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ON MULTIDIMENSIONAL SINGULAR INTEGRAL
OPERATORS. II: THE CASE OF COMPACT MANIFOLDS

ROLAND DUDUCHAVA

INTRODUCTION

Singular integral operators (equations)

Q(x, x —
Mw(J’)dy =f(x), xeM

0.1) Ap(x) = a(x)p(x) + S

u

|n

are investigated, where M is a compact manifold with the boundary oM # @ ;
f(x) € (HPYN(M), ¢ € (HPN(M), 1 <p < oo,— 00 <s < oo; proofs here are
based on [3], where the first part of the present investigations (the half-space case
M = R"*) was published.

As it was already mentioned in [3] the operators (0.1} were investigated by
Simonenko [6] (the case p = 2, s = 0) and by Wisik and Eskin [7] (the case p = 2,
— 00 < § < 00).

The main tool of investigation here is the local principle (cf. § 3.2°), which
is a slight modification of the local principle from [5] (cf. § 1.6), extended with
some notions from [6].

We set forth here the numeration of sections; thus the references to §§ 1—2
will mean the reference to [3]; all notations from [3] are used without the further
explanations.

3. PRELIMINARIES

1°. ON THE ISOMORPHISM OF SOBOLEV-SLOBODECKIN SPACES. Consider the
operators

Ao =F g Fo, ANop=F'gFp, ¢@ecCPR"),— 0 <5< 00,
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where
g ) =04 F T, (=(&4, ¢)eR",

go(&) = (1 + 5%

these operators have continuous extensions
A5, A5 HP(R™) - HY=9P(R")  (— 00 < r < 00)

and these extensions are isomorphisms (A* arranges even the isometrical isomorphism
llolirp == 14°0llr-5)p); obviously

AAs =1, A A =1L
The operators

AL = P A,
where P,, and /;, are restricting and extending operators, also arrange isomor-
phisms (cf. [2, 4))
A HP(R*™) —» HY SP(R*),  ALA;S =1,

A5 H(R™) - HU=9P(R7+),  (—00 < 5,7 < 00).
The following two lemmas are easy to prove (cf., for example, [2, 4]}.

Lemma 3.1. The operator W9Se L((H?)N(R")) is isomorphic
W‘? — B'SWP,BS (B-_s - Aﬁs, A.is’ ALS)

to itself W3e Z(LY(R") operating in the space LY(R"); therefore W2 e
€ LUHP)NRY) if and only if a(&)e MY*MR") (1 < p < 00, —00 < s < 00).

LemMMA 3.2. The operator

3.1 W, e L(HP)VR™), (HP)N(R™))
is isomorphic
W3 = A:sW}sAS,A
to the operator
(3:2) Wi € ZULYR™Y), a(8) = (————
s i — ¢ —1
hence (3.1) is valid if and only if a(&) € MY*M(R").

We remind that (CH)V*N(R") denotes the set of Nx N matrix-functions
with entries a(¢) € Ci(R") having continuous derivatives Dfa(¢) (|k} < r) with
compact supports.

Lemma 3.3. Let a(&) € (CHOMN*NR") and 15 < 7.
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The operators

T=AaA* —al, T. = A7%aA —al,

0
815’

T, = As%afs — al, T, = A7’aAs —aW

- - - 1
. —8 s
T, = A;aAL — an”,
where

_
are compact
T, T., T, € S(LY(R"), Ty, T'€ S(LIR™)).

Proof. Obviously we can suppose N = 1 and due to standard approximation
consider only a € CP(R"); applying further Theorem 1.11 (namely the second part
of it on the interpolation of compact operators) we can concentrate only on the
case p = 2 (due to the boundedness of operators under the consideration in all
L, spaces).

The inclusion T &€ S(L,(R")) was proved in [1], Chapter I1I, § 9. We consider
only T', because T, T, can be considered similarly and T, = Py, T./,, T, =
= 1’14-7ith»+-

A% is a pseudodifferential operator (cf. [1, 4, 7]) and its symbol (i¢; — [&'] — 1)*
belongs to the class S7q(R") (cf. [7], Chapter II, § 1); the operator dA — ASdI is
also pseudodifferential for all de CP(R”) and its symbol belongs to SiY(R");
hence dAL — A’dle (H(R"),H **}(R")) (here H'(R") gH’z(R"); cf. [7],
§ 6 and [3], § 18).

Let now b(&) € Cy(R”) be such that b(&) = 1 forall £ € suppa; then a(&)b(é) =
=a(f), aA’. = AK, + aA’ bl, K, = bAS — ASbI; rewrite now T_ in the form

T = A=%(aK, + K:bI) + Kal,
(3.4)
Ky = afs. — Alal, K, = ATA% — WO

-8

As we already noticed K; and K, are pseudodifferential operators of order
s—1 and therefore K;, K, e Z(H*(R"), H(R™)); but then (cf. [4], Theorem 18.4
and [1], Chapter III, Lemma 8.1)

aky, K,bI € S(H(R"), L,(R"),
since suppa < suppb are compact. On the other hand

A= e Z(LR"), H(R™)
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and therefore
(3.5) AZaK,, AZ°K:bi € S(Lo(R")).
Since
ATH, = W) | §_dl) == (L.C_l}) :

we obtain

K3 = I'Vg s d—s(é) =i g—s(“f) - g—s(c);
clearly ¢_, e my(R") and d_{oc0) == 0; Theorem 1.12 yields then
(3.6) aK; e S(L(RY));

due to (3.4)—(3.6) the desired inclusion 7 € S(Ly(R")) is evident. %

2°. LocaL PRINCIPLE. Il We present here a local principle which 'is a
slight modification of the local principles from [5,6] (cf. § 1.6°).
Let X;, X; be the Banach spaces and

gl = g(Xl, Xz), S’ == S(Xl, X_)),

= cg(Xg. Xl)’ S == S(Xz, Xl):

G

L = L]’ denotes the factor-algebra with the norm
AL =140 inf AT
Teg
4 < LX) r LX)
is called a localizing class provided
SX)SX)nd==0

and for each A;, 4> € 4 there exists 4 € 4 such that 4,4 = A4; = A (j= 12).
Two elements A, Be &' are called Ad-equivalent, written A4 X B, provided
inf [ (4 — B)E] = inf | E(4—B)'!=0
Ec4 E€4d
An element 4 € &’ is called left (right) A-regularizable if there cxist Re "

and B e 4 such that RAB= B+ T, Te S(X;) (BAR = B+ T, Te S(X)).
A is called A-regularizable provided it is left and right 4-regularizable.
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Similarly A-invertibility, left and right A-invertibility are defined provided
T=0 (cf. §1.6°.

A system {4,},eq of localizing classes is called a covering if from each set
{A,}pen, Ao € 4,, finite number of elements can be selected {A,,,k}ﬁ.zl such that

!
A=Y A, has the regularizer
k=1

RA=I+T,, AR=I+T,, T, T.cS(X)nS(Xy).

THEOREM 3.4. Let {4,}uco be a covering system of localizing classes and
AXB, (A, B,c ¥, weR), AB— BAe € for all BE\J 4,,.

weEN
The operator A is Fredholm (has a left or a right regularizer) if and only if
B, have A -regularizers (B, have left, have right A -regularizers) for all w € Q.

Proof is completely similar to the proof of Theorem 1.1 from [5], Chapter
XII (cf. Theorem 1.17 above).
Consider now the particular case

X, = (HPYNM), X,=(H"N(M), |<p<oo, —00<s< 00,
where M is a r-smooth (r > s) n-dimensional compact manifold with the boundary

M # @ ; denote

Ly(M) = L((H)N(M), (HT)N(M)),
(3.7)
SH(M) = S((HHN(M), (H)N(M)).

Let xe M and consider
(38 Ad,={vJ:v.eC (M), v(t)=1in some neighborhood of x € M}.

Clearly 4, is a localizing class in #3(M) and {4,}cer (due to the compactness
of M) is a covering.
Clearly

sup |jvdll;,=oc0 for s # 0;
v ied

nevertheless

su o i, = sup inf|jvd + T, < oo,
(39) vxlepdx“[ [H P vxlelzx y || |l P

where the norm is taken either in (HF)N(M) or in (H*?)¥(M).

Let us prove (3.9).

Due to the definition of the norms we cansuppose N =1, M = R" (or M = R"*)
and suppv, < U for all v,/ € 4, and a certain compact U.
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Let B*=A°, B*= /A% or B*= A5 for the cases of the spaces
H¥R") (M =R"), HPR"™) or H¥"R"")(M = R"), respectively; due to
Lemma 3.3 and isomorphical properties of B* (cf. § 3.1) we easily get

it = C1B°tB= = C v ,= Clrli,= Csup;5(d) =C,
where C depends only on B=*

Let now M’ be another r-smooth n-dimensional (not necessarily compact) mani-
fold with or without boundary; suppcse there exists some r-diffeomorphism

B(t) : Uy~ U,w B(x)=3, xeM,yeM’

of neighborhoods of the points x and y.

The operator
\
{3.10) Bap(t) = o(p(t)}, te Uy,
0 , 7¢U,

1s bounded
Be € LUHPINM), (HP)N(M)) 0 LUHTPYNM), (HTYN(M))

and its restrictions on (H{)M(U,) and on (H*?)¥(U,) are isomorphisms (f and its
inverse fz' are obviously bounded in (Hy?)¥(U,) and (H*”)¥(U,) for s = integer;
for s # integer their boundedness follows from interpolation Theorem 1.11).
Similarly to 4, (x € M; cf. (3.8)) the localizing class 4, (y € M’) is defined.
The operators A € 3 (M) and Be Ly(M') are called (4,, B, 4,)-equivalen
(or quasiequivalent ; cf. [6]), written 4 ~ § ~ B. if there exist two neighborhoods
U, M, U, c M and a diffeomorphism f: U, - U,, such that

y=B(), BaAB. L B.

All properties of quasiequivalence listed in [6], page 577 (with exception of
the property b)) are valid in the considered case as well.
With the help of Theerem 3.4 we easily prove the following.

THEOREM 3.5. Let A € L5(M), Be LY (M') and
AR BB
the operator A has a left (right) A,-regularizer if and only if B has a loft (right)

Aregularizer.
In the case s = 0 we can add to Theorem 3.4 the following.
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LEMMA 3.6. If the operator Ae L(LY(M)) = L{(M) has a left (right)
A,-regularizer, it is left (right) A,-invertible.

Proof. Let, for definiteness, 4 has a left A,-regularizer

RAvI = oI+ T, TeGLY(M)).
Since

inf ||vp{l, = 0
vleAx

for any ¢ € LY(M), there exists such vyl € 4, that
(3.11) I Toodll, < 1;

let v,/ € 4, be such that

U Ly = V.U, = U,;
then

RAv I = (I + Toy)vJ
and I 4 T, is invertible (cf. (3.11)); therefore

(I + Tv))~*RAGI =" 1
and A is left A -invertible. %,
LEMMA 3.7. Let A€ L(LY(R") (or A€ L(Ly(R"))) and

V.A=AV,, V,o(t)= (1) (1> 0).

The operator A has a left (has a right) Ay-regularizer if and only if A is nor-
mally solvable and dimXerA = 0 (is normally solvable and dim Coker A = 0,
respectively ).

In particular A has a Ay-regularizer if and only if A is the invertible operator.

Proof. Let Ahas aleft Ag-regularizer; then A is left 4q-invertible (cf. Lemma 3.6)

(3]2) RAL"OIZ L'OI;

we prove now that

(3.13) inf ||Agll, > 0,
llell,,=1

which is equivalent to the normal solvability and dim Ker 4 = 0 (cf. [5]).
Let (3.13) does not hold: there exists a sequence {¢;}f2; such that
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due to (3.12)
1= limje,g;", = lim |V, RV deigsi, <
A=C A=3
(3.15)
< HRIli Ay + {47, lim fesp; — /] = R0yl Ao),,

where
v,(t) = ve{At) = V,vg(t).

Due to (3.14) the inequality (3.15) is a contradiction; thus (3.13) holds.

If A has a right Ag-regularizer the conjugate operator A™ will have a left 4,-re-
gularizer and the result follows from duality (4 is normally solvable and
dim Coker 4 == 0 if and only if 4* is normally solvable and dimKer A* = 0).

A will be normally solvable and,dim Ker A = dim Coker 4 = 0 provided A4
has both (left and right) 4c-regularizers; therefore A will be invertible. a5

4. SINGULAR INTEGRAL OPERATORS ON A COMPACT MANIFOLD

1°. DEFINITIONS AND SIMPLEST PRCPERTIES. Let M be a compact n-dimensional

r- smooth manifold with the boundary é3 #0O; {u;}j., be a covering of M,
l

U up= MG M, |\ U; > éM; B;: u; — u} be homeomorphisms on compact de-
c=1 1 sk 1
mains Y, ..., #) < R", ul,,, ..., ud < R"*.

The operator 4 € LN(M), is' < r, 1 < p < oo (cf. (3.7)) is called the singular
integral operator provided {(cf. § 3.2°):

(i) Agl — gA e SL(M) for all ge C"(M);

(i) 4 ~ B; X W5 _for x¢ eM,xeU;n M (ye fi(x), a (&) € (Hm,)N* N(RH);

14

(i) A ~ B; 2 Wi for xedMrU; (y=B{x)=(0,)s, ...,3), a(&)e
€ (Hm,)N N(RY)).

def 2

a(é) (xeM iy M = M) is called the symbol of the operator A.

LemMA 4.1. The syinbol a (&) € (Hm)N N(R") (x & M) of the singular integral
operator A€ P5(M) is uniguelly defined.

Proof. We have to prove that if for a fixed x € A
(4.1) ARG X WE, AXB <~ WE,

where b, de Hm,(R") and k == 0, k=1 for x¢ (M, xe M, respectively, then
b(d) = d(&); this clearly suffices.
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Let first x € M (hence Ak =1 in (4.1)); from (4.1) we get

a4
Wi_as=Wi—Wy20 (y=px);

hence (cf. Definition in § 3.2°) for any & > O there exist an operator T, € € ,(R"")
and a function zy(t) € CP(R"), ve(t) =1 in some neighborhood of y € R"* such that

lveWg+ Tells, <& (g=0b—d);
due to the isomorphism properties of A% , and Lemmas 3.2 and 3.3 we obtain
(4.2) w3 + Tl, = (| AL AT AT WeAT? 4 AT A, = leoWy + Tellsp <6,
where T e €(LY(R"+!)) and

i& + 1€ +1
1i& — ¢ —1

3.0 = ( )Sg(é);

due to the compactness of supp vy we conclude (cf. (3.3) and Theorem 1.12)

LW e S(LYR™)),

358,
since

(4.1) yields then

{;!"sz’gsf;ip <é

and due to (1.14)

(4.3) sz}p (g(&)g(&) < ”XWégs”p = i{ixwégsl':fp < HZUOW:’L’SHP <&

where x(&) is the characteristic function of the set {£ € R": 1y(¢) = 1} (therefore
ytg = x); from (4.3) immediately follows b(&) = d(&).
The case x ¢ OM (k = 0 in (4.1)) is completely similar. 2
LemMa 4.2. The symbol a (&) of the singulai integral operator A € LiH(M) is
a continuous function of x € éM.

Proof. Let A € &3 (M); by the definition of equivalence (cf. § 3.2°)

AZXB LW (y= B0,

X
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for any ¢ > 0 there exists v.J € 4, (cf. (3.8)) such that
OB B — W ] ' < &

let x,zeU;, Bi(x)eU, = {EeR"™ :p():=1}; if bJe A,,:j(_., is such that
supp U, « U, and

iYIBEIﬁj_'lAﬂj‘ - WIIB:].::SP <&
then

UBIWE, — W1, < L BadfRt B — Wi,

asp i
-+ C1, ‘Ee[ﬁj_'lAﬂi' - Wzlzz]:.;sp < G(1 + US ﬁ/r) &,
where C,; depends only on s and p; similarly to (4.2) — (4.3) we obtain

(4.4) sup {[a.(Q) — a(§)]g Q) < (1 + | v ) &

due to (3.9), from (4.4) it follows

liill sup la.(8) — a(&)i=:0. 7

Z,xe0M

REMARK 4.3. Similarly to Lemma 3.2 one can prove that the symbol a(.)
is a coatinuous function of x € M\&M as well.

ReMARK 4.4 If a (&) € (Hm, )N M(R") is the symbol of the singular integral
operator A € Y(M) and inf |deta,(0); > O for all x € M, the numbers
01

M’ L I — s < Red{a,) < L -5
p

¢$j(a_\.) == . ;

(j=12,...,N,1 <p < co)

can be defined (cf. § 3.17), where Zy(a,), ..., iy(a,) are the eigenvalues of the matrix
a7 (—1,0, ..., 0)a 41,0, ... 0) (with regard of their multiplicities); partial {p.s}-
-indices xy(0', X) € ... € (0, x) (0’ € $"~%, x € ¢M) are also defined asin § 2.1°.

In the scalar case N = 1 all numbers d;(a,) and x(0', x) = (0, ) are conti-
nuous functions of x € M (since a (&) is continuous with respect to x € ¢M) and
therefore (', x) = const. (for n > 2), (0, x) = »x (1) (for n = 2).

REMARK 4.5. The above given definition of the singular integral operator (with
slight variations) is well-known; in [6], for example, the condition (i) for the ope-
rator 4 € #(LY(M)) is replaced by: (i') y1 4y is compact for all characteristic func-
tions y, and ys, with suppy, N suppye = Q.
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Conditions (i) and (i") are equivalent (cf. Seeley’s remark in Mathematical
Reviews 31, # 3876).

2°. ExampLE. Let M < R” be a compact domain with m-smooth (m > 2)
boundary M, let r be as in Theorem 1.1 and [s] </ < m.

Suppose
(4.5) DEQ(E, 0) e (H™)NXN(M, S"-Y),  |kly <1, S Q(,0)de =0

Sn—l

and for £ > 0 there exists a function
q
(46) Qe(é; 0) = 2 le(é)gj2(9)’
j=1

S Qp(0)d9 =0, Qe (CHNN(M), Qe (HPNN(S"Y,

Sn-‘.:

such that
(4.7) 12 — |, = IA‘I.;YL,mfaané[Q(ff) — & gragen-1, < .

Consider the operator
Q¢ E—1)
& — i

due to Theorem 1.1 4,, € LY(M) (cf. (3.7)).
The operator

Ay (&) = S o(n) dn;
M

T = Aygl — gAy (g € C"(M))
has a weak singular kernel and therefore is compact on L)(M); due to Theorem 1.11
(cf. (3.7)) Te &i(M).
Let f, :u, — uy be some homeomorphism of the neighborhoods u, = M,
g = M, , where f.(x)=0 and
4.8) Mx={R"+’ %f x €M
R* , if xe M\oM,;
let J, be the Jakobian of f.(t) at the point x (if x e M UM we can suppose f,.(t) =
= t — x and hence J, = 1).
Let now (cf. (4.8))

Q(x,t—1)

I l () dr, Qw8 = Qx, JZ¥);
t—1|”

A1) = S

in virtue of Theorem 1.1 4, € #¥(M,).
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The equivalence

(4.9) Ay ~ B X A, (xeM, y=fx))
is valid.

Proof. We prove first the equivalence (cf. (3.8))

(4.10) Ay < A,

where

(x9 S )

Ap(&) = S : (1) d.
M I

Suppose Q = Q, (cf. (4.5)), x€ M\¢éM and suppe, = M (v € 4.); then in
virtue of Theorem 1.1 and Lemma 3.3

;:jvi[AM - Ax]sp = :‘va[AM - Ax]vx:.jsp <

q
<Y o Bndpo, L, = Z F1A50,Q5 450,475,

j=

-

a - , a . A
<Y LA QA A AR A AT A <Y o, A potd S
j'-;l J::l

\L SUp 0, (E)[2 (D) — Zu()’ Al <

<Y 195l sp 10, ()2(E) — Cu()]

j=1
where le(g’) == Qi (E) — Qu(x),

(é)

= o(n) dy

A0(0) =S
i
and jj-l;, is defined by (4.7).
Thus
mf hl vldy — AN, =

zle

and (4.10) is proved for x€e M\9M, Q = Q,.
Simple continuity arguments prove (4.10) for all Q(¢, 6).
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For proving (4.10) we need to consider only the case x € OM, Q = Q,.

Let supp v, u, (0] € 4, of. (3.8)), 18 = Bz, , Q=P80 (21(5)=0u(&) —
— £;;(x)) and A}’Z = BilAjsfye (cf. (3.10)); applying Theorem 1.1, Lemma 3.3
and inequality (3.9) we get

PR Y a ' 7 -
iy — Adil, < 1 Y | [02Qudpblil, < €1 Y A5 300 AR A7), <

j=1 Je=1

q ~ - H ~ b ]
<G Y, A2 A, 1AL ARAz |, (145 05455, =
j=1

J

=G, Z sup [0:(8) [251(8) — Q)] [1Qallirs

J=

f

hence

inf Hlvx[AM - "fx]iflsl’ =0
xleAx

and (4.10) is proved.
Next the equivalence

(4.11) A, 2B 24, (y=p(x))

will be proved, which together with (4.10) yields (4.9).

It suffices to consider Q2(x, &) € C*=(S"~1) for all x € M (otherwise we can appro-
ximate © and use the continuity property of the equivalence (4.11)); rewrite (4.11)
as (cf. § 3.2)

~ a4
ﬂ;‘leﬂx' Ny Ax;
in [6], Chapter I, § 4 was proved that

(4.12) FApe= A+ B+ T,
where T e S(LY(M,)),

Qo(t, t — )WY (7) dz i
|t — "

BY(r) = S

20(B(x), £)=0, DIQ(t, &) e (CYV*N(S"Y),  kl; < m.

Clearly B, T € #)(M,) and in virtue of Theorem 1.11 T € S}(M,). Similarly
4
to (4.10) we get B < 0 (y = B,(x)) and, therefore, (4.12) yields (4.11).
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3%, STATEMENT OF THEOREMS.

THEOREM 4.6. Let M be a compact n-dimensional r-smooth manifold with the
boundary ¢M # @; A€ LN(M)be a singular integral operator with the symbol
a (&) e (HC"+E)N*N(R") (xe MUCM, m>n/2, —co<s< oo, l<p<oo)
which is elliptic inf |a(0)] > 0.

=

The operator A € ZN(M) is Fredholm if and only if (cf. Remark 4.4)

(4.13) o;(a,) # 1 s foralj=12,...,N
p

and all partial (p, s)-indices disappear
(4.14) (0, x) = ... =xy(0,x) =0 (0eS" 2 xeM).

THEOREM 4.7. Let all preliminaries of Theorem 4.6 together with (4.13) held.

Ifu(0,x) 20 (j=12,...,N; 0" 8", xe M) but (4.14) does not hold
the operator A € &N(M) has a left regularizer and dim Coker 4 = oo.

If 2;(0',x) <0 (j=12,...,N; 0 € S"*; xe M) but (4.14) does not hold,
the operator A € LN(M) has a right regularizer and dim Ker 4 = oo.

THEOREM 4.8. Let M be a compact n-dimensional r-smooth manifold with the
boundary M # @ ,; Ae LN(M) be a singular integral operator with the symbol
a (i) e (HC"+)N*NR") (xe MUEM, m>nf2, —c0o <s< oo, 1 <p < o0).

If inf{deta(8) =0 (xeMuUdlM, 0e€ S"?), the operator Ae LN(M)
has no left and no right regularizer.

4°, PROOF OF THEOREM 4.6. Due to the definition of singular integral oper-
ators A€ XQL(M) and to Theorem 3.5, A4 has a regularizer (i.e. 4 is a Fredholm
operator) if and only if W§_€ Z{(R") forall x € M\éMand W; e Z{(R"*) for all

1
X € ¢M have 4 -regularizers (cf. (3.8); here y = f;(x) for x e u;, | Ju; =M y CM;
j=1
cf. § 4.1°).

We prove now that ;€ ZN(R") (x € M \dM)and W} e LI (R™) (x € ¢M)
have 4 -regularizers if and only if W} e LR = L(LY(R") and Wie &
e Z(LY(R"*)) have d,-regularizers respectively, (g,(¢) is defined by (3.3)).

Let W3 e Z{(R") has a left do-regularizer:

(4.15) Rngv,,I= v+ T, vied,, TeESh(R");
then (cf. §3.1°)

VRA=V_ (V5 WS A=V_JIV, AaA=V_ = VAV A~V _ + VA TAY_,,
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where

Viyo(t) = o(t F ¥);

obviously

V,WeV-,= ng, Va,V_, €4,
and using Lemmas 3.1, 3.3 we get
(4.16) RongvOI = vl + Ty;

Ry = V,A5RA=V_ e LNR"), Toe S(LJ(R")); hence ng € Z(LY(R") has a
left Aq-regularizer.

Converting the argumentation from (4.16) we easily obtain (4.15).

Similarly, if 'ng e #N(R") has a right 4y -regularizer, W e LLY(R™) will
have a 4,-regularizer and vice versa.

Let now W},x € ZN(R") has a left A-regularizer (x € OM, y = f;(x)),
(4.17) RW},xv,.Iz o T+ T, vled,, TeS(HPH)MR'"));
then (cf. § 3.1°)

RV, AL WL ATV ) (V, A5 a0A5°V_ ) = V,Aoa A=V _, + T,
Ry=V, A RA- V_, € L(LY(R")),
To= V,ASTAZ°V_, e S(LYR™)),
since x € OM, y = fB;(x) =(0, y», ..., y,) and therefore
V,,W},xV_ y = W},x, VaV_,ed,
(if yr # 0, Vo, ¢ L(LY(R"))); using Lemmas 3.2 and 3.3 we get
(4.18) Roijv.,I = vl + Ty, T,€S(LYR")).
Converting the argumentation from (4.18) we easily obtain (4.17).
Similarly is considered the case of a right 4 -regularizer of W1
Summarizing we conclude: 4 € ¥N(M) is a Fredholm operator if and only
if Wo_e Z(Ly(R") have 4q-regularizers for all x € M\0M and Wi g, € L(LY(R™))
have Ao regularizers for all xedM.

The proof of the theorem is completed now with the help of Lemma 3.7 and
Theorem 2.7.

2 - ¢ 1733
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5°. PROOFS OF THEOREMS 4.7 AND 4.8. These theorems, similarly to Theorem
4.6, are simple consequences of Theorems 2.7 — 2.8 and Lemma 3.7 if we notice
(cf. (4.15) — (4.18)):

(i) if all Wi e Z(LJ(R") (x € MN\CM) and all Wi o € Z(LJ(R")) have

aleft (have a right) 4-regularizer, 4 has a left (has a right) regularizer;

(i) if ng € Z(LY(RM) (x € M\CM) or W,}x € L(LY(R™)) (x & CM) is
not a Fredholm operator for some x € M, 4 will be not a Fredholm operator
as well. 7z

This work was planned and fuifilled during the visit in the TH Darmstadt (W est Germaiy)
as a Fellow of AvH Foundation in 19801981,
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