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COMPACT OPERATORS IN THE ALGEBRA OF
A PARTIALLY ORDERED MEASURE SPACE

JOHN FROELICH

In [1, p. 498] Arveson conjectured that alg L(2*, <, m,) contains no nonzero
compact operators. By establishing a general result about the lattice of invariant
subspaces of a compact operator, we show that both alg L(2*, <,m,), (0 <p < 1),
and alglL(2%, <) contain no nonzero compact operators.

Throughout this paper (X, Z, u) will denote a probability measure space.
If B € ¥ we shall denote by Py the projection on L3*(X, X, u) induced by B.

Lemma 1. Let {B,} be a sequence of measurable sets such that for each sub-

sequence {B,,i}, ;L(U B,,i) = 1. If fe LMX, Z, u) satisfies lim infS |fldu = 0 then
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Proof. Suppose lim inf S]f]dy = 0, and pick & > 0. Then there is .
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sequence {n;} such thatg Iflde < €/2'. Since p (U B,,i) = 1 we have that
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Therefore Slfldu =050 f=0a.e. [u].
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LEMMA 2. Let {B,} be a sequence of measurable sets such that for each sub-

©0
sequence {B,,i}, u( N B,.i)= 0. If {f;} is a sequence in L¥X,ZX,p) such that

i=1

support(f;) < B, for some subsequence {n;} and f, il f then f =0 a.e.[u].
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Proof. Since f; — f we can extract a subsequence, also called «rfil which we

may assume converges pointwise to f. Set £ = ﬂ By, and F - ubA From

u(Ep) -2 0 we obtain u(E)=~=0. Suppose x ¢ E. Then there is a subscqucnw
{B,, } such that x ¢ B,, for each i, . This gives f, (x) 0. Since f;{x)— flx) we

«.ondudc that f(x): : 0. Sof == 0 a.c. [ul.

THEOREM. Suppose {B,} is a sequence of measurable sets such that for each
(=] oo
subsequence {B;,L,}, u ( U B,,i) =1 and p ( M B”:) =0, If KL¥X, X, ) —
i=:1 i1
- L3(X, X, ) is a compact operator and P g, ¢ Lat(K) for cach n, then K : - C.

Proof. Let fe L3(X, Z, 1) and consider the sequence {PBRK*ﬂ. We have
P, K*fll < 'K* fi and since K is compact we can find a subsequence {7,} such
n
that KPEniK*f converges. Since P, e Lat(k),

7

support(KP, K*f) < B

i

Hence by Lemma 2, KP, K*f — 0. Therefore (KP, K%, [} -0 so (Pp K*f,
K*f) - 0. Whence (,‘K*f{zd,u — 0. Lemma ! now gives K*f: 0. Thercfore

o

B
A

-0, and so K=:0.
As an immediate consequence we have

COROLLARY. Let (X, <, p) be a standard partially ordered probability measure
space and {B,} a sequence of decreasing Borel sets such that for any subsequence

" B, }, u ( U B, ) =1 and (n B”i) =2 0. Then algL{X, <.p) contains no
i

FONZEr0 COmpact operatrors.

For the partially ordered measure spaces (2%, <.m,), 0 <p <1, take B,
= {x:x,:=0} forn=-1,2,....Itis an easy measure-theoretic exercise to verify

<o oo
that if {B,} is a subsequence then ’”p(U B,,i) =] and m,,( N B,»,i): :0. There-

io=1
fore alg L(2®, <,m,) contains no nonzero compact operators. Similariy, by
taking B, -= {x : x,, = 0}, we can show that algL(2%®, <) contains no nonzero
compact operators (here (2%, <) denotes the even partial order on 2°°). This setties
Arveson’s conjecture [1].
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