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EVERY C,, CONTRACTION WITH HILBERT-SCHMIDT
DEFECT OPERATOR 1S OF CLASS G,

KATSUTOSHI TAKAHASHI and MITSURU UCHIYAMA

1. INTRODUCTION

According to the theory of Sz.-Nagy and Foiag [5], the most natural genera
lization of the theory of the minimal polynomial for a matrix of finite order is deve-
loped for a contraction T of class Cy; there exists a non-zero analytic function
u(4) in the Hardy space H® such that u(7) == 0 and the spectrum of T in the open
unit disc coincides with the set of zeros of the function u(1). Each contraction T’
of class Cy is of class Cyg, that is, 7" — 0 and T#" — 0 strongly as n — co.

An important example of a contraction of class Cy is any contraction 7" of
class Cyg, Which is a weak contraction in the sense that it satisfies the following two
conditions (see [5, Chapter VI111]):

(i) the spectrum of T does not fill the unit disc, and

(i) the defect operator D= (I—T*T)/% is of Hilbert-Schmidt class, i.e.
tr(l -~ T*T) < oo.

The main result of the present paper is that, for a contraction of class Cy,
(i) is a consequence of (ii). In this connection we remark that tr(/ — T%T) < oo
can not be replaced by tr((1 — T%T)?) < oo for any p > 1. Then we apply the result
to obtain various characterizations for a contraction 7, for which 7%" —- 0 and
tr({ — T%T) < oo, to be of class Cy. As another application, we present a charac-
terization for a hyponormal (i.e. 7#T > TT¥) contraction to have no non-trivial
normal direct summand.

2. CONTRACTION OF CLASS Cy,

A contraction T, i.e. ||T]] < I, on a separable Hilbert space is said to be con-
pletely non-unitary if it has no non-trivial unitary direct summand. Sz.-Nagy and
Foias [5] developed a H*-functional calculus for each completely non-unitary con-
traction, that is, there is a weak*-weak continuous (multiplicative) homomorphism,
u(2) —» u(T), from the Hardy space H* on the open disc D= {A:|A] <1} to the
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weakly closed algebra generated by T that is an extension of the usual functional
calculus with polynomials. Then T is said to be of class Cg, in short T € C,, if the
homomorphism is not injective, that is, #(T) = 0 for some non-zero function u(A).

To each completely non-unitary contraction T there corresponds its charac-
teristic function @4(4); it is an operator-valued H*-function whose values are
contractions from 27, the closure of the range of the defect operator D, to ¥ys,
the closure of the range of Dgy+. We refer the detailed theory to the mono-
graph [5], but let us cite here only the following important result
[5, Chapter VI, Theorem S5.1]: for a contraction T of class Cy, u(T): =0
for some non-zero H®-function u(2) if and only if wu(A) is a scalar multiple
of @r(4) in the sense that there exists an operator-valued H®-function A(4)
whose values are bounded linear operators from 27« to @5 such that

A(R)O () := u().)I@T and OpA)A(L) == u().)I_@T- for 2eD,

where IQT and I_@T* are the identity operators on &, and 27« respectively.

A contraction T is said to be of class Cy., in short T € Cy., if T" — 0 strongiy
as n— oco. T is of class C,., in short T€C,., if infT7h|] > 0 for all non-zero A.
The class C.o and C.; are defined by using T instead of T. For a, B == 0,1, T'c C,
means that Te C,. and T eC.; simultaneously.

For other general definitions and results of operator theory we refer to the
monograph [5].

THEOREM 1. If a contraction T is of class Coy and the defect operator Dy is
of Hilbert-Schmidt class, then T is of class C,.

Proof. Let us consider first the case when the point spectrum o (T) of T does
not fill the open disc D. A proof for this case can be derived from a general result
of the previous paper [6] of one of the authors, but let us present here a simpler
version adapted to the present case. Since the M&bius transform (7 — af) (I —aT) —?
for any fixed « € D does not change any situations (see [5, p. 240]), we may assume
0 ¢ ,(T). Since Dy is of Hilbert-Schmidt class, the identity

I (T* f@T@,) Or(L) = D} < AD; T3 — AT*)~' Dy

shows that 7 -+ (T% @r«)Or(2) is of trace class for 2 eD, and we can define
the determinant

6(2) = det((—T% Dr:)Op(4))
as a function in H®. Since 0¢a(T) and tr(/ — T*T) < co imply that T°T is
invertible,

0(0) —= det(T*T ' 27) # 0,
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so that 6(4) is non-zero. According to Bercovici and Voiculescu [1], there exists an
operator-valued H*-function A(41) whose values are contractions on 9y such that

A (T* | D1)O1(2) = 6(W)lg, for AeD.

Since @y(e') is unitary for almost all ¢ because of T e Cy (see [5, Chapter VI, Pro-
position 3.5]), we have also

Or(l) - A(D) (T* | D1+ = 6()Ig,, for AeD.

Therefore 6(4) is a scalar multiple of @1(4), which is equivalent to T e C,.

Let us prove next, by contradiction, that the assumption of the above case
is really satisfied. Suppose that ¢ (T) fills D, and let . denote the closed linear span
of {ker (T'— AI) : 0 # AeD}. Then . is an invariant subspace of 7, different from
{0}. Let T; be the restriction of T to .. First, since the restriction to an invariant
subspace does not affect the Coo-property, T, is again of class Cyo. Next, I, — 77T,
is of trace class, I, being the identity operator on .#, because

te(l; — Ty T) < tt(l — T*T) < oo.
Since

= A~YTh=A-T\h for 0 # AeD and h e ker(T — il),
T, has dense range by the definition of ., so that 0 ¢ o (77). Now the identity
(I — TlT{::)Tl = T(h — T;.::Tl)

implies that the selfadjoint operators J; — T,77 and (I, — T7Ty) | (ker Ty)* are
unitarily equivalent (e.g. [2, p. 82]), hence I, — T,T5 is of trace class. Then it
follows from the already proved case that 7" is of class Cy. Therefore the spectrum
of T¥ in D is discrete, which contradicts A € o (Ty) for all non-zero 1€ D. This
contradiction proves that the point spectrum ¢ (7') does not fill D. 7

Let us show, by an example, that the restriction tr(/ — T%T) < oo in The-
orem 1 can not be replaced by tr((/ — T#T)?) < oo for any p > 1.

Consider an orthonormal basis {e,}2, of a Hilbert space, and let T be
a unilateral weighted shift defined by

Te,., =o,e,, Wwhere o, =1 —(n+D"YL n=12,....

(o] n

Obviously T is a contraction of class C.o. Since ¥ (1 —a,) = oo, [[ o conver-
n=0 k=1

ges to O as n — oo, which implies 7" — 0, hence T is of class Cyy. Finally since
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{e,} is the complete system of eigenvectors of I -- T*T with the system of eigen-
values {1--a2}, for any p > 1

te((I — T*T)?) < 27 Y 7P < oo
21

n

But it is known (e.g. {2, p. 158]) that the spectrum of T fills the whole unit disc.
hence T is not of class C, .

3. CONTRACTION OF CLASS C.o

Here we present a reformulation of Theorem 1 in the form of equivalence of
various conditions for a contraction of class C.q.

THeoREM 2. Let T be a contraction of class C.o such that the defect operator Dy
is of Hilbert-Schmidt class. Then the point spectrum of T does not fill the open unit
dise, and the following conditions are mutually equivalent.

(1Y Tis of class Cy..

(2) Tisofclass C,.

(3) ind(T) =: 0.

(4) T — U -i- K for a unitary operator U and an operator of trace class K.

(5) The planar Lebesgue measure of the spectrum of T is zero.

(6) T is a weak contraction.

Tl T12

Proof. Let T:: (0 ) be the triangulation of 7 of type (C'"’ C )
10

(see [S, p. 73]). Then since the defect operator Dy, is of Hilbert-Schmidt class, 73
is of class Cq by Theorem 1. Since the point spectrum o (T3) is empty, ¢ (7T) is in-
cluded in ¢(T;). This shows that a(T) is at most countable. (For a completely non-uni-
tary contraction T, ¢ (T) does not intersect with the unit circle.)

We now show the equivalence of the above six conditions. The equivalence
(1) <= (2) follows from Theorem 1 and the properties of operators of class Cy men-
tioned in Introduction. (2) = (3) follows from index theory of Fredholm operators
(see [3, Chapter 5]). To see (3) = (4), let T-= V' T be the polar decomposition of
T, thatis, T +=(T*T)/? and V is the partial isometry with initial space range (7°%)
and final space range(7") (T being Fredholm). Then (3) implies that ¥ can be re-
placed by a unitary operator U. Since the assumption tr(/ — T#T) < co implies
tr({ - T) < oo, the operator K:-: —U(l — T') meets the requirement of (4).
Since ¢ (T) is at most countable, (4) = (5) is clear. And (5) = (6) is trivial. Finally
(6) =» (2) follows from the Cy — C,;; decomposition for weak contractions (see
[5. p. 331)D. “

COROLLARY 3. Let U be a unitary operator and K an operator of trace class. If
T: U 4 Kis a contraction, then T" — 0 is equivalent to T#" — 0.
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4. HYPONORMAL CONTRACTION

Recall that a hyponormal operator T, i.e. T*T > TT*, is said to be completely
non-normal if T has no non-trivial normal direct summand. Putnam [4] proved that
every completely non-normal, hyponormal contraction is of class C.,. We shall
show that a better description of completely non-normality can be given in case the
defect operator Dy is of Hilbert-Schmidt class.

THEOREM 4. Let T be a hyponormal contraction such that the defect operator
Dy is of Hilbert-Schmidt class. Then T is completely non-normal if and only if T
is of class Ci,.

Proof. Since, for a normal contraction N, the conditions Ne C.;, and N e C,,.
are equivalent, the assumption 7 e C,o excludes the existence of any non-trivial
normal direct summand.

Suppose conversely that T is completely non-normal. Then by the theorem of
Putnam mentioned above, T is of class C.o. Let 77 be the restriction of T to the
invariant subspace . := {h: T"h — 0}. Then T, is a hyponormal contraction of
class Coo, and I, — T7T, is of trace class. Then according to Theorem 2, the planar
Lebesgue measure of the spectrum of T is zero. On the other hand, according to
the area theorem of Putnam (see [2, p. 294]) the planar Lebesgue measure of any
non-normal hyponormal operator is positive. This leads to the conclusion that
A4 = {0}, or equivalently T is of class Cy. 7%

The authors wish to thank Professor T. Ando for many helpful discussions.
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