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SEMINORMAL COMPOSITION OPERATORS

DAVID J. HARRINGTON and ROBERT WHITLEY

1. INTRODUCTION

A composition operator Cy on LX(S, Z, ), (S, Z, u) sigma-finite throughout
this paper, is a bounded linear operator given by composition withamap 7: § = §
via Cyf(s) = f(T(s)). The classical necessary and sufficient conditions for this are
[4, p. 39 and 2, pp. 663—5] T measurable, uo T-1 absolutely continuous with
respect to g, and A = dpoT~/dy in L2(S, X, p).

Various properties of these operators can be characterized in measure theo-
retic terms. For example, answering a question raised by Nordgren in his interesting
lectures [4], (see [6] and [7]):

0. THEOREM. a) Cy is normal iff

1) T-1(2) is essentially all of X, and

i) h == hoT a.e., where h = duoT-/dpu.
b) If u(S) is finite, then Cy is normal iff

1) T-XZX) is essentially all of Z. and

i) h=:1a.e., ie., T is measure preserving.
In this case C; is unitary.

An operator A4 is said to be hyponormal in case A4 — AA* = 0; Ais semi-
normal if either A or A* is hyponormal. A4 is called quasinormal when A commutes
with 4¥A4. I't is our purpose here to obtain characterizations analogous to Theorem 0
for Cj hyponormal, C5 quasinormal, and Cy hyponormal (C, quasinormal being
characterized in [7]).

We will often consider a sigma-algebra 7 of subsets of S and the subspace
of L*S, X, u) consisting of all «/-measurable functions. Strictly speaking, this
subspace consists of all functions in L? which are equal a.e. to an .&/-measu-
rable function, or, alternately, consists of all equivalence classes each of which
contains an «/-measurable function. To avoid circumlocutions like these, we will
take: oZ to be relatively complete with respect to X, that is we will pass to the
sigma-algebra generated by & and {Fin X: u(F)=0}, ie., {A4dF: A in «,
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Fin %, u (F) = 0}, once again calling it 7. In keeping with this practice T-1(%)
will denote the relative completion of the sigma-algebra {T-1(4): A in X}. With
this convention, condition i) in Theorem 0 above becomes T-}(Z) == X.

1. LEMMA. Let P denote the projection of L*(S, X, u) onto if(f‘;)
a) :

(1) CiCrf =hf and CyC}f-=(hoT)Pf, VfelX
b)

(2) R(Cy) == {fin L?: fis T-YZ) measurable}.

c) If fis T~YZX) measurable and g and fg belong to L*, then
(3) P(fg) = fPg,

(f need not be in L2.)

Proof. The first equation in a) is well-known [5]:

(CECf 8) = (Cof Crg) = Shfg d = (if, g).

Given f, there are functions Crg, in the range of C; converging to Pf. First,
CrC7Pf - lim CrCiCrg, -= im C(hg,) = h TPf. Second, f— Pf belongs to
R(Cp)+ - ker(Cy), and so C;Cif = C,CiPf.

Given g in R(C,), there are functions g, from R(Cy) converging to g in L2,
and by passing to a subsequence, converging a.e.. As these g, are T-(X) mea-
surable, so is g since T-1(Z) is relatively complete. Suppose f is the characteristic
function of a set 4 in T-1(X). By adjusting f on a set of measure zero we may sup-
pose that A = T-Y(B) for some B in X. Write B as the union U B, of an increasing
sequence of sets of finite measure in X. Then, HCT;(B" — flI* = W(T-Y(B) — T~XB))

which converges to zero. It follows that the closure of the range of C, contains
all 7-}Z) measurable functions.
Let f be T-)(Z) measurable and essentially bounded. Then for any / in L2,

(P(f2),1) = (jg, PI)= (g, [Pl) == (Pg, fPl) = (fPg, Pl) = (fPg,])

and (3) holds. Given an arbitrary 7-'(X) measurable f there are f, simple and T-1(X)
measurable, |f,| < If], and f, converging to f a.e.. As |f,g — fg2 < (2|/g])? the
Lebesgue Dominated Convergence Theorem shows that f,g — fg in L% and so
P(f.g) converges to P(fg). From above, P(f,g)=f,Pg which converges a.e. to fPg.

Q.E.D.

Let .o/ be a (relatively complete) sigma-subalgebra of £ and P be the pro-
jection of LS, X, 1) onto the subspace L2(sf) of s/-measurable L? functicns.
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Since Pf—f is orthogonal to L*(./),

4 SPfdy = Sfdy,

A A

for all 4 in &/ of finite measure. The equation (4) and the /-measurability of

Pf determine Pf completely: for if g is o/-measurable and S gdu= Sfdu for all

A A
Ain o/, u(A) finite, then, from (4), (g— Pf, x,) = 0 and the o/-measurable function
g— Pfis orthogonal to L%(&?) and therefore is zero a.e. . Thus, in the case u(S) =1,
the projection Pf is the conditional expectation E(f| ) of f given /. Lemma
I c) is, in the case u(S) = 1,an important property of conditional expectations
[1, p. 300]. Although Lemma 1 c)is stated for T-%(Z), the proof is valid for an
arbitrary 7.

The projection Pis order-preserving, for if f > g, then S Pf — Pg = Sf— g =0
A
for all 4 in &/, and so Pf > Pg. Consequently, if g is essentially bounded then so
is Pg.

Let X, be the relative completion of the sigma-algebra generated by {4 n
support of i : A in X} where, as always, 4 is the Radon-Nikodym derivative
dp o T7Ydpu.

2. LEMMA. The following are equivalent:

a) ker(C¥#) < ker(Cy)

b) Loy € T72(2).

Proof. Suppose that b) holds but that, contrary to a), there is a function f
which belongs to ker(C;) = R(Cp)* but not to Ker(Cy). Since 0 < ||Cof|2 =

= Slfo T12du = S/1|f|2dﬂ, there is a set 4 in Y54y, 0 < u(4) < oo, with, say,
Re(f) > 0 on A. By Lemma 1b) X, belongs to R(C,) and so 0 = (Re(f), X,) =
= SRe(f)du >0, a contradiction.

g Suppose that a) holds but that, contrary to b), there is a set A of finite measure:
belonging to Z, but not to T-Y(X). We may assume A < support (k). Because,
by Lemma 1, X, does not belong to R(Cy), there is a function J in R(Cp+
with (f, X,) #0 which, together with 0 = C;Cyf = hf, shows that u(4-supports)>0,
a contradiction. Q.E.D.
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2. HYPONORMAL AND QUASINORMAL (I,.

3. THEOREM. The adjoint Cy is hyponormal iff
a) Zom = T7H2)

and
by heT 2 h ae. .

Proof. Suppose Cy is hyponormal. Then ker(C}) < ker(Cy), and a) fol-
lows from Lemma 2. One consequence of a) is that % is T-(Z) measurable.There-
fore the set A4 = {s: (T (s)) < A(s)} belongs to T-(X) and so can be written as
a disjoint union of sets A, of flnite measure which also belong to T-(Z). Since
C7 is hyponormal,

0 < iCir, I* = ICrt, IIF =

== (he TPXA"’ XAn) o (IIZA"’ XA") = S(/1°T —h)dp <0,

which implies that u(4,) = 0 for each » and b) holds.
Conversely, suppose that a) and b) hold. Write any fas f—f; + f; with f;

in R(C;) and f, in R(C;)L. We have
[CF i — (Cofift = (h= TPf — Wf,f) =
= (ho Ty, /i) + (ho T AL ) — (WAL ) — (Wfys o) — (ifa, f) — (Bfes o).

Since ho T f; i1s T~Y(Z) measurable it belongs to R(Cy) and (ke Tfy, fo) = 0.
Since f; belongs to ker(C;) by Lemma 2, hf, = CECrfe =0, and (fy, 1) =
= (hf2, f) = (Wfa, f2) = 0. Thus

u0ﬁw~wWJm:Smor_hnﬁde>o. QE.D.

4. THEOREM. The adjoint Cy is quasinormal iff

a) Ea(h) < T-I(Z)
and

b) i1 == hoTa.e., on the support of h.

Proof. By definition, C% is quasinormal iff CECCs. = CrCiCy,i.e., hCyf ==
= h o TP(C7f) for all f. Since Ker(P) = R(Cy)+ = ker (C%) this becomes

(5) hCEPf == h < TP(CEPf).

Suppose that a) and b) hold. By a) and Lemma 2, for g in R(Cp!,
hg = C;Crg = 0, and (5) reduces to

(6) hP(CEPf) = h o TP(CEPS)
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which clearly holds on the support of / by b). It will follow that C§ is quasinormal
if we can show that supp(PC;Pf) < supp(k). To see this, given f, choose f, so that
Crf, = Pf; then hf, = C}Crf, = CiPf. Now hPf, = P(hf,) by a) and Lemma 1 ¢),
and P(hf,) - = P(C:Cqf;) = P(CHPf).

Suppose that Cj is quasinormal. By Theorem 3, a) holds and, consequently,
h is T~1(2) measurable; write supp(h) = U 4, with 4, in T-Y(Z) and each A, of
finite measure. Set f = CTXAn in equation (5) to obtain thAn s o T/zxAn. Thus

h==heT on supp(h). Q.E.D.
5. COROLLARY. The operator Cyis normal iff Cy is quasinormal and h > 0 a.e. .

Proof. If C7%is quasinormal and /1 > 0, then h=hoT ae. and Z,py =2 <
S T~Y(Z). Normality follows from Lemma 2 of [7). Set Z = {s: h(s) == 0}; then

u{s : i(Ts) == 0} = uT-YZ) = Shdu =0, and we see that 107 >0 ae. . If C;
z
is normal, then by Lemma 2in [7]A =hoT ae.andso /s > Oa.e. . Q.E.D.
6. EXAMPLES. Let S be (0,1), T the Borel sets, and u Lebesgue measure.

a) Cj quasinormal, T-1(Z) # X, and & o T ==k only on supp(/).
Let

Tx == (3/4 — (o, ya1 + (U4 + X)xsa, o1 -+ 12 + XD Y-

A computation shows that & = 2ys1y and hoT = 2 on(0,1). Every open subin-
terval of (1/2,1) has the form 7T-%(a, b) with 3/4 < a < b < 1, and therefore belongs
to T-%(Z) ; hence Z,gy <T-*(Z). The induced operator C7 is thus quasinormal,
but, for example, (0, 1/4) does not belong to T-1(Z).

b) Ci with h = h o T, hT-1(Z) measurable, but C; not quasinormal.

Let Tx = 2xy¢.a/2) + (2 — 2X))p1/21y- The induced Cr is quasinormal, and
therefore hyponormal, but not normal, and the range of Cy is not dense as T-%(Z) #
# 2 [7]. Being equal to 1 a.e., & is T-1(2) measurable and s o7 =/ also holds,
yet X,y = Z is not contained in T-1(Z).

In (7] it was shown that, when u(S) is finite, C; normal implies that 7" is mea-
sure preserving. Lemma 7 below shows that this is also true if C; is hyponormal.
However, as shown by Example 8, C¥ may be hyponormal without T being mea-
sure preserving.

7. LEMMA. Let S be of finite measure.

a) Cr is hyponormal iff h =1a.e. .

b) C¥ quasinormal implies that hoT > 1 a.e. or, equivalently, h 2 1 a.c. on
supp(h).

9 .. 1511
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Proof. Suppose Cr is hyponormal. Then y, belongs to ker(Cy, - -1) =
< ker(Cr - - 1) and hy - - CECyyg == 7,. Conversely, if /- 1a.c.. then C5C, -
- CyCH T P 20.

Suppose CF is quasinormal. For 0 < g <1, set A: {s:0 < i) <1 - ah
By Theorem 4 b), 4 & T *(d4) and thus {4} < g(T-1(A)) - =\Izdy S SIS TR )

A
So pf4): 0 and, as ¢ is arbitrary, # > 1 a.e. on the support of /7. The equiva-
fence of this with - 7" > 1 a.e. follows from

k]

s 0 S Ay < 1} puT s 10 < hs) < 1}=: hdp. Q.

RIPS TSN

8. ExaAMPLE. § of finite measure, (5 hyponormal, not normal, and A not
constant.

Let §: :(0,1), 2 the Borel sets, and i Lebesgue measure. Define v« : logitl -
- x)log(2). Since T is increasing 7-1(%) = X. Thus C; has dense range and,
further, is invertible as /(x) = : 2*log(2) is bounded below. Since Tx > x and &
increases, MIx) > h(x). By Theorem 3 Cy is hyponormal.

3. HYPONORMAL Cy
9. THEOREM. a) Cy is hyponormal iff
() Wz C(he TV RPF, for all f.

Consequently. it h = h-T then Cy is Inponormal.
b) If Cr is hyponormal, then

8) WEP = WhoTYEPf for all f.
c) Inequality (8) holds iff dueT=%dp > h*a.e..
d) If Cy is hyponormal, then dp-T-2dpu-T-12h> 0 a.c..

Proof. First, ((CiCr — CeCELF) = (W f) — (h e TPf,f). Factor to get
(h o TPff) «((ho TYY2Pf, (he TY3f), which by Lemma 1 b) equals ((h~ T)1 2P/,
P((hoT)2f)), which by Lemma 1 ¢) equals {!(h» T)2Pf}2, and a) follows. If
It = h<T, then

e £ = S” S dp > S” o T f My >

Z 1Pl e T2 < = (ko TY2Pfi%
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Condition b) is a direct consequence of a).
Suppose that (8) holds. For £ a set of finite measure in Z,let 4 - T-'(E).
Since A is T-!(X) measurable, Py, ==y, and

0 < 2Py P — I o TY 2Py 4|f? = S(h o Tydp: pT~HA) -~

A

— S(/z o IVCp Y dp = uT-HE) — S/ﬁd,u : -S(—--—v—_—— — /zz) du
E r

and the inequality of c) follows. Conversely suppose that du-T-2/du > h*ae. .

Then for any E in X of finite measure the argument above shows that (8)holds

for [ yrawy. Suppose that fis 7-'(Z) measurable and simple, f= Y a;x, , 4
J

disjoint sets in 77*(2). Then

J

RS Rt I > Wl o TV, 2= fiGh - T)BF |

Since the T*(2) mecasurable simple functions are dense in R(T{), (8) holds for
all f.

Suppose that C; is hyponormal. We will first show that # > 0 a.e.. Let A in
T-YZX) be of finite measure and set £ = A N (supp(/#))¢. Then

0 > (> TYPYy, X)) — (g, %)) ==

= (1o TPX,, Xp) = S(/z o TY(PYX,)?dy,

using the fact that/hr o TPX,is T-YZ) measurable and that P, 20 a.e. . So P -=0

a.e. and p(E):  wWENA) = SXEd“ = SPX,;d,u : 0. Thus A = supp(#) a.e. ; hence
A

TNX) € Zyuy and 1 >0 ae. . By c), hdu~T73du- T -dps T2du = I,

and we can now divide by /. Q.E.D.

10. Exampri. The necessary condition of ¢) and d) above is not suofficient
for hyponormality.

Let S be (0, o0), X the Borel sets, and u Lebesgue measure. Define T by

Ix:  X¥eo, i (2x - 2)}([1,3/2) 1 (dx — 5)1[3/2,13/3) -+

A= (x == 13/8)x113/8, 2178 + (X/5 4 39/40)xp21/8, 00) -
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Calculations, which are best made from a graph of 7, show that
ho 5/'21(0,1) T 1,-"4211,3‘2) + S/ 2, 00)7
h.T-- 5,'21(0,3,:) - li‘4}{[3,:,13 . 5;421[13 821 8) | DA 8,500

and du» T-2%/dp> TV 2 61/207¢0. 11+ St1.000- Thus dp - 7% dp o T2 2 00 > Qace. .
A simple but lengthy calculation shows that (i~ T)®Pyyaa ¢ 14 and
M2 g ey = 1/8. Therefore, Cyp is not hyponormal.

11. CorOLLARY. If' I is T-NX) measurable, then Cy is hyponormal iff
hzheTae. .

Proof. Let N .- {s:h(s) < h(Ts)}. We need only show that if Cp is hypo-
normal and 7 is T-1(X) measurable, then p(N) == 0. Choose A, of finite measure in
T-12) such that N :.: UA,, which is possible as N ¢ I"YZX). Then I’ZA,”: : Z,;"
and

0 < ((CFCp — C,.C,*;)ZA)', i) =W~ hoT)y, Ly): § (hh—hT)ydu<0.

J

A"

So u(A,): : 0 for all n and thus u(N) == 0. Q.E.D.

12. ExAMPLE. The inequality /# = /1« T holds a.e., thus Cy is hyponormal,
yet i is not T-1(2) measurable.
Let S — (0, 00), X the Borel sets, and u Lebesgue measure. Define

Tx = XX((),]) '%“ (2x -_ 5/4)%[1’9:8) ~ (x/3 mr 5,"8)1[9 8,90) -
Then

b go,my) = 32000 F o0
and
he T == o597 31200 4,000 + 3ioss, 00

Hence 1 2 h T and Cy is hyponormal. However . is not T-}X) meusurable
since, for example, 2-%{3/2} = [3/4,1) which does not belong to T-1(%).

With this example in mind we show that the conditions 1 > 1o T'and AT Y(2)
measurable, which are strictly stronger than C; hyponormal, correspond to a norm
condition similar to (7) and (8).

13. THEOREM. The following are equivalent:
a) JPACEf)E = I P((h= TYVE); for all f.
b) h = hoT a.e. and hhis T-YX) measurable.
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Proof. 1f b) holds, then Cj is hyponormal by Theorem 9 a) and [|AY%f| >
2 || (h TYV2PSf|| for all f. Since h is T~(Z) measurable, [[P(3f)|| = ||W2Pf ] >
= | (ho TYV2Pf|| and a) follows.

Suppose that a) holds. By Theorem 9 a) Cy is hyponormal and, by Corollary
11, the proof will be complete once we have shown that /1 is T71(X) measurable.
Towards this goal, note that S can be written as an increasing sequence of sets A4,
of finite measure belonging to 7-%(Z). As hiX4 converges to /i a.e., it will suffice
to show that /iy, is T-Y(Z) measurable for 4 in T-1(X) with u(4) finite. Set k=h2x,,
and put k, =~ Pk, k, == k — Pk. With this notation, we want to show that k, = @
a.e.. For any fin L2, set fiy—Pf and f, =: f — Pf. Now ||P(KN){| = likifi + Plhefo)ll,
using the 7-1(X) measurability of k, and Lemma 1 c). Also, since (heT)Y2X is T-1(Z)
measurable, ||P((/1 o TY2y ) == |I(ho TY2X, f1|l. Therefore a) implies that

) s+ Plef)ll 2 V> TYV2X, 4]

P
for all f. Given g, in R(Cp)+t, select f by setting fi=—P(k,go), fo=K gs, and
I fuifs- Apply (9) to this fto obtain [[(he T)Y2X, fi]l < 0. S0 0 == (ho T)Y2X,f, =
h o TYV2y P(kog,) a.e. forall g,in R(Cy)L. Equivalently, as h o T>0 a.e., y,P(kogs)=0
ae.. But as ky = PL(AYRX) = X, PL(R2X,) = X ko, sO  P(kogs) = P(X kogy) =—
»: X, P(kogy). Hence P(kog,) = 0 a.e., i.e., kg, 1s in R(Cy)L for all goin R(Cy)L.
Equivalently, k,g, is in R(Cy) for each g, in R(Cy). Thus k.g; = P(k,gy) = g, P(ky)=
- () for all g, in R(Cy;) and consequently k, = 0 a.e. . Q.E.D.

14. ExaMpLE. The conditions of Theorem 13, while stronger than hypo-
normality, do not imply subnormality.

Let S be the integers, {p,} a sequence of strictly positive real numbers, and
w(m) == p, for all n =0, +1, ... . Define T(n) = rn —1. Then A(n) = p,4,/p, and
Cyr is bounded iff the sequence {p,,./p,} is bounded. The operator Cy is unitarily
cquivalent to the weighted shift on £2 with weights {(p,+./p,)*/*} which is hypo-
normal iff /2 is increasing iff h=/ o 7. Note that T-%(2) = X so his T-%Z) measu-
rable. For the choice p, =4, p, =1,n=2,3, ..., and p, =:84-" for n = 0,
—1, ... the induced operator is not subnormal ([3], pp. 241—2 and pp. 311 —12),
yet iz is T-Y(ZX) measurable and &1 > hoT.

15. LeMMA. The operator Cy is hyponormal iff for any f, setting f; = Pf
and fy - f— Pf,

(10) L(fis f) 1B < (Rfes fo) (B—h e T) i, /1)

If the essential infimum of h is positive, then

(11) S(/z oT — (ho TYh)dpu = 0 for all A in T-Y(Z)
A

implies that Cy is hyponormal.



13 DAVID J. HARRINGTON 0 OBFRT WHIL LY

Proof. That Cp 1s hyponornwi is equivalent to O < ({7~ & T8y ).
{fi - - Afy) dor all fin 1* and all reai 4. Expanding the inner product vields a real
guadratic in 4 from which we see that this inequality hoids iff (Re(hfy. f2))° <
L O, UG =12 )y, 11). Given f, choose x a complex number of modulus one
so that (Aifyz, £3) is real and replace £, by /1% to ebtain (10).

Suppose that 22 has a pesitive essendial infimum. By the Cauchy-Schwarz
incquality,

i fose (P T #) <

e

< [\(m ok TRER) S Mdp ] o fus.
o

Using 10;, ¢ will be hyponorial if

S((h =D TRy 20 € S(/’z <= he Ty fy Bdp,

\CGi Tth Ty £, du>0
J

for ali fin R{Cp). This is cquivalent to (0 1). Q.E.D.

For the connection of (11) with a conditional expeciation, sce the discussion
following Lemma 1.

16. ExaMpLE. The condition 4 > /i - 1" is not necessary for nyponormality.
Modify Example 10 by sectting

Ty 423 - D)o gimy - (200 1)y o500y

th

e

fwt £l T -= (e TY?/h For E any Borel set and A = T(E),

'25,7.5,.‘; 2,027 ¥5 4 5)2[7 2, e -

(12) fee r+ \ r

A An, ¥ Ar32,32 AN(S, 2. 72)

~-
A;<
1 Q™Y

We have (A 6 [5/2,7/2)) - - 2uid 1 {1,3/2)), so that the first and last integrals of
(12) add to u(4 n{1,3/2)) (5/2- -5/8) = 0. Since £ > 0 on [3/2, 5,2), condition (11)
is satisfied and Cy is hyponormal. Yet 2 < /o T on {1,3/2).

An interesting open problem is to find a measure theorctic condition which
is botiz necessary and sufficient for the hyponormality of Cy .
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