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ON MULTIDIMENSIONAL SINGULAR INTEGRAL
OPERATORS. I: THE HALF-SPACE CASE

ROLAND DUDUCHAVA

INTRODUCTION

Fredholm properties of a multidimensional singular integral operator
(equation)
©.1) A9() = a0 0(x) + S 2= 60) dy = f(),

A lx — ¥l
xe R"™ = R+ xR*-1, R* = [0, 00), is investigated when ¢, fe LY(R"*) (1 <p <
< ©0); in particular, criterion for the existence of left and right regularizers (of left
and right inverses) are obtained (cf. Theorems 2.7—2.8).

Those results will be used in the second part of the paper for the investigation
of systems of multidimensional singular integral equations on a compact manifold
with boundary in vector Sobolev-Slobodeckii spaces.

Most interesting in § 1, which deals with auxiliary propositions, is Theorem 1.4;
it shows that Calderon-Zygmund (cf. [4,5]) and other similar theorems on the
boundedness of the operator (0.1) in L,(R"*+) space is valid also for the space with
weight L,(R"*, x7); the weight x¢ is not pointwise here (as in Stein’s Theorem;
cf. [22]).

Besides the interest of its own singular integral equations play an important
role in mathematical physics, mechanics and boundary value problems for the
partial differential equations (cf. [8, 13, 18—20, 22, 24, 26, 30, 32]). It is impossible
to observe here all results, obtained earlier on this subject and we refer to books.
{8, 13, 18, 20—22, 32]). We mention only a few results closely related to our inves-
tigations. '

Classical theory of multidimensional singular integral equations on mani-
folds without boundary were developed by Tricomi, Michlin, Calderon, Zygmund,
and others (cf. [22]); later Simonenko [31] treated the case of a half space R"* and.
of a compact manifold M with boundary M # (J, but operators were investigated
in the space LY(R"*) and LY(M) (cf. also [13, 24, 26, 27]). Simultaneously with
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Simonenko, Wisik and Eskin (cf. [13]) treated the case of Sobolev-Slobodeckii
spaces HY( M), OM # @ and used obtained results for the investigation of boun-
dary value problems for partial differential equations.

There was one more attempt to investigate operators (0.1) in LY(R"") and
in Sobolev-Slobodeckii (H*P)M(R"*) spaces (cf. [29]); but the author made mis-
takes (proofs of Corollary 2.3 and Theorem 6.1 fail); nevertheless the reduction
of the matrix-case N > 1 to the scalar one N =1 can be carried out as in [29]
(obtaining more precise asymptotics (2.7) instead of Corollary 2.3) and we follow
this line here; instead of Theorem 6.1 from [29] we prove below Theorem 2.12.

Concerning Theorem 1.4, we do not need it here, but besides the interest of
its own it can be used together with Theorem 2.12 for the investigation of the ope-
rator (0.1) in weighted spaces LY(R"*, x3). Besides Stein’s Theorem, where the weight
function x;* is considered, recently appeared papers (cf. [7,9]) dealing with much
more general weight functions than 'x,|* and !x'%; but singular integral operators
have bounded and sufficiently smooth characteristics there (cf. also [25]).

I am indebted to Prof. E. Meister for stimulating conversations concerning
the paper.

I am indebted to Mrs. C. Karl as well, whose help in preparing the manu-
script was invaluable.

1. AUXILIARY PROPOSITIONS

1°. NOTATION.

% — end of the proof.

R'=:Rx ... X R, R=(—o00, co).

R™ = R* X R""1, R+ =0, co).

[s] —— integer part of a real number s € R.
n o 1/r def .., . . .

&, - (}J Ack:') G (G E)ERY),
E1

‘a = (62’ ce ey fu) (6 = (él’ LU ] é‘n) € R”’ é == (él) 6’))‘
S"-1:=:{0:0eR" 10, -= 1} — unit sphere in R~

ki
) o
Dk '-'T—T (,\::“-(kl, ..-,k,,); XGR").
cx,1... ¢cx.n
n
. k k k
xkeaxpoxe o xn (xeRY k=(ky .., k).

—

& and F -1 — Fourier transforms.

, . ) 1 )
Fo(t) ==\e" () dé, FW(E) = ——\e “EY(r)dr,
(2m)"
R”
1:EER”5 t'é = Z tkék‘
k=1

n

R
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,4/7,1_.51 — partial Fourier transform.

F it 0(8) = S i, £)dy (€= (G, E) e RY).

- 00

Z(X,, X3) — space of all linear bounded operators between the Banach
spaces X; and X,.

def

L) 2x, x).

S(Xy, X;) — space of all compact operators from Z(X;, X3).
d=f
S(X) = &(X, X).

supp @ — closure of the set {&: a(&) # 0} for a function a(£), £ e R” (support
of the function a).

C(R") — algebra of all infinitely differentiable functions on R” with compact
supports.

P, — restricting operator P,,@(t) = @(t)R™.

I, — extending operator (right inverse to P,.) L.0(t) = (1) if te R"
and L ,o(t) =0 if te R"™\R"* for ¢(t) defined on R"*.

1
X () = e (t) = -2-(1 +sgny) (t=(...L)eR, k=12,...n).

H(R") — algebra of homogeneous (of order 0) functions a(i€) = a(&) (1>0,
£e RY).

HC™(R") — algebra of homogeneous (of order 0) functions, having continuous
derivatives Dfa(0) for all |k|, < m on the unit sphere S"~1.

(HC™)N<N(R") — algebra of matrix-functions a(£) = [|a;(&)[|}k=1 with entries
a;, € HC"(R").

diag(ay, ..., ay) e la;0; k-1 (8;c — symbol of Kroneker).

. def .. 0. g, [ )
diaga” == diag(a,’, a,’, ...,apy) (a=(ay, ...,ay), 0= (04, ..., 08)

I

1/p
L,(M, p) — the space with norm ||¢||,, = (S lpei? du) , where du is

certain measure on M.
LY(M, p) — the space of vector-functions ¢ = (@4, ..., @,) € L, (M, p) X. ..

N 1/p
XL, ol = (% eilta)
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H*"(R") — Sobolev-Slobodeckil space, defined as the closure of CP(R?) with
respect to the norm

1/p
!f(pllsp:(g FHU e E0ra), 1 <p<ooseR

R'l

H{P(R™) (H"(R"7)) — subspace of H*?(R"), obtained by the closure of the
set of functions ¢ € CP(R") with supp ¢ < R™ (supp ¢ = R*~ : - R™\R"*, res-
pectively).

HP(R™) — the factor-space H*"(R"*) &I H*?(R")/H§"(R™™).

For s < 0 the space H**(R") contains non-regular distributions, but for

no, . . .
s >2 it is a Banach algebra (Peetre) and all functions there are continuous

(Sobolev); the norm in the space H*3(R") (s > 0) can be defined also by the equality

"Dk 1. — Dk 2 12
lol, = (S lp(tyzdt - Y, S dyS _Dio(x +-y) — Dio(x):? dx) i
‘Kt am

|4y 8+ 22
K B
R" Rll RII

where s = m -+ 2, 0 < 2 < 1 and m is an Integer (cf. [12, 30)).

H**(M) -— Sobolev-Slobodeckii space on a r-smooth »-dimensional com-
pact manifold without boundary (—co < s < oo, | <p < oo, r >'s) defined

as follows: we choose a finite covering U, ..., U, of M (U U= M) and ho-
J=1

meomorphisms »;: U} — U;, where U]« R” is an open set; let yy, ..., ¥, be the par-
mn
tition of the unity on M, subjected to this covering (i.e. }, y;(1) = 1, supp ¢; = U;

joot
and  »W(x) = ¥;(#(x)) e C"(UP)); suppose the transformation s : ;%"
(2 UPNU) > UPnUY if U)nU}# @) belongs to C(UPNUJ) and the
Jakobian D, ;(x)! # 0; the norm in the space H*”(M) is defined by the equality

ity = (X, 5 )1t

je1

the definition depends obviously on the partition of the unity, but it can be proved

(cf. [1, 17, 20, 34]) that different norms defined by the different partitions are
equivalent.

H""(]rl), Hg”(]f/[) — Sobolev-Slobodeckii spaces on a compact manifold M

with boundary &M #@, defined as in the previous case but with the help of spaces
HP(R"*) and H{P(R™).
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It is known that Hy(M)< H*?(M), HY(M) = H?(M) = L,(M), H(M) ==
== L,(M) and Hg”(]f[) == H‘P(]t7[) for 1/jp — 1 < s < 1/p; conjugate spaces are
(HP(M))* = H™"(M) (—oo<s< oo, p' = p/(p — 1)) and (H**(M))* = Hy*"(M),
(H*"(M))* = H="(M); for an integer m the space H™?(M) consists of all func-
tions ¢(x) having p-summable partial derivatives D{p(x) for all |k|,; <

C"H*"(X, M) — the space of functions b(x, &) (xe X < R/, éeM < R7,
m=0,1, ..., 00) which have the property: all derivatives D¥b(x, &) = b, (x, &) €
€ H*P(M) and are uniformly continuous

lim ||b(x, - ) — (g, - Mlsp =0

Tox
(]

for all k|, < m and xoe X (xo& XU {co} if X is not compact).
CH*(X, M) & COH*?(X, M).

2°. SINGULAR INTEGRAL OPERATORS. Consider the (multidimensional) singular
integral operators of the type

(L.1) Ap(x) =S

n

Q%L_,;K)— o) dy,

=

R
where Q(x, &) are measurable functions Q(x, A8) = Q(x, &) (4 > 0; ie. Qx, )e
€ H(R") for all x € R"); the function Q(x, &) is called the characteristic of the
operator (1.1).

THEOREM 1.1. (cf. [22]). Let r > —1/2 (r >0 or r > (n — D (1/p —1/2));
l<p<oo, p=pllp—1) and:

a) S Q(x, 6)do = 0,
Sn—l
b) Crs= N ess sup | DEQ(x, - Nlgregn-1, < oo.

el < Usll+1 xer®

The operator (1.1) is bounded in the space H“’(R") for p =2 (for 2 < p < oo

and for 1 < p < 2, respectively) and || Al| PR < C-C,,, where C is a constant,

independent of Q.

THEOREM 1.2, (Caldéron-Zygmund; cf. {4, 22]). Let Q(x, i) = Q(x, &)
(A>0; x,(eR") and:

a) Q(x, 6) d§ = 0,

sll—l

b) ¢, == SUp. 12(x, )n sy < (l<p<oo, p';—_-_ﬂp___).
xeR" p—-—l
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The operator (1.1) is bounded in the space L,(R") and |All, < C- C,, where Cis a
constant, independent of Q.

THeEOREM 1.3. (Caldéron-Zygmund; cf. [5, 22}]). Let Q(x,¢) = Q&) =
=QU1-& (2>0,¢(eRY and:
a) Q(6) do -= 0,

-
g1

b) 121, -3, < 00 n* @, g, < 0o,

where Q(0) = Q(0) + Q(—0).
The operator (1.1) is bounded in the space L,(R") for all 1 < p < oo.

Now we prove the following

THEOREM 1.4. Let (1.1) be a bounded operator in the space L(R") (1 <p < o0)
and 1Q(x, - Yl e HR") for all xe R". If

1/p
K, == sup (S Q(x, B)¥ d()) i < 00,
xeRrR”
s

-1

then the operator (1.1) is bounded in the space L,(R", |x,|°) for —ljp <a <1 —1/p
and || All, < C(14ll, + K,).
If Q(x, &) = Q) and

K=\ €(0){df < oo,
SII--l
then (1.1) is a bounded operator in L (R", x,j*) and? ||A|l,, < C(|A}l, -+ Ky).
Proof. Assume first Q(x, &) = Q(¢£) and

1
(1.2) ——<a<0.

p
It obviously suffices to prove the boundedness of the operator
S(:yﬂﬁ — [x,f) Q(x — y)

lx — yi"

Bo(x) = -

" ¢(») dy
1

RI!

in the space L, (R"), where f = —a (due to the boundedness of A in L,(R").

1 This theorem is a multi-dimensional analog of Babenko-Chvedelidze theorem

(cf. [6)).
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Introducing a constant 0 < § < 1 and using the Hdélder inequality we get

1Bo(x)] < EL(S lpMIPIQ(x — Y] 131]” dy )lm y
alfA) e — i — gl

R’l

x (S 2(x — )l dy ) -
x = " Iy = P [l
R

— _91,4( S le(MIP 1R(x — )| 1y,]°" dy )“” y

il x — yI" 1x, — 3l
Rll
(1.3) X ( S vy — x| dy S 2 — )l dy’ )’ <
BAke x — y”
— 0 Rn—l

) (Q_S lo)IPA0x — Pl dy)w x

X8 x — yI"ixg — ol
R"

X1

% ( S dy, S 1Q(1, &) d¢’
by — X178 )% s (1 4 &

—oo R

+ S dy, S (=1, &) de:')w
lyy — X118 |y |9 1+ |&12y"2
x1 R

because | |x;1# — |31lf| < |x; — ¥/ and we changed the variables &' = (&, ..., &),

g = SN
X =N

[Q(xy — 1, X" — Y =12 (sgn (x; — »), £))).

Consider now the homeomorphism of the space R"-! on the semi-sphere

St ={0=(0,,0)e §""1:¢0, > 0} defined by the formulas

(k = 2, ..., n; due to homogeneity of |[2(f)] we have

1.4 — . £ . ék ( — . ' :V 4 2)
14 9, R 0, & k=2,..,m r(&) 1+k§2¢k,
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where ¢ == -1 (inverse mapping is given by formulas &, = 6,/0,, k= 2,3, ..., n).
We easily obtain from (1.4)

(1.5) o _pe_ &) =@
| (E)E).

To change the variables in (1.3) we must find the relations between d&’ and d0;
let’s choose for this purpose the partition of R"~! by the curves

r(¢") == const, n — 3 coordinates of & = (&, ..., ¢,) are fixed;
Eompt (k=2,...,0; —oc0 <t < oo).

Using (1.5) we calculate the ratio of distances between two points across these

curves and their images on the sphere $”-! when these points are converging to

one; we get

)

lim —’—‘0 = = —1;— for r(¢') = const,
&= )

. 9 — @

lim Sl S for & = y;

Zag 1€ —=¢8 rA(d)

ad _ [_1__]"‘2._!__ 1
d¢’ (&) &y @)
Using the obtained formula we get
S Qe &) dE S 1Q(e, &H1de"
) (U ey ()

hence

Rn~1

(1.6) - S 10, 16,]-10)] d6 = S (6)1 d6 <

n—1 n—-1
Sg Sg

< S 1Q(6)] d6 = K,.

s 1

Due to (1.3)

lo(NIP1 Q(x — )i 111°7 dy ) o

Bo(x)| < (
= 'mﬁ X — I ixy — | P

R

oo
Y 10
Iy — xﬂl_ﬂ (3,1 lx lﬁ/p+6
—

x ( S PP 190 — ) ipl* dy )1“’

X — yI" |xy — ;|7

n
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because
( dy . B B
(1.7) S - = Cylxy[f-%", p—" ="
2 [y1 — x|t % o p V4

if 1 —f8+3dp > 1. Hence

Bo()I? dx < CKI™ S 2 lo(I dy X

n

R R"

% S [, — »|? dx, S 1Q(x — y)| dy’ <

tn

x| B+0P lx — !
—_ 0 R
2]
plp’ op p dx,
< GKYP\ Inl lo(p)IPdy 3
[xg |07 |y — 3|18
R" -0

n

x " 120y o = C4Kf/p'+ls eGP dy,
R

sh-1

because

(1.8) dx ~ Gyl
1X,18%% x; — yy|1=8

if 4+ dp < 1; we used also the inequality (1.6).
We will be done with the case (1.2) if we prove the compatibility of inequali-
ties (cf. (1.7)—(1.8))

0<d6<l, 1—=B+ép'>1, B+dp<l;
but they are compatible, because f = —a and 0 < f < 1/p holds (cf. (1.2)).
Let now
0<a<1—L=~1— (——17<—a<0);
p p

consider the conjugate operator

Q%(x —

Ix —

A"‘l//(x)=s y) Vo) dy, QK = A=)

Rll

4 - 1511
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in the conjugate space L,(R", 'x,!=%); in virtue of the proved part of the theorem
A% is bounded and hence, A is bounded in L,(R”, |x,|®).

There remains to prove only the first part of the theorem (case Q(x, &) #
# Q(8))-

Assuming again (1.2), instead of (1.3) we write

10 3| dy )“" o
X — y"ix, — pi~?

1
B I =~
{Bo(xy) Ix (S

xi#
n

R
! — \p’ i/p’
X(S__ Q(x — y)irdy ) ¥ <
[x — yI" 1%y — |8 Il%
RIJ

<.l (S i0(»)1? [3:1°° dy )1/,, 5
ba? X =y — ) h
Rﬁ

(-]
x( S by xl iy S 120, 1, )P &2 )W;
bt ner” (1 4 |&pyme
®© R
the remainder is the same as in the considered case. v

From Theorems 1.2—1.4 it immediately follows:

COROLLARY 1.5. If conditions of Theorem 1.2 (of Theorem 1.3) hold and —1/p <
< a < | — 1/p, the operator (1.1) is bounded in the space L, (R", |x;;%).

3°. INTEGRAL CONVOLUTION OPERATORS. Let a(§) e L (R") and
(1.9) Wi =FaF o (¢eCPRM);

by M,(R") denote the algebra of all (multipliers) a(£) for which W admits the con-
tinuous extension to the space L,(R") (I <p < o0). By m,(R") denote closure of
the set ) M,(R") with the norm jja||$ =} Wgl|,.

r¢ (o p)
HmyR") = m,(R") n H(R").
If a(x, &) € m,(R") depends as well on the variable x e N, the operator will be written
as Wi, o; if suplla(x, )| = supl|Wis, 4|, < oo, we write a(x, &) € Lom,(N, R")

{xe N).
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The operator (1.1) represents the example of the operator Wg, ., where

e Q(x, 1) dr

(1.10) a(x,é)zg
le]”

n

R

(cf. [22, 31]) and a(x, &) e HM,(R") if (1.1) is bounded in L,(R"); a(x, &) is called
the symbol of (1.1).

THEOREM 1.6. (cf. [29]). Let Q(x, &) = Q&); the symbol a(&)e H3(S"1)
(cf. (1.10)) if and only if the characteristic Q(&)e H*~"%2(§"-1).

CoROLLARY |.7. Let a(x, )€ H(R") for all xe R",

max sup ||D%a(x, Migragn-1, < o0
lxllém xeR”

and r>n—1/2, r>nf2, r>n—1p +1/2 for p=2, for 2<p<©
and for 1 < p < 2, respectively (p' = p/(p — 1)), then Wi, ., is a bounded oper-
ator in H*P(R") for all |s| < m.

Theorem 1.1 and Corollary 1.7 yield:

CoRroOLLARY 1.8. Let a(£) € H*(S"~*) n H(R") and s > nf2; then a({) eHm (R")
for 1 < p < oo.

If s > nf2, then HC*(R") = Hm,(R").

Consider the operator
1 def 0 .
(l‘“) a(x, ) :P1+Wa(x,-)ll+>

if a(x, &) € Lom,(R"*, R"), Wy, . is a bounded operator in L, (R"*).
Obviously

W, uWh =W, (k=0,1).

It is also easy to prove the following:

PROPOSITION 1.9. If a(&), b(£) € M,(R"), then WWS = W5,

If, additionally, a(£) has an analytic extension in the half-plane Im&, < 0
Jor all & e R"-1 (&= (&, &)Ye R") or b(E) — in the half-plane Im &, > O (for all
&' e R*"-Y), then WIW} = W),

We need several well-known results, which we formulate below.
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THaeoREM 1.10 (Michlin-Hérmander; cf. [16, 21, 28)). If

d.
(1.12) v sup 4DEg(x)2 - < o0,
ik <) 1 R0 R
R2.% 4R

then ae my,(R").

Let M be r-smooth manifold with boundary dM # @ and £,,, S, denote
the space of all bounded, all compact, operators &, — L(L,L,), S, -
= &(Lp, L,) where either

a) Ly, = HP(M), L, =« H"(M) (1l <p < oo, —c0 <r < 00) or

b) LY, =L, = H"R" (1 <p<oo, —00<r < o0).

THEOREM 1.11. Let Ae !z”,,o,o 0Lprs then Ae %, for

1 1 --
R 0-+»0—, r=r(l—0)-+r0 (0<0<1)
p Po 21

and

. 1-.6, .6
Al < C}!A;Iporo.Al.nlrla

where || A||,, denotes the norm in %,,.

If, additionally, A€ ©,, then Ac€, (0<0<1)

THeEOREM 1.12. Let ae m,(R") (1 < p < 00), b(£) e C'(R") and 36li_]j:o a{é) ==
= lim b(€) == 0; then bWJ, Wb € S(H?(R") (e S(L(R") and bW, Wb e
€ gi(_;;”(R"*), HP(R™)) for isj < r (e S(L,(R"))).

For s:=0, a,be CP(R") the theorem is well-known; the general case is
treated with the help of Theorem 1.11 as the case # = 0 in [10], Lemma 7.1.

4°. ON THE TENSOR PRODUCT OF OPERATORS. If K is a finite dimensional
operator

=1

Ke— ¥ <p,~(t)8%(%)cp(r) dt (0,6 L(R*), ¥;e Ly(R*)
0

in the space L,(R*) (1 <p < o) and A'e L(L,(R"Y), the tensor product
A==K® A’ is defined as

o

400 = (K® )9() = § 0/ | (49) (. 86 (= 1 1)
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obviously A€ Z(L,(R"*)). The closure of the set of such operators is denoted by
W X (L, (R")); &P is an ideal in the algebra %, = Z(L,(R"*)) and, obvi-
ously, S, = S(L,(R"")) <« &

LemMMA 1.13.  (cf. [11], Lemma 2.1). If Te G and B, = C; ® I, where
lim ||Cyll, =0 for any € L(R*), then lim ||B,T|, = 0.
jooo jooo

Define the operator

Vie(t) = o(it) (0 <A < 00);

obviously Vi! = V,,, and V, Wk = WiV, for any ae HM (R") (k =0, ).
LeEMMA 1.14. If Te G and V,T =TV, then T = 0.
Proof. Let
Bip(t) = vj(1) (1), ¢ € L(R""),

where v;(¢) == 1 for 0 < ¢, < /="' and v;(1)=0 if j~* < 1; in virtue of Lemma 1.13

(1.13) lim || BT, = 0.

J—o0

For any & > 0 there exists @,(t) € L,(R"*) such that ||@.]l, =1, || Te.ll, >
2 |Tl, — & if @) = AP (At) = 2""V;0(1), then |@, ;ll,=1 and

lim |18, T, sll,=lm 277V, V _ 0] Tg.|l, =
A-o0 Ao
=l IV ,0) Toullp, = (1 Teell, 2 1 TH, — &5

hence || B,Tl|, > IT|l,. The converse inequality || BT}, < ||7]|, is obvious and,
therefore, || B;T||, = || Tl|,; conclusion follows now from (1.13). Z

LemMma 1.15. Let ac HM,R") and U be any neighbourhood of the point
Y == (09 Yoy ooy yn); then

IWall, = inf x,Wé+ T, (k=0,1),

Te e;’l)

where (&) is the characteristic function of U.

Proof. Inequality c, = inf ||x,Wa + T, < ||[W}|l, is obvious.
regl)

Let for definiteness k& == 0 (the case &k =1 is similar).
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Assume now [|WRli, —c,=4c >0 and T, S’ be such that c¢,+¢ >
> e+ T, = ¢, w1thout the loss of generality we can suppose that (0,0, ...
., 0) € U; otherwise we can use the shift operator

B_,o(x) = @(x — 3) = @(x1, Xy — Vg, -+, Xy — )
(“B-y”p =1; B_ Wo WOB—y’ B_ y)

Let x5(€) be the characteristic function of the set [—d,8] X ... X [-J, 8]
(6 > 0); then {{y;T;., < & for some small & (cf. Lemma 1.13) and y;-x, = 75

Let tp(g) be such, that [l@l, =1 and || W2, < iWlp., -+ & if V(&) =
@,(E) == A" Pp(A71E), then jjg,ji, =1 and with the help of the equality

lit

lim i(Vata) ¥ = 101,

we obtain
(Wail, < | Wieil, + & = ji“}f‘:(VAXa) Wioll, + & =
A — (]
== l}“})iiVA(V;«XJ) Waoli, + &= llin:)“XBWg(PAiip +&<
”y&Wa”p 1« AR ”Xci(Xqu v T)H —\s— 26
< |xuWa + Tell, + 26 < ¢, +3e = | W, —&;
the obtained contradiction proves the lemma. %

LeMMA 1.16. Let a,be HM,(R") and y, (&) be the characteristic function of
the set w, (k=1,2,3); let (¢tq, di)) X ... X (Cyn» di) < 14 for some c¢; < d;
(j=1,2,...,n). Then

S?P 1a(&) b)) = [iWohlie <, Wab, ' p = | Wapll, =
(1.14) _ '
= aWeteWirs == | WaWs, '\,
where
LA, = inf 44 TY,.
ICTUNE )

All relations in (1.14) except the first one are proved similarly to Lemma 1.5;
the first relation || W3y < (W51, is well known (cf. [10, 16]).

We need one more inequality, which is also well-known (cf. [16]): if « € M (R?)
and pe(r,r'), r' ==r/(r — 1), then

(LI5) WL < EWETsupa(@l, y = U TR g2 k=0,

pr—2)’
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5°. LocAL PRINCIPLE. Here some necessary information from [14], Chapter XIJ,
§1 will be given.

Let Z be Banach algebra with the unit element e; a set A = I is called a
localizing class if 0 ¢ A and for any a, b < A there exists c e A such that ac = bc =
== ca=ch=c

Elements x, y € 2 are called A-equivalent if

inf [|[(x — p)all = inf {la(x — y»)||=0,
acAd acA

and the notation x & y is used.

An element xe X is called /left (right) A-invertible if there exist ze £ and
ac A such that zxa = a (axz = a).

A system of localizing classes {A4,}scq is called covering if from each choice
of elements {a,}uece (a,€ 4,) one can find a finite number whose sum is inver-
tible in Z.

THEOREM 1.17. Let {A,},cz be a covering system of localizing classes, and

A
let x ¥y, (x,y,€Z, we Q). If x commutes with all ac\_J)A,, then it is left (right)

weN

invertible in X if and only if y,, are left (right) A -invertible for aii w € Q.

2. SINGULAR INTEGRAL OPERATORS ON THE HALF-SPACE

1°. ON THE FACTORIZATION AND PARTIAL INDICES OF DISCONTINUOUS
MATRIX-FUNCTIONS. Let a(§) € (HC™+2)N*N(R™) (m > n/2) be elliptic (nondegenerate)

inf |det a(¢)] > O; consider the constant matrix
fes" '

@1 a=a(—1,0,...,0)a(+ 1,0, ...,0)

!
and let 4, ..., A; be the eigenvalues of a, with multiplicities ry, ..., r, ( Y ri=N ) .
j=1
Then the representation

a,=gB(l)g~!, detg#0

B(1) = diag [4,B™(1), ..., 4,B(1)),
0 , v<k,

1, v=k,

B'() = ||bu(@k-15 by =
v-k

S , v>k

(v—K)!

is possible (@, and B(1) have the same eigenvalues and therefore same Jordan form).
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The matrix-functions B(x) have the property

B'(x+ p) = B'(x)- B'(B); B'(0)=1;
in particular
B/(—a) == [B(@)™"

If now w; () = Qmi)~tIn(r £ i), we get lim [a,(f) — 2_()] == 0, lim |2, (t) —
t—+ - 00 f= 00

— a_(#)] = 1; hence

lim B'(a_ () [B(a. ()" =1,

lim Br(a_ (1)) [B"(o4 ()] = [B(1)] .

The matrix-functions

(2.2) By(1) = diag [B(a4(2)), - .., B (a ()]
are holomorphic in =+ Imt > 0.
Let now
Ink, 1 1 ,
(23) (@ =0;=-—, - -—1<Red; <— (j=12,...,/; 1<p<oo);
2ni p P

such a choice of §; is obviously possible and they are defined uniquely. Clearly
2.9 do<1—Re[d;—9] (A<j<])

for some 5, > 0.

Let
k-1 k
(25) §=(8,....08), &= for £ r,<j<Yr, j=1,2..,N
p==1 p=1

(¢ & 1)° = diagl( £ D, ..., (¢ £ )V];

clearly (¢ + i)°B.(t) = B, (t)(¢t & i)’ since (z +-i)° is a diagonal matrix-function
having the same element inside of block of B_(r). We set

ax(8) = (& — )'B'(&) g7 'a" (—1,0,. .., 0) a(©)gB (&) (& + 1)

(2.6)
(€= (1, &) e R X R™).
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Let us notice that if /=N (ie. ry= ... =ry=1) then B,(t) =1 is
the identity matrix).
LeMMA 2.1. au (&, &)e C"+3R) for all & e R*~ (cf. (2.6)) and (cf. (2.4))
D [a*(&,, &) — I1;, = O, TR = 0(1g, 7 %),

(2.7)
&> oo, jv=12,..,N, k=0,1,...,m- 2.

Proof. In [29], Appendix, it is proved that

Deb(&) =O(&17%Y), k=01, ...,m+2

(b(eg = B_(&)g "X (—1,0, ..., 0) a(?) B, (&) — (gfj))

(2.7) is now obvious since

[@x(&s, &) — 1, =1 — D=6 (& + i), = (& — i)_d"b,-v(él) @+ @
By W'(R) (r =0,1,2,...) denote the subalgebra of the Wiener-algebra

def

WR) = {f(t) = c + ZFg(1) : g€ L(R)},
consisting of functions f(¢) with the p'roperty
(1 —i*DEf(rye WR) (k=0,1,...,r).

LeEMMA 2.2. (cf. [29]). W'(R) is a Banach algebra with the norm

WA = 1fllw + i A — i*Def(O)llw =

k=1

k=1

=l + ng(2)|d1+ 5 S|(DA+ kgDl d2,

where f = ¢ + Fg (ge L,) and (D, + 1)k = F-1(1 — i)k #F.
The singular integral operator

Spo(l) = _1._ S @ dr
7l T—1
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is bounded in W'(R) (it is decomposable) and the set of all rational functions, vanishing
at infinity and having poles off R are dense in W'(R) (it is rationally dense).

LemMA 2.3 (cf. [29]). Let r =0,1,2, ... and the function b(t)e C'+(R)
has the property

Dib(t) = O(iti~*-7), k=01,...,r+ 1
Then b(t) e W'(R).
COROLLARY 2.4 (cf. [29)). a.(t, 0') € (W™ +)N*NMR) for all 0’ € §** (cf. (2.6)).
Lemma 2.2, Corollary 2.4 and main Theorem from [2] yield:
THEOREM 2.5 (cf. [29)). The matrix-function a, (¢, 8') (cf. (2.6); te R; ¢ ¢ §"~2)
can be factored on the form

. t—i\*@
@3) ay(t, 0) = (a5) (5, 0) dlag[(—mf) Jesce. 0
t+1i

where (az)*'(¢, 0), (ai)(¢, 0') € (W™O)NXN(R) have analytic extensions in lower
Imt <0 and upper Imt > 0O half-planes respectively for all 0’ € "2 x(0') ==

== (3,(0'), ..., #y(0")) is uniquelly determined x,(0') = ... = xy(0'); the integer
N (=]

2.9 #(0) =Y, %(0") = Sdt[argdeta*(t, 0)]
s}

is continuous and partial sums

Y x5(8) (1<r<N)

j=

are upper semi-continuous (i.e. do not increase under small perturbations) with respect
to 0'e §*2

Integers ,(0'), ..., %y(0)) will be called partial p-indices of a(i)e
€ (HC"+2)N*¥(R") (they depend on p obviously; cf. (2.3)).

ReMARK 2.6. The index »(0'), defined by (2.9), does not depend on 6§’ for
n > 2 (i.e. when $”~2 is connected set), because it is a continuous function admit-
ting only integer values; for n == 2 %(0") = x(41) and these two integers can differ

w(—1) # %(+1).
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In the scalar case »,(0') = »(0') and x,(0') is calculated by the formula
(2.9); the integer »,(0') and the number x,(a) (cf. (2.3)) are the integer parts of
the real numbers

d(a) = —21 S dMarga(A, 1, ..., 1D} — Res, forn>2
n

— Q0

é.(a) = :—21— S dA{arga(d, + 1)} —Red, forn=2.
n
2°. STATEMENT OF THEOREMS

THEOREM 2.7. Let a(&)e (HC™+)N*N(R®) be elliptic, inf|deta(6)} >0
(0e 8" 1) and xy(0') < ... < %, (0') be the partial p-indices of a(f) (1 < p < c0).

If (<f. (2.3))

{2.10) Red; #1/p for all j=12,...,1
and
{2.11) 10(0)= ... =x(0)=0 (6eS5"2),

the operator W} is invertible in LY(R™*).

If (2.10) holds, %x(0") = O but (2.11) does not hold the operator W} is left-in-
vertible in LY(R"*) and dim Coker W} = oo.

If (2.10) holds, »,(0") < 0 but (2.11) does not hold the operator W} is right-in-
vertible and dim Ker W}l = co.

In all other cases (i.e. (2.10) does not hold or (2.10) holds but xy(w) < 0 and
%,(®) > O for some w, e S""%) the operator W has no left and no right regulari-
zers in LY(R™). ' ,

THEOREM 2.8. Let a(f)e (HC™H)N*N(R"); if infldet a(0)] = 0 (Oe S*-1)
the operator W, has no left and no right regularizers in LY(R").

COROLLARY 2.9. Let conditions of Theorem 2.7 hold; W, is a Fredholm ope-
rator in L,(R**) if and only if (2.10) and (2.11) hold.

CoROLLARY 2.10. Let conditions of Theorem 2.7, including (2.10), hold and

é1-i]§/|)n | =0, +1
(8 = [F—2 % = 0, , 2, ...
a(%) (61 + il¢’| “ g
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there exist integers x' < »'' such that W, is left invertible in LY(R"*) for all x > '’

’

and is right invertible for all x < #'.

Theorems will be proved below; Corollary 2.9 is obvious and we explain
here only Corollary 2.10 (cf. [29]): partial p-indices of a, (&) are s -+ x}(0')
(j==12,..., N), where »;(6") are partial p-indices of a(); using semi-continuity
of partial sums of p-indices (cf. Theorem 2.5) we conclude

—00 < —x" = infuy(0') < infx;(0') < sup x(0') <
<supuy(0) € —»' <00 (Ve S"72).

REMARK 2.11. Conditions of Theorem 2.7 on a(¢) € HC™+*(R”) can be weak-
ened (we can demand less smoothness of a(¢) with respect to &' e R"-1); espe-
cially can be weakened the condition in Theorem 2.8 (we can demand there
a(¢) € Hm,(R") n C(S"-Y)).

Condition (2.10) seems to be in fact necessary and sufficient for W} being nor-
mally solvable (i.e. to have a closed range).

3°. ON THE INVERTIBILITY OF CERTAIN OPERATORS. We prove here a theorem which
is a particular case of Theorem 2.7, but deals also with weighted spaces; this theorem
will be used in proving Theorem 2.7 in § 2.4°,

THEOREM 2.12. Let

o (i Y, o
g-,(q)r-(c‘—“,)’ ¢ = (& &) € R,

jél_‘fll
where
1 1 1 1
(212) a4+ - -—l<Rey<a+--, —--<a<l—-—, 1<p<oo.
p P p p

The operator W;y is invertible in the space L (R"*, x{).
v:>

Proof. Consider first the case

1
(2.13) a+——1<Rey<0
p

and factor function g(¢&)

8,(8) = g-(&) g+(%),
(2.14)
g- (&) = (& + &) g+(&) = (i& — I&H~.
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The operator

- . 0
(W;"y) = W:'I]'Wéil = X1+Wg Woiny, =

11X1+ g:111+

0 0 0 0 1
= X1+Wg:1Wg:1.X,_+ - lHWg;].xl_Wg:MH = Wg;1 — 4,
where

0 0
Ay = Xiv Wg;‘lx1— Wg:1X1+ ’

is inverse to Wj on the set CP(R™): Wi,y(Wi,y)‘l(p =W) W 0=0(p€
€ CF(R"*)) and it remains to prove only the boundedness of the operator (Wi,y)"1

in the space L,(R"+, x}); obviously it is sufficient to prove the boundedness of
A = x§A,x7°0 in L,(R™).
We have (cf. [16])

@15) Wezr o) =\~ 00 02

n

R

where ¢ € CP(R") and m (n) exist as distributions¥ m, = F~1(gz");

AQD(’) = m(’h Tl; t, - T,) ‘P(T) d‘[’, T = (Tls TI)) = (tla t,) € Rn+’

R

t * ! r r
m(ty, 7,5 )= ('{_L) my(t+y; t' = &Yym (—1, —y; &)dydl =
1
0 Rn—l

= (Fehem)(t, 1; 1),
T

Rty 105 £) = (’—)S Bt 9; &) F(—1—y; &) dy,
0

W‘;e(tb &) = (57&:1:18;1) (1, &),

where m, exist as distributions again.

U The convolutions (2.15) of distributional kernels m 4, with functions @ € CP(R") exist as
regular functions.
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With the help of formulas (cf. [15], 3.382)

SRS S
@17) S (B — ix) et dx = % 1200,

1(A) = -;(l + sgni), Ref >0, Rev >0,

we obtain (cf. (2.13) — (2.14))

s g (=1 e
Mt &) = S——————— e Pl (),
o US) d I'(—=y e

C 7 it
mo(, &) =— (S =) D s
1 & o (lél + lél!)y+1

Y (R | PGt N _

hence

m(ty, 7, t') = Filomlty, 1,,1) =

g

- ( ’1_)’ (—1)” S e-tE dé’g L+ 7" N + )7 e STy gy,

) @yt (=) T0)
R
Ny (=1 C . .
== ; (= p)" Y1y + y)Prdy %
(Tl) (2r)"=\(—y) I'(y) S

i -Ea (e, . w2
X e"‘|" R (’1 FTy L2 dé’;
R"1

to calculate the last factor we notice that it is the Fourier transform of the function,
depending only on the distance |&'|; it is easy to prove then that the transform also
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depends only on the distance |¢/| and one can take (without loss of generality)
t,=|t'| =x, t3= ... =1, =0; using then spherical coordinates d&; ... d{, ==

= r"~3dodr (r }_ [€.|2, do — element of the sphere) we easily get (f + 7, +

~+ 2y = u for brevxty)

S e—GrEHuler) de = S e—i(x€2+u!E'|)dé/_—_

Rn—l Rll—l
o0
- —u é +r
—00 0 Sn—a

) ©0 _,‘V'-{Z*,,?
= ZCOS r"-3 drS ¢ 27 cos(xy) dE, =
0 5

2¢qu §° R Y vt
r=2Ky(ru? + x2) dr =
2 2
Vu + x .
2c,u 2c,u

= ——— r"‘zKl d =
(Vu2+x2)"§ BT Er

where ¢, ¢, are constants and K,(r) is the modified Bessel function of the
third kind.

Returning back to m(r,, 7,, t') we get

m(t, T z')z(_’}_)" _(=D2¢
T W) @urr(=nre)

% S &+ )77 Yy 4 y)” 1(t1+ T + 2J’)
(Vi + o + 2 F 1R

From (2.16) we have
/p
o) < ( S Im(ts, 13, # —r’)lr”kp(r)l”dr) x

Rn+

(2.18)

wr
X ( Im(ty, ©,, t' — )| 17% dr) ,

R
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where
1
(2.19) 0<6< min(» 5 1) g=-" ..
r q p—1
Consider last factor in (2.18) (notation: ff = Rey)
J=\im(t, 1, ¢ — 7)1 dr <

R" ha

(o] =]
<c S t5dy S 7% dr, S (ty + 1, - 2p) dr’ .
< L s o " Tay
J oty orapt J o+ n+ 27+ )
R

(o]

13 dy 7%~ dr, dr’
poi-9nd C‘1 ’ ) {__.....:...w. N -
@+ ) (e 3 (T
0 0 R

oo s oo
H—0q—a
_ Oy y dy _ dz
(y + t1)1+ﬁ 20q~1~a(1 + 2)1—{)’
0 Q

here and in what follows constants C,, Cs, ... depend only on y and p. If

(2.21) 0<dg—B+a<l,
(2.20) vyield
= B-bg—2a . &
J< G\ 22— b _ Cytydare dz = Cgtf~%.
(6 + P+ (i + 2y ¥ozhrcd
0 0

From (2.18) we obtain now

S {Ap()?dr < S 138-p dy S Pm(ty, 1, t — ) ()P dT <

Rt R+ R
< C, \ P-sip(0)? de dty
)1 ﬁ tﬁp—a(tl + y)l+p‘
R+ o
S (ty + 1, + 2y)dr’ i
)\ UGt 2@t —o

[ oo
y 0B dy S dz

— C Op—-a: ;Pd
6 S 7P %e(7) TS (1y + y)t-p 2P-(] + Z)+p
5 ¢

n
Rf‘
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if
(2.22) 0<B+ép—a<l,
integrals exist and
¢ dz
S Ag()l? df < C, S lfp(f)l"drs e G S lp()°de.
R+ R+ 0 RO+

Finally ||doll, < Cyliell,if (2.19) —(2.22) are valid; these inequalities are
compatible, because f = Re y satisfies (2.13).
Let now

(2.23) O<Rcy<a+—l—;
P
the conjugate operator W;. to W;yin the conjugate space L, (R**, x7?®) is invertible,
¥

because

parry i6 + 1€\ P

26) =(.—~—— —g 0, g=—2—

’ i&, — 1€ ’ p—1

and (2.23) can be rewritten as
1
—o 4+ — — 1< Re(—y) < 0;
q

invertibility of W; in L(R"*, x;%) yields the invertibility of W,}.y m L,(R"*, x{).

Consider now the last case: Re y = 0 but y#0; the inverse operator (W})~1 =
;; lW;,:1 is bounded in L,(R™*) since g.(¢) = (i& & |€'),)*” € m(R") (due to
Theorem 1.10). The functions g3*(€) are homogeneous of order 4y and Re y = 0.
The operators W1;1 have then the form (cf. [16]):

W, _1p(x) = S Q:(x—») e dy

|y — x{*
R"T

g:'(€) = F 11 [Q:(Nt]"KE)
and therefore (cf. (2.17))

Q.(t) = Cu. 117,

where C_ are constants. Hence [2.(¢)| = |C.| and in virtue of Theorem 1.4 the
operators W -1 (and therefore operator (W; )~1) are bounded in L(R", x%). &
£ v

5~ 1511
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4°. PROOF OF THEOREM 2.7. Let ¢: R"-? > R""1, o =:¢ be a rota-
tion of R”-! about the origin and
0.:.9(&) = ¢(?).
The operator

1 , t”
W;) (P(t') = — - S _(p_(:c )_ df, t/ — (12, t“),
2+ il T— 1
—

. . 1 . .
124(8) = Ko y(&y) = ‘2 (1 4 sgn¢sy)

is bounded in L,(R"~?) and therefore X,.,(¢) € m,(R"~?). But then o; € m,(R""Y)
(cf. [16]) and -

W gllp = flouWiokll, = [Wall, (de my(R"™™Y),
since o, and conjugate o’ are isomorphisms in L, (R"~1).

Let Z = Z(L,(R"")); A c X denote the set of all operators W}, where

n-1
2@ = X&) = TI o¥74()

fe==1
ande®, ..., 6"~V are rotations; obviously W, =IQ® W}, x € H(R") and | W}i| , < co.
By A, denote the subset of A, consisting of all operators W}, € A with x(0)=
= X(9') == 1 in some neighbourhood of we §"~2 Clearly A, is the localizing class
(cf. § 1.6°) and due to the independence of x(¢) on &;, AWj= Wid for any d e m,(R"),
Ae A; it is easy also to show that the system {Am}w cs™-2 1S @ covering in X
(ifu supp ¥ n §"~2 = $"~2, then g = Z x%® is invertible in m,(R”) and

k=:1 k=1
mn 1
Y Wy(k) =W}, (Wh)-1 = W=, cf. Proposition 1.9).
L

Equivalence (cf. §1.6°)
A .
(2.24) WIEW, (eSS, a,l)=a&l]™, o)

is the simple consequence of the inequality (1.17) and of homogeneity of a(¢)
@) = a(GIE1™, ), 0 = &7 &'e 572).

In virtue of Theorem 1.17 the operator W} will be left (right) invertible
in LY(R"*) if all W! (we $"-?) are left (right) invertible in LY(R"+).
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(2.5) — (2.8) yield

a,(t, ), a.=a(—1,0,...,0),

; ) +6
a(t, w) = a_az'(t, w) ( i+ 1 )

ir— 1

(2.25) a. (1, w) = (1 & )’af (1, )t & )"°BI(t)g™ %,

(gil“)x(w)w — diag [ 24___1 )xl(w)+a; L (xt -+ l)xN(w)+6]'V]‘
it—1 it —1 it —1

Hence (cf. (2.22) — (2.23))
ao(&) = Ao (88 (w)+5(8)ay+(£),

. i& + 18] \*
(2.26) g = diaglgy, ..o 8, ) 8,0 = (‘—5—'5—'—) ,
i&, — 1|
a,-(O) =a_az'(& &7, 0), aue(E) = @, (&1, ).
Our next step is to prove the inclusions

(2.27) (&), au1(8) € my “V(R);

it suffices to obtain the asymptotics
(2.28) Di(atd); (1, ®) = O(1]=9), t— 400 jr=12...N ¢g=012,...m,

because then

Y, sup [EDE(aE)(d)] < o0

]kllgm

and due to Theorem 1.10 (2.27) holds.
We will prove that

az'(1, w) e (WMN*N(R),

which by the definition of the algebra W"(R) yields (2.28).
Consider for the definiteness a (1) = a.(t, w)(we omit w € §"~2for brevity);
others are similar. A typical entry of a.. is

’

229) (@) =+ )% Y (@) [InG + D', v, =0, 8 =5,
a>r )
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If Re(d; — &;) <0, then (@.);,, € W™ Y(R); that follows from the inclusions

(¢ + 1) % *In(z-+i)’'e W™ +(R) (cf. Lemma 2.3), (a3);,€ W™ *+Y(R) (cf. Theorem 2.5),
and algebraic properties of W*+1(R).

Let j = r; then (a,),, € W™(R), if (a);[In(t + i)'iae W"+}(R) for j # q (we
remind that v,, == 0); but we will prove more (and that will include the last case):

if Re(d; — ;) 2 0, j # r, then

(2.30) (i) r(ak)(e) Intr + DY € W'(R),

for any — oo < v < oo (we remind that J, = J, in (2.29)).
The factorization (2.8) of a, easily yields

(2.3 -+ (-’ + ?)xa;(t) fa.(t) — 1] = by(#) -+ by(1) [a.(t) — 1],

by(1) == [(’ N ') - 1] ax(t), byn = ( . ?)”a.ﬁ(o.

t—1 —1

Since a3 e (WPHH)NVN*MR) clearly
(2.32) Dib(t) == OGti=%Y), t— 00, g=0,1,...,m+ 1.
By the same reason b, € (WZTH)Y*¥(R) and making use of (2.7) we easily obtain

N

Di{be(a;. — D];(1) = D7 Y] (bo)js(1)(@:: — Dsplt) ==

s=1

(2.33)

Re{s, 8;¢ (3 oy 1) vemay L (R4 Oy,

N
=y o,

s 1
g-0,1,...,m+ 1, where § is defined by (2.4); (2.31) — (2.33) yield

DY(at —az); (1) = OCt K 2% %) (g=0,,...,m+1).
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If now @ t) = t*Dkp(t) = O(It|™") O < v <1, k=:01,...,m+1) then

L1+
clearly (t:-q] + Z, — o0 <t <00, |z|:1)
oz
[+ o
r* d 1 (1) d
D% Spop(1) = - D S o@dr_ 1 S g dr _
1 T—t Tl T—1

8
8

Cwm)
S
>
—_
l
)
N—
[aN
Uy
—
S
=
—_——
-
+
[

—
!
It

and we easily conclude

*DESge(t) = O(lt]™)  (jt] = o0, k =0,1, ..., m).

!
The operator P+ == s (/4 Sk) has the property P*af= a}, P*taz=0; hence

(@d);, (1) = P+(ag-az);,(t) = O(|g|% 2779
(It} > o0, 0<v<dy g=01,...,m;

(2.30) follows now with the help of Lemma 2.3.
Thus, the inclusion (2.27) is proved and the operators W; , are invertible {(cf.
Proposition 1.9)
(2.34) W, wii=w_aw =1
(A% = wt

o

Let now (2.10) and (2.11) hold; then x;(w) = 0 and in virtue of Theorem
2.12 the operator

W, =W, W, &...0 W,
9y Og

8 g";\/
(cf. (2.26)) is invertible in LY(R"+). Since (cf. Proposition 1.9)

1 1 171 1
wlo—w! owlw
Yy A & 4+
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the operator W},w is invertible for all w e S"~2 (cf. (2.34)); but then (cf. (2.24)) W}
is invertible in LY(R"*).

Let now (2.10) holds, »;(w) < 0 and (2.11) does not hold. Since (cf. Propo-
sition 1.9)

1 1 1 1 1
(2.35) We=Wa We Westay.:

where all operators, except W; , are invertible and the operator W;_( ’ is right-
-invertible (we remind that %N(w) € ... <n(w) <0 i
w, w. =1,
8uw) & o)

the operator W,;‘a: will be right-invertible as well. Due to Theorem 1.17 and (2.24) W}
is right-invertible in LY(R"+).

We will finish with the case x;(w) < 0 if as soon as xy(w) <0 for some
w e S§"~2 the operator W; can not have a right regularizer in LY(R™*).

Because (2.10) holds and xy(w) < 0 for some w € S"~% itis easy to notice that

w! =0
gXN(w)Q) ,
#pn{m) k ~,‘
o(t) = Y, 1P g (1), 1=(4, 1) e R,
k=1

where @,(t') are arbitrary functions from L,(R"~%). Hence (cf. (2.35))
W.oy=0, ¢ W;_i(W;a)'l&), ?=(0,0,...,0)

and therefore dimKerW},w = 0o. That means, among others, that W},w cannot
have a right regularizer in LY(R™*).

Assume now W) has the right regularizer in LY(R"*); due to (2.24) and to
Theorem 1.17 1

(2.36) W;W;QR =W, +1T,

where Wy € A,,, Te S(LF(R"+)); (2.36) remains valid for all W with suppy n S"~*c
< suppy N S"~%, because WiW; =W Wy = W, == W;. Using this property

Xx

1) To be more exact we must consider the factor-algebra ):',\' =X /E(L‘;’(R”)); since the exis-
tence of the right regularizer in 2 means right invertibility of the corresponding class in 2, due
to Theorem 1.17 and (2.27) (which remain valid for classes) we get (2.36).
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and also the property o, W},w = W},wa* for any rotation ¥ ¢, we easily conclude:
there exist the operators W;l, R W,}qu, Ty, ..., T,e S(LY(R"")) and
R, ..., R e L(LY((R") such that

WIWL R=W, + T, (j=12,...q),
(2.37)

Due to

Wi =W Wi,
from (2.37) it follows
(2.38) W;wR =1+ T,

where

q 9
R=Y WyR, T=Y T,

Jj=1 j=1
(2.38) is a contradiction, because W,}w cannot have the right regularizer in LY(R"+).

Let now (2.10) holds, »yx(6) > 0 and (2.11) does not hold; the conjugate
operator W(_f to the operator W} is then right invertible in the conjugate space
Ly(R™) (p' = p/(p — 1)) and dim Ker W' = oo; but then W, is left invertible and
dim Coker W} = oo,

Let now (2.10) holds but »y(w) < 0 and 2,(w) > 0 for some w,we S"~2
As we already proved W} cannot have a right regularizer (because xy(w) < 0)
and the conjugate operator W cannot have right regularizer as well (because
#,(@) > 0). Therefore W} has no left and no right regularizer in LY(R"+).

There remains to consider only the case when (2.10) does not hold (j =1
for definiteness).

As we already proved, existence of a local regularizer of W;m (ie. (2.36) is
valid) immediately yields (2.38) (existence of a global regularizer); hence due to
Theorem 1.17, if W;w has no left (or no right) regularizer for any w € S"~2 the same
holds for W!.

Thus it suffices to make sure that W} has no left and no right regularizer.

Due to the representation (2.26) ©
(2.39) W},w = W},w_W1 Wy,

gn(o))‘ré ot

1) This property is due to the dependence of a, (&) only on |&'|, because then o.a,(£)=a,(£).
2 Obviously R; = ¢, Ra, for some rotation o.
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where the middle operator is diagonal one and others in the right part of (2.39) are
invertible (cf. Proposition 1.9 and (2.34)). Hence it suffices to consider only the
operator Wi'r,.l in the space L (R") (r =: %,(w) for brevity and J; - 1/p by as-
sumption).

Let first r == 0 and 4, = Wj.h,p have a left (or a right) regularizer; due to (1.15)
and stability theorems the operators 4., = Wél e also have left (or right) regu-
larizers for sufficiently small ¢ > 0; but the operator A_, is invertible and 4.,
is left-invertible, dim Coker 4, , == oo, we obtain the contradiction: if 4, : - Wf}l " is
invertible (has two-side regularizer) the same must be A4, ,; if 4, has a left regula-
rizer and dimCoker 4, = co (has a right regularizer and dimXer 4, - c0)
the same must be A_,.

Let now the integer » # 0 and for definiteness r > 0; if B, «: Wgy.;l,p has a

Ip

regularizer, it must be left regularizer since B, = W} have only left regu-

Bri1/pe
larizers and are close to the operator B, (cf. (1.15)).
As it is already proved, the operator A_, = W}l,p is invertible. Consider
1P—e
the factor-algebra

3 = L(L(R™))[S(L,(R"™)).

The class éoe %, which contains the operator B, = Wér*l/p’ is left-invertible in £

(since B, has a left-regularizer in X); classes fi_e are also left-invertible and since

lim||B, —B_,{,, < lim||By — B_,Jl, =0
&0

=0
A
inverses (B_.);! must be simultaneously bounded

sup'l(B_ )7, < M < oo,

But then classes é'n = (13_5)‘¥W;r are also simultaneously bounded and therefore
convergent

1E. — Cyll, < HCLMCMIB-, — B I N,

lim||C, — C,|I, = O.

&p—=0
The limit
A . A
Cp = lim C,
e=0
is inverse to the class
A ~ A A A ”~
1 =W = W! 1 =limW. B_,.
ng/p ng/p-x-rg-r E_r 7 S1ypir oo v TE
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We obtain the contradiction because W;]/p has no left and no right regularizer.
%

5°. PROOF OF THEOREM 2.8. Suppose deta(f,) = 0 for some 0, S"-1 but W}
has the left regularizer R, in LY(R"*).

RW! =1+ T, Te(LY(R™)); then the class Iff/}l from the factor-algebra
IO = PLVR))SVLNR ™)) (cf. §1.4° is left invertible RW:=1I (since
TeS(LY) = €M(LY)). Without loss of generality, we can suppose that the first
column of the matrix a(0,) is zero (otherwise we can consider the operator Wj, ==
~~ Wlegl, where g is the constant matrix such that detg # 0 and the first column
in a(0y)g dissapears; the operator g~*R, will be the left-regularizer for W,,).

Let now V(&) € (COHN*N(RM,

V(&) = diaglP(8), 0, ..., 0L Pi&) == J] V(&

k=1

0, 16— Odl > 2e,

V(&) € CP(R), Vck(fk)={] 6 00 <
3 k= Vi s

E=(&, ... E)ERY, O, =(0Y, ....,00)eS" Y
then

(2.40) T, = W},’W;s — W,}ue = W,‘,’xl_ W?,E}( L€ SO(LY(R™)),

1

since

X ngxu = diag[y_. W§£11+ ® W;(;? ®...® W%E”, 0,...,0]

1
(&) = ‘2' (I 4-signéy) -

and (cf., for example {10], Lemma 7.3)

1 W3 7, € S(L(R)).

By assumption the first column of a(6,) dissapears; hence due to (1.15)
(2.41) lim||W7, |, = 0.
&0 e
Let now prove

IWhll, = inf ||W} + T, = IWH,»

regi’

(2.42)
be MR"), SO = SO(LNR™)).
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Obviously

def

| Wallp = la, . Wax, tip == 1| Sy, Wor, Ml =

= LWetnie 2 1LWiil = 1 Wil
where S, W7 == WJS,,
S).lp(t) - lp(rl - j'a loy ooy tn)s A > 0:

1 .
2, = St = o [1 -+ sgn(r, — A);

due to Lemma 1.13
limjiy, Tll,=0 for all Te &.
A-oo

Hence

Wi, =)1imﬂx,_Wz§ + 1, T, < Wi + Ty,
and therefore

-~

| Wall, < [ W31,

the inverse inequality in (2.42) is trivial.
From (2.40) — (2.42) we get (cf. (1.14))

1= limsupl (&) < lim|| W) =

T up T
e0 & e=0 &

= lim[[RWEWE L, < R, lim|| W2, |, =
£=0 e e=0 8

-obtained contradiction proves that W} with a(f;) = 0 cannot have the left regu-
larizer.

Similar contradiction will be obtained if W} with a(fy) -+ 0 has the right
regularizer. Z

This work was planned and fulfilled during the author’s visit in the TH Darmstadt (West Ger-
smany) as a Fellow of AvH Foundation in 1980/1981.
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