + 2, x(4)}.

Since Ty € A ()~ and ¢ can be chosen arbitrarily small, we conclude that
dist[4, A4 (#)] = max{x(4), 6o(A4)}.

(iv) The inequality x(A4) < dist[4, #(5#)] is a trivial consequence of (i)
and the inequality dist[4, #°(#)] < max{x(A4), max[m(4 ; 2) : A € 0o(4)]} follows
immediately from (iii) and Theorem 2.1.

On the other hand, if ||[4 — B|| < B4(4), then it follows from the upper semi-
continuity of separate parts of the spectrum {7, Section 1.1] that ¢(B) is a discon-
nected set and therefore B ¢ A ()~ [7, Theorem 5.1].

Hence, dist{d, /()] = Bo(A).

The proof of Theorem 3.1 is now complete. i
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