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CURVATURE INEQUALITIES AND EXTREMAL
PROPERTIES OF BUNDLE SHIFTS

GADADHAR MISRA

INTRODUCTION

We study a class of Hilbert space operators B;(2) possessing an open set
of eigenvalues Q. The eigenspaces of an operator 7 in B,(2) form a complex holo-
morphic hermitian line bundle over Q defined as Er = {(w, x) - 0 : (w, x) € QxH#
and Tx = wx}. One reason for studying the class B,(£2) is the following theorem
due to Cowen and Douglas [8].

THEOREM. Two operators T and T in B,(R) are unitarily equivalent if and only
if H () = H (@), where A 1(@w) dw A d@ is the curvature of the bundle Er .

We estimate the curvature of an operator T in B,(£2), using the Szegd kernel
for Q, whenever clQ is a spectral set for 7. These estimates are then shown to be
best possible.

The class B,(22) was first introduced in Cowen and Douglas [8] as follows,
Bi(®) = {Te L(#): (i) Qco(T)

(i) ran(T — w) =H#, wehf
(iii) V ker(T — 0) =#

wEN
(iv) dimker(T — @) = 1}.
It is important for us to relate the curvature of the bundle E; to the operator T.
The space ker(T — w)? is invariant for T — w and (T — w)|ker(T — w)® is a
nonzero nilpotent operator of order two. Relative to an appropriate basis we have
the matrix representation

N, = T|kex(T — ) = [“’ hT(“’)J :
0 w

Now, & ;(w) bears a simple relationship to sp(w) namely A r(w) = —h(w)~2
Our problem is to find reasonable estimates for operators in B;(R). If clQ
is a spectral set for T, then it is also a spectral set for N,,. We show that cl® is a
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spectral set for N, if and only if Ap(w) < kn(w, )Y, where le,,(w, @) is the Szegd
kernel for the region Q. In turn we obtain the desired curvature inequality. At this
point it is natural to ask if c1Q has to be a spectral set for T, whenever T satisfies
the curvature inequality. We are not able to resolve this question. (However, see
note at the end.)

To show that the estimate # 7 (w) < —Isﬂ(w, @)? is best possible we must esta-
blish the existence of an operator T in B,(£2) satisfying X (w) = —k\g(w, @)>.
First we attempt to compute the curvature in a reasonable manner. For any T in
B(2), if y is a nonzero holomorphic cross section of the bundle Ey, then corres-
ponding to y there is a natural representation I' of the Hilbert space # as
holomorphic functions on Q@ = {w'@ e Q} defined by (Ir'x)(w) = (x, y(@)) for
x € #. Moreover since

(I'THx)(w) = {x, Ty(@)) = {x, @YD) == o(I'x)(w) for weQ,
it follows that T is the adjoint of multiplication on I'(s#). If we set K(2, &) =
= {p(@), (1)) then K is the reproducing kernel for I'(#).

The map w — K(Z, w) is a holomorphic section of the bundle E; and
H (w)dw d@ is the curvature defined with respect to the metric (K, K>, = K(@, w).
We can express 4 (w) by means of the formula

62
‘wd

Since all holomorphic bundles over an open subset of C are trivial (cf. Cowen and
Douglas [8}), our problem lies in choosing an appropriate metric for the trivial bundle
over € so that the curvature with respect to this metric equals —1%},(0), ).

Let ds® = h%dw dw be a metric on Q. The Gaussian curvature with respect
to the metric ds® is then given by the formula (Ahlfors [3])

H(w) = - log K(w, @)~

2

C(ds®) = —4 g
dw 0w
If the region Q is simply connected and Ieg(w, ) is the Szegd kernel for 2 then
ds == Ko(w, @)do d@ is the Poincairé metric. Since the Gaussian curvature for
the Poincairé metric equals —4, it follows that :

(logh)/h2.

“2 A A
T log Rolw, @)1 = —Ky(w, B

Cw G
The reproducing kernel for the usual Hardy space H3(Q) is the Szegd kernel
function for Q, which suggests that the adjoint M} of multiplication on H*(£)
is our candidate for an extremal operator. Once we show the operator M7 is in
B,(Q) (Corollary 2.1), it follows that

2 A A
log Kp(w, @)~ = —Kp(w, @)% for all w € L.

5}
z ‘w
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To complete the proof that M¥ is an extremal operator, we have to verify the
relation 1?,,(0;, W) = ]A(!—?(@, ).

When the region € is not simply connected, the Szegd kernel does not yield
the Poincairé metric and our previous techniques fail. Perhaps even more surprising
is the inequality

2 A A
log Kp(w, &)~ < —Ky(w, @)?

Jw 0

which essentially says that the operator M} on the Hardy space H?*(Q) is not an
extremal operator. At present we are unable to find a single extremal operator. The
next best thing we can do is to ask if the inequality is sharp pointwise, that is given
a point { in §2, does there exist an operator T in B,(£2) so that at least

A () = — Ko, D2

First, we define a certain Hilbert space H*(0R2, m) of analytic functions on Q
determined by a positive measure m on the boundary 02, depending on the given
point {. As before the operator M¥ on the Hilbert space H%dQ, m) satisfies
A M;(C) = —]?Q(C, 0)%. These operators have been studied in a more general
setting (Abrahamse-Douglas [2]), where they are called bundle shifts.

Some of these results (Theorem 1.1, Theorem 2.2 and Corollary 1.1) were
reported without proof by Bruce Abrahamse in a private communication (Feb. ’79)
to Ronald Douglas. This work constitutes part of the author’s doctoral dissertation
at SUNY, Stony Brook, 1982. The author wishes to thank Ronald G. Douglas for
his patient assistance with this research. Also, the author acknowledges many hours
of helpful conversation with Douglas N. Clark.

1. CURVATURE INEQUALITIES

We begin with the well known definition of spectral set and reformulate it
in various ways suitable for our purpose. Suppose € is an open bounded set in C.
Let Hol(©2, D) and Rat(clQ) be the holomorphic functions mapping the region Q
into the disk D and the rational functions with no poles in cl 2 respectively.

DEerFINITION 1.1. The set clQ is a spectral set for T in L(s#) if the spectrum
o(T) is contained in c1Q and {|f(T)|| € {|f|le for all f in Rat(cl).

Let us call £ reasonable if for each fin H*(£2) there is a sequence of rational
functions r, with poles outside cl 2 satisfying ||r, |l < ||fllw and r,(w) — f(w) for @
in Q. If Q is a finitely connected Jordan region, that is, the boundary of @ consists
of simple analytic curves, then Q is reasonable (Gamelin [9]). Let Q be a Jordan
region and o(T) < Q. Since we can defing f(T) via the Riesz functional calculus,.
whenever £ is in H®(Q), the first of the following two remarks is self evident.
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Remark 1. clQ is a spectral set for T if and only if |[f(T)|! € 1 for all fin
Hol(©2, D).

Let Hol(Q, w, D) be the set of those functions f in Hol(€2, D) that vanish
at w, that is, Hol(2, w, D) = {fe Hol(2, D) f(w) = 0}.

REMARK 2. The following two statements are equivalent.

(a) IAT)| € 1 for f in Hol(2, D).

(b) If(}l < 1 for f in Hol(?, w, D).

It is clear that (b) follows from (a). The other way round, fet f{w) := « and
250. By the maximum principle j&f < 1, hence @,(z2) =(z —a)(1 — @z)"1 is a
conformal map of the unit disk. The function g = ¢, o f lies in Hol(2, w, D) and
it follows that |ig(T)|| < 1 or, equivalently [|[A(T)!| = ||(¢; (g(T)) < L.

Let y =: Sup{ie({)!?: ¢ € Hol(?, w, D)} and
(o, ) = (7= D0 — i, (in Q.

. Jo u
THEOREM 1.1. For w, { in Q, clQ is a spectral set for the matrix [0 ly]
5

if and only if i < a(w, §).
Proof. Let p(x) = ay + a,(x) + ... + a,x" be a polynomial.

o p]_
Ph J“
0 p(O)

For any ¢ = p/g in Rat(clf2), the rational functional calculus yields the

TR M-

o(@) —F— (o) — o)
o —{

po) —F— (p(@) — p(D)
o—{

0 o({)

We can now apply the Riesz functional calculus to see that the same represen-
tation holds when ¢ is in Hol(®, D). In view of Remarks 1 and 2, c1Q will be a

spectral set for [;) IZ] if and only if

Jco [;’ ’C‘] }] <1 forall ¢ in Hol(2, , D)
| [i
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which is equivalent to
0 —E—op0
®—{ <1 for all ¢ in Hol(?, w, D).

0 o 1|

The desired inequality follows immediately.

COROLLARY 1.1. For win£2,clQis a spectral set for [3’ h(w):l if and only if
[0

(w)| < [sup{!f'(w)|:fe Hol(R, w, D)}]~1.

Proof. We take limit as { approaches w in the theorem and the corollary
follows.

COROLLARY 1.2. For any T in B,(R), if c1Q is a spectral set for T, then
A (@) < — Sup{|f'(w)?: fe Hol(2, w, D)}

Proof. Since ker(T — w)? is a rationally invariant subspace of T, N, =
= T|ker(T — w)* admits c1Q as a spectral set. It is shown in Cowen and Douglas
[8] that N, has the matrix representation [w fir(@) ] with respect to an appropriate

w

basis. We apply Corollary 1.1 and use h3(w) = (—H (@))~Y2 to obtain the
curvature inequality.

We wish to reformulate the curvature inequality in terms of the Szegd kernel
function for the domain Q. We proceed with the relevant definitions and theorems,
most of which appear in Bergman [6].

Let m be a positive measure defined on the boundary 89, that is mutually
absolutely continuous with respect to arc length measure on Q. The space L2(8Q, m)
consists of complex functions on Q2 that are square integrable with respect to the
measure m. We also introduce the Hardy class H?(2) consisting of analytic func-
tions fon the region Q such that|f|> admits a harmonic majorant. The properties
of H*(Q) are well known (Rudin [10]), in particular each f in H?*() possesses a well
behaved nontangential boundary value. It is natural to define H?(0Q, m) to be
the class of functions f* in L*(99, m) that are boundary values of some f in H%(2).
Let {e,(w)} be an orthonormal basis for H*(£, |dz}), define the Szegd kernel to be

Ro(@,0) = X en(@)e(D) -

That the kernel is well defined and has the reproducing property is establisped in
Bergman [6, p. 108]. On our domain  there exists an adjoint kernel L(w,?)
{6, p. 111] determined by the following properties:

(i) l':(w, {) is regular in c12 with the exception of a single pole at « = {
with residue 1;

8 ~ ¢ 1733
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(ii) For w on the boundary &, the two kernels ?(_Q(w, {) and f,(w, {) satisfy
the relation

(+) Koo, §)ido| = —i Lo, )do.
We record here one more relationship which will be useful to us later.
(%) —iL(w, O)Kn(w, H)dw >0 on éQ.

The function Fy(w) = kg(w, Z)/:l:(w, {) maps the region € onto the n-times
covered disk, where n is the connectivity of the region 2 and F,({) = 0. The pro-
blem of finding, among all functions f in Hol(Q, w, D), the one that maximizes
|f'(®)| is solved by means of a generalization of Schwarz Lemma.

ScHwARrRz LEMMA (for multiply connected domains). If the function f is in
Hol(2, w, D) then
[ ()] < = F(Z) = Ko(w, @).

zZ=w

Whenever @, is a subset of €, it follows that Hol(2, w, D) is a subset of
Hol(2,, w, D) and we obtain the monotonicity of the kernel function, that is,

Kolw, @) = Sup{.f'(w)|: f € Hol(2, », D)} <
< Sup{1f'(w) : /¢ Hol(@, 0, D)} = K, (0, B),

where equality can occur only if @ and @, differ by a null set (Ahlfors and

Beurling [4]).
We now restate Corollaries 1.1 and 1.2 using the Szegd kernel function

f(g(w, {) for Q.
h(w)
)

] if and

COROLLARY 1.1'. For win @, cl@Q is a spectral set for [0

only if

|E, [ZJ h(w)] f; l, E2) = Ko(z,0)/L(z, ) and  Fo, &) =0,

or equivalently
[h(w)} < Kolw, @)~

COROLLARY 1.2". If c1Q is a spectral set for T in B\(Q), then

H (@) < —139((», @)%
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We apply Corollary 1.1’ to show that ||T}| < 1 and ||T-'|| < 1/r are not
sufficient for T to admit the annulus 4 = {w!r < |w| < 1} as a spectral set. The
following lemma appears in Williams [13].

LemMa 1.1. Jf U, is the two dimensional shift with matrix representation

[0 ]] relative to an orthonormal basis then
1 -
e+ BTN} = —- (i) + Vala® + 1B }-

To produce the desired examples, let us consider

2
72[“’ ! 1“’1],
0 o

where w e Ay = {w | Vr < lowl < 1}. We can apply Lemma 1.1 to verify that
ITIl=1 and |T7| < 1/r.

Since ;(D(w, )1 > IA(,,(w, @)=, in view of Corollary 1.1’ it follows that the
annulus A4 can not be a spectral set for T.

We point out that the following theorem due to Williams [13] yields the same
result.

THEOREM 1.2. If an operator T on a finite dimensional vector space is completely
non normal and ||T|| = 1, then the unit disk is a minimal spectral set.

2. EXTREMAL PROPERTIES OF BUNDLE SHIFTS

We discuss some extremal problems arising in classical Hilbert space theory
(Bergman [6]). Let Q be a Jordan region and m be a positive measure on the boun-
dary 02, that is mutually absolutely continuous with respect to the arc length mea-
sure. We have already defined the Hardy class H2(022, m) with respect to the measure
m. For fixed point { in Q, define

My = {fe HH0Q, m):f({) =1}

and
My={fe H¥0Q, m):f({) =0 and f'({) = 1}.

Consider the two problems

0. To find the minimum ||f}|> over .#,.

1. To find the minimum ||f|? over ./, .

The existence and uniqueness of the solution to both these problems are well
known. We quote here a slight generalization of a lemma due to Suita [12], that
establishes the extremality of certain functions.
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LeMMA 2.1. The function F in H*(EQ, m) is a solution to
(1) Problem 0, if and only if F e 4, and F is orthogonal to

{fe HY3Q, m):f() = 0},

(it) Problem 1, if and only if Fe J/, and F is orthogonal to

{fe @@, m):f({) = f'({) = O},

Since we have chosen the measure m to be mutually absolutely continuous
with respect to 'dz,, it follows that the point evaluation functional on H2(Q, m) is
continuous for each w in Q. Consequently H*(62Q, m) has a well defined reproducing
kernel K,.(-, ). We define two functions f, and f; , which turn out to be the extremal

functions for Problems 0 and 1 respectively.
J+k
Let KJ} denote the partial derivatives ———— K, (o, ®)|w=g - Set
dw’ d@*

fO(w) = K,,,((D, C)
and

K@ D) < Koo, 2|
filw) = ez

00 10 10 11
Km Km K Km

n

00 01
K (m Km

=g

If g is any function in H?*(8Q, m) satisfying g(¢{) =0 then (g, fo> = O.
Similarly if 4 is any functionin H2(8Q, m) satisfying 1({) = h'({) = 0 then {A,f,> = 0.
We apply Lemma 2.1 to conclude that £, and f; are the extremal functions. If 1;({)
and 4,({) are the solutions to Problems 0 and I, it is not difficult to compute the
values

2o(D) = 1fol? = K& D7

: & .
)'I(C) = I:_fl{,z = Kl?lo(KI?IOKIiIIl - |K'?11!2)—-)l = KI(I)IO _—IOg Km(w9 6):0)::)
‘w o !

1

Assuming that the adjoint M¥ of multiplication on H2(¢Q, m) is in B,(3), we
obtain the curvature inequality

62

w d

Ayl = = = l0g K, @ < —Rall, D)

It is interesting to note that here we have a different proof of Theorem 2 of
Suita [12] and parts of Theorem 2 of Burbea [7], when m = |dz!. In this case, they
have shown further that the inequality is strict whenever Q is not simply connected.
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To find when equality holds, at least pointwise, we have actually to use some of the
ideas developed by Suitg [12] and Burbea [7]. For each fixed point { in the region Q,

let m be the measure |Ky(w, {)%dw|. For this particular choice of the measure m
we have

THEOREM 2.1  \ps(0) = — Kol D2

Proof. Let ¢ bz the function
P(@) = Flo, DK (0, DIKPKSD .
The function F has a zero at { and thereforz ¢({) = 0. Also
@'(0) = [F'(C, DKL, D) + F(L QK DUKPKY = 1.
The function ¢ is therzfore in the subspace .#,. Since ||f;]|* is a solution to the
problem of minimizing {||fIi*: fe .#,}, we obtain
0? _ -1 ~
el = AIF = 2,(0) = [K'?P-—*—_logK(w, 0))|w=g] = —[Ku(L, DA () O~
_ 0w Om z

On the other hand,

|2 = [Ka(Z, DKL, C)]‘QSIF(CU, OIEKn(w, DiEdm = [Ko(Z, DK, D1
o2

Putting these together,
o2 = [Ka(C, DKl DI7* 2 —[KuL, DA (0171

Equality will hold if ¢ can be shown to be the extremal function. An application
of Lemma 2.1 reduces the problem to showing that ¢ is orthogonal to the subspace
{fe H¥0RQ, m): f({) = f'({) = 0}. For any function f in this subspace, we compute

9 = (2nRPK®)-1 Sf(w)F(w, DK (@, Dl Ko(w, Dlde| =
o2
— QiR -1 S fl@)L(w, K, (@, {)do.
on

For every function f in H*0Q, m), we also have

(f (R®)-1> = (2nR®)-1 Sf(w)lffg(w, OPldo| =

aQ

— (2nik%)-1 Sf(w)l?n(w, OL(w, 1) do.

aQ
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Since the functions f and 13,,(-, {) are holomorphic, while I’:(-, ¢) is meromorphic
in the region © with a simple pole at { and residue 1, it follows that

(S (KD = f0).
Uniqueness of the kernel function implies

K, (0, ()= (k\?f)“ for all we Q.

Continuing, we obtain

(f 0> = QriRPK®)-1 Sf(wﬂi(w, 0o, Ddo =

a2
— (2miK®)-1(R)-2 Sf(w)zf(w, &2 do.

The function LA(w, {)? has a doub]g pole at @ = {, where f has zero of order
at least two. Therefore, the product f(w)L(w, {)? is holomorphic on all of Q. It fol-
lows that {f, ¢> = 0.

This theorem suggests that the operator M¥ on the Hardy space H*(0Q, m) is
a natural candidate for the extremal operator.

THEOREM 2.2. For each fixed point { in the region Q, let m be the measure
| Kqo(10, D)%), then the operator M* on the Hardy space H%(0Q, m) satisfies

Har(0) = — KL, O

We reiterate that it remains for us only to show that the operator M¥ is in the
class B,(Q) and ]A(Q(C, H= f(E(f, {). Let us recall that every operator T in B;(Q)
is unitarily equivalent to the adjoint of the multiplication operator on a certain
Hilbert space of analytic functions on Q. With a little effort we can prove a converse.

PROPOSITION 2.1. Let # be a Hilbert space of analytic functions on the region £,
equipped with a reproducing kernel K. If the operator M, maps 3# into itself, then
it is bounded and each @ in Q is an eigenvalue for the operator M¥. If in addition, w
is a simple eigenvalue, then the operator M} lies in B,(8).

Proof. The first part of the proposition is a result due to Shields and Wallen [11].
Since the point evaluations are bounded on # and ran(M, — w) = {fe # F fw)=0},
it follows that ran(M, — w) is closed. The operator M, — w is one to one,
therefore ran(M}¥ — @) = #. The eigenvector corresponding to the eigenvalue @
is K(-, @) and we have spanker(M¥ — @) = span K(-, @) = . Assuming & is
a simple eigenvalue, M* lies in B,(Q).
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COROLLARY 2.1. The operator M* on the Hardy space H*(0Q, m) is in B,(Q).

Proof. Each function f in H2%(0Q, m) can be written as f(z) = f(w) +
+ (z—w) M ﬁz)—t—f-@l € H¥(0Q, m). Thus, ran(M, — ) has
z—w zZ—w

codimension 1 or in other words @ is a simple eigenvalue for M¥*.

, Where

PROPOSITION 2.2. For all w in Q, we have 1/(‘9(5, ) = I%T)(w, ).

Proof. Let F be the function that maps the region  onto the n-times covered
unit disk. The corresponding function F* mapping the region Q is given by the

formula F*(w, {) = F(@,{), where w and { are now in Q. Since KAQ(E, ) =

-_.——d—F(Z, @)|.=0> it follows that
dz

A d d .
K'g_)(w’ 6) = — F* == T F(Z, 6)‘::0): E: F(Zv a)Izcw = K.Q(u_)’ (D)
dz dz dz

We apply the existence of extremal operators to show that the two notions of
spectral sets and complete spectral sets are actually the same for some 2x 2 ma-
trices. Or, equivalently if c1€2 is a spectral set for such a matrix M then M possesses
a normal R(clQ)-dilation (Arveson [5]).

DEFINITION 2.1. The region cl @ is a complete spectral set for the operator T
if the map ¢ ® I,: Rat(clQ) ® M, - L(#) ® M, is contractive for each n.

Here, o is the map ¢ — ¢(T) and M, is the C*-algebra of nxn complex
matrices.

THEOREM 2.3. If clQ is a complete spectral set for the matrix [(: H ] then

: A
it is also a complete spectral set for [:;) {] whenever |1 < |ul.

Proof. First, for || < |u} and any three k x k matrices 4, B and C, we claim

[2 eli<la <l

X . :
Let [ ] be any unit vector in C%*, then

[o "e|= itz toxle + a4 2ReAcar. 27>
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If we set 2 = |A|&, p = |uiB and {Ax, aBy) = {(Ax, «By)|J, then
llAx|]? + 1|ICy|[* + [APR[By|* + 2Re A{Ax, By) =
= ||Ax[]* + [[CY[I® + AZIByli® + 2 ZiRe{Ax, aBy) <
< |lAx|? + {ICYI + (22||By|* + 2i2] [{Ax, 2By)| =
= [|Ax|]> + JICyII* + APIBy|I? — 212K Ax, (2/8)By) <
< [l Ax|® + IC(o/BS)yI* + I B(2/Bo)y|* + 2!l B Ax, (2/5B)By) =

B ll[g ug ] [<a/§ﬁ>y]i}2'

Since ] is again a unit vector in C?4, this proves the inequality for

[ X
(2/6B)y

the two matrices in the operator norm.
To prove the statement about complete spectral sets we have to show

o[z 2o 20

for all @;; € Rat(clQ) ® M, .
Set 4 = (¢;(0))iyr> B = (¢;(@) — ¢;j(D)sx and C= (@:i{(D)isx- As in
Theorem 1.1,

‘Pij(w) ———)—' ((pij(w) - (pij(C))

o A o —{
@i =
! [o c]
0 (Pij(C)
Applying elementary row operations we obtain
r
o J A A ; B
v w_—
Dij ~
( ’[o c])
0 o
Similarly,
.
o 4 4 K CB
w —
Pij ~
( ’[0 c] )
|0 o
Since A < lul , the inequality () is an immediate consequence of
lo — 8 o —
the claim.

We wish to determine whether the region clQ is a complete spectral set for

[:')) }"] whenever cl @ is a spectral set. Theorem 1.1 and 2.3 reduce the problem to
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finding whether the region clQ is a spectral set for the matrix [;’ oz(a;, 9 ]

We are able to resolve the question only if @ = { and a(w, w) = ]A(g(w, @)L

A
COROLLARY 2.1. If the region clQ is a spectral set for [co ], then it is also

o
a complete spectral set.

Proof. We have to prove only that the region clQ is a complete spectral set

for [a) Ko(w, @)1
w

rator T in B,(Q) with curvature —K,(w, @)% The normal extension N of the ope-

o Ky(w, @)

J. Recall that, for any point w in Q there is a subnormal ope-

rator T provides a dilation for [
)

], Arveson’s result [5] now implies

that clQ is a complete spectral set.
Added in poofs. J. Alger has found an example of a weighted shift oper-
ator T in B,(D) with [|T']] < 1 which satisfies the curvature inequality.
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