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A SPECTRAL CHARACTERIZATION OF MONOTONICITY
PROPERTIES OF NORMAL LINEAR OPERATORS WITH
AN APPLICATION TO NONLINEAR TELEGRAPH
EQUATION

G. HETZER

1.

Let H be a real Hilbert space and T: H>dom(T) — H be a densely defined, clos-
ed linear operator withran(7) = ker(T) L. The inverse T-1of T (dom(7T) nran(T))
is a bounded linear operator on ran(T') according to the open mapping theorem, hence

a(T) :=sup{c|ce Ry \ {0}, Vxedom(T) : (Tx, x> > — ¢~ Y| TxI?}
is a positive real number or co.

The interest in a(7) arises from the important paper of Brezis and Nirenberg [3]
on semilinear problems at resonance, where this quantity serves as a measure of
monotonicity for the linear part. Indeed we have a(T) = oo, iff T is monotone, and
in case of a(T) < oo it is the largest positive number, for which T~ ++ ¢~ Udran(r)
is monotone on ran(7).

If T is selfadjoint and o(T) < oo, one readily sees that —x(7T') is the largest
spectral value of T less than 0. This describes the relation between [3] and other
papers (e.g. [1, 6, 7]) on resonance problems, which start from spectral properties
of the linear part. Moreover, such a characterization turns out to be quite useful
for determining o(7T) in applications, since the spectrum of various differential
operators can be found in the literature. Here we treat the case where T is normal.
A nonselfadjoint, normal linear operator is induced e.g. by the telegraph operator.
Of course this demands to include the “complex part’”” of the spectrum of T into con-
sideration. To this end we denote the complexification of H by Hc, the elements of
which are written as x + iy (x, y € H). Thus the linear structure is given by u + v:=
t= (X x,) + iy + 1) and Eus= (Ax, — py,) + i@y, + ux,) for u = x, + iy,
(X, Y€ H), v=x,+1iy,(x,,y,€H) and ¢=2A1+iu (1, ue€R). The inner
product is defined by

<Ll, U> = <xm xu> + <ym yv> + i((y,,, Xpp — <X,,, yv))'
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Moreover, we associate a complex linear operator Ag: He > dom(4¢) - He with
any linear operator A: H > dom(4) - H by settingdom(Ag) :={x +iy x,ye
edom(4)} and Ac(x + iy) = Ax + idy for x4 iy e dom(4c). In particular,
A is normal, iff Ac has this property, and ran(4) = ker(4)+ implies ran(4c) ==
= ker(Ag)t.

THEOREM 1. Let H be an (infinite dimensional) real Hilbert space and
T: H o dom(T) — H be a normal linear operator with closed range, then

«(T) = inf{j&2/(— Re &) £ € o(T), Reé < 0}

Here o(T) denotes the spectrum of T and Re & (Im¢&) the real (imaginary)
part of {. Moreover, the infimum is understood to be oo, if there is no ¢ e o(7¢)
with Re¢ < 0. The geometrical interpretation of Theorem 1 for a(7T) < oo is
that «(T) is the diameter of the largest disk in the complex plane with center on
the negative real axis, containing 0 on its boundary and no spectral value of T¢ in
its interior.

In order to deal with double resonance at 0 and —a(T) («(T) < o0),
Berestycki and de Figueiredo [2] need a further monotonicity property, namely that
T=1 - o(T) " Udran(r) is strictly monotone on ran(7T). Recall that a bounded linear
operator A: Y — Y on a closed subspace Y of H is said to be strictly monotone,
iff there is a constant ¢ > 0 with {4y, y> = c||Ay|® for all y € Y. As indicated
in [2], one knows for selfadjoint T that T-t 4+ «(7) "*dan¢ry is strictly monotone.

THEOREM 2. Let H be an (infinite dimensional) real Hilbert space and
T: H o dom(T) — H be a normal linear operator with closed range and a(T) < oo.
Moreover assume that — a(T) is an isolated point of o(T¢) or a regular value of T¢.

Then T ++ a(T) Udrancry is strictly monotone iff the set {& & e o(Te)\R,
(&2 — 2(T)Re & = 0} is empty.

REMARKS. (1). Theorem 2 has the following geometrical interpretation:
T2 - 2(T) " Udancry is strictly monotone, iff the closed disk with center — a(T),2
and radius «(T)/2 contains no spectral values of T apart from eventually 0
and — x(T).

(2). Though the notion “resonance problem’ usually refers to situations
where the spectrum of the linear part and the nonlinearity interact at an isolated
eigenvalue, perhaps one wants to drop this restriction concerning — a(7T) in Theo-
rem 2. In fact, this is possible for the “‘only if*’ part, as we shall see in the next
section. Here we outline a counterexample for the other direction:

Let H == ¢, and (e;)jen be the standard basis of H. Weset Y; := span{e;;_;, &5}
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for j e N and define a linear operator T;: ¥; — Y, for j € N\ {1} by:

1 -
Y}er—l = (— 1 + 7)92!‘_1 -+ ei’.j/V.]

— 1
Tiey; = _er—l/l/./ + (_ 1+ 7_)32; .

If P;: H— H denotes the orthogonal projection on Y; for jeN, we set Tx =

>
=Y, T;oP;x for xe H and obtain a normal, bounded linear operator on H.
j=s
We get with &; := — 1 + L + i/]/j_forjeN\{l}:
J

o(Tc) = {0, — 1} u{&|ie NN{1}}u{é |je N\ {i}}.

Hence Theorem 1 yields a(7)=1. Now let L := T-!+ a(T) Udencr (recall
T~%:= [T |(dom(T) n ran(T)]-Y), then L is equal to Tg* + Idranre and 1 + &2
is an eigenvalue of L for j e N\ {1}. Choose x;, y; € ran(T¢) for j € N\ {1} such
that |Ix;|2 + |ly;}2 = 1 and Lc(x; + iy;) = (1 + &) (x; + iy;) hold. One obtains
for je N'\\{1} (cf. the following section):

<ij, Xj> + <Lyj: y,-> = R€(<Lc(xj -+ in), x;j + iyj>) = Re(l + 5_,'_1),
Ll A+ Lyl = [ Le(x; + iyl = 11+ &7

Now suppose L to be strictly monotone, then we find a ¢ > 0 with
Re(l + &N =cll + &2 for j e N\{1}, which implies the boundedness of the
sequence (|1 + &7Y2/Re(l + £71)). This contradicts

I+ E7%/Re(l + &7 = (1 + 2Re&; + 1&1®)/(112 + Re &) =

=1+(1+ Refj)/(|fj[2 + Reéj) =1+7
for je N\ {1}.

2.

Here we give the proofs of Theorems 1 and 2. Throughout H denotes a
real infinite dimensional Hilbert space and T: H > dom(T) — H a normal linear
operator with closed range.

¢ € C belongs to a(Ty), iff there is a sequence (v;) in dom(7¢) with ||u;l] = 1
and ||Teu; — &u;ll — 0. Later we need the following fact:
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LeEMMA. Let e o(T¢) and (1)) = (x; + iy;) be a sequence in dom{T¢) with
lu;'} = 1 and || Teu; — Eujll — 0, then we have:

(i) {Tx;, x;> + {Ty;, y;> = Re&;

(i) {1 Tx 2 + § T2~ &1

Proof. Obviously we have {(Tou; — Cuj,u;> -0, hence (Teuj, u)y — &
Observing
(Tcuj, l‘j) = <TX,-, Xj> + <TJ’j: ¥+ i(<Tyja ~\’j> - <ij: yj>)
for j e N, we get (i). Using the boundedness of (ijT¢y;![) and
Ty — Sy, Teupy = || TR -+ [Tyl — ECuy, Ty
for j e N, we obtain (ii).

We want to appeal to the spectral theorem tor normal linear operators and
refer to [8] for the approach, we base upon, and concerning terminology. In parti-
cular, resolutions of the identity of H are specific mappings from a ¢-algebra into
the subset of orthogonal projectors of [H], the Banach space of bounded lincar
operators on Hc. If E is a resolution of the identity of Hc and wu,ve Hg,
D > {E(D)u, v) for De dom(E) is a complex measure, which is denoted by E, ..
Let M < C be a Borel set, then in the sequel B(M) means the subset of all Borel
sets of M, and we write Sf(},) dE, () foru,ve He, E: B(M) - [H¢] a resolution

M

of the identity and f: M — C Borel measurable, provided this integral exists.

Proof of Theorem 1. Let E: B(o(T¢)) — [H¢] be the resolution of the identity,
associated with 7. according to the spectral theorem [8; 13.33]. We have for
x e dom(T):

(Tx,xy = —; [(Tex, xy + (Téx, 3] =

-_—;[ S ¢ dE, (&) + S EdEx,x(‘c.‘)] =

U(Tc) U(Tc)

= S Re dE, (0)
a(Tc)
(T¢ denotes the adjoint of ). Now let y € R, with 7y < inf{ ¢2/(—Re&) | ¢ e a(T¢),
Reé < 0}, then &2+ yRe¢ > 0 for all ¢ e 6(Tc) and we have, since E, . is a
positive measure, that
(1P + yRegYdE, (S) = 0,

o(Tc)
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which yields || Tx|2 + y{Tx, x) = 0 for x € dom(T). This shows

o(T) > inf{|¢P*/(— Re&) [ e a(T¢), Re& < 0}

’

On the other hand let & € o(T¢) with Re £ < 0 and choose sequences (x;), (¥;)
in dom(T') according to the previous Lemma such that {|x;||2 + {{y;|2 =1 for je N,
{Txj, x5 + {Ty;, y;> = Re& and ||Tu;l2 + || Ty;{i* — [£J2. We have for y (0, )
with y < o«(T) and j e N:

(Txpxpy 2 =y N Tl (Typyp =2 — vy TR

Thus |&2 4+ yRe& > 0 holds, which shows y < |&%/(— Re?), hence. «(T) <
< |E¥)(— Reé) for all £ e o(T¢) with Re ¢ < 0.

The “only if”” part of Theorem 2 is a special case of:

THEOREM 2. Let a(T) < co and T + a(T) " Udancry be strictly monotone,
then {¢|&e a(T¢), €12+ a(T)Reé =0, Im¢& # 0} is empty.

Proof. Suppose there is a £ € o(T¢) \ R with [¢]* + a(T)Reé = 0. Set ¥ =
==ran(T)and § := T~ + «(7T)~dy, then Sis a normal, bounded linear operator
and o(S¢) = {A"1+ a(T) | e o(Tc) \{0}} holds because of Sc= Tc'+
+ oa(T) " Udrancrey - Applying the Lemma to S, Yand ™ + a(7) ~%, we get sequences
G () € YN with ([l + [yl = 1, <Sxp, x5 + <8y, ¥, > Re(€™! + «(T) ™)
and || Sx;[I* 4 [[Sy;|[* = &€~ + «(T) Y% Since S is strictly monotone, there is
a ¢ > 0with {(S8z,z> > ¢||Sz|]*for z e Y. This implies Re(é-1 + a(T) ) =c| &1 4
+ a(T)~12, which leads to a(T)|&2Re(a(T)E + 1€12) > ¢ | a(T)E + |€]%2, hence to
0 = ¢|Im &2 because of (£]2 + «(T)Re & = 0. This contradicts Im & # 0.

Instead of proving the ““if” part of Theorem 2, we derive:

THEOREM 2". Let o(T) < oo and suppose that there are x, p e (0, c0) with
(%) (Im&)? < x| EP((T)Rel + [E1)

for all Ee o(T¢), satisfying a{T)Re& + |2 < p. Then T=* + o{T) deanr) is
strictly monotone.

In order to see that the “if”” part of Theorem 2 is a special case of Theorem 2",
one observes that — «(7) and 0 are no accumulation points of (7). This holds
for — a(T) by assumption and for 0, since T is a normal linear operator with
closed range. Thus a(Tc) \{— a(T), 0} is closed and disjoint to the closed disk
{€]&e C, &P 4+ «(T) Re& < 0}, hence there is some p > 0 with o(T) n {¢]|Ee C,
1€ + (TYReé < p} = {— a(T), 0}, which yields () for any x e (0, 00). More
general, () also holdsincase that {¢ | £ € C, [£2 + a(T)Re & <0} n(0(T)\R) = B
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and there is some neighborhood U of — «(T) in C such that £ € 6(T¢) n U implies

Ref < — x(T). Obdbviously this condition is satisfied if T is selfadjoint.

Proof of Theorem 2". Theorem 1 and (+) vyield ao(T)n{é e C, €=+
-+ a(T)Reé < 0} < {0, — a(T)}, which shows Re(¢é~* + a(T)"?) > Ofor (e w =
1= 0(T¢) \ {0, — a(T)}. Weunderstand E and S, Y as in the proofs of Theorer i
and 2', respectively, and set F(D) := E(D)| Y for De B(7), where 7 denotes
6(Tc) \{0}. We obtain in view of

ran(E({0})) = ker(T¢) = ran{T)* = Y¢

that F is a resolution of the identity of Y, associated with T (dom(T¢) 3 Y¢).
Hence we have for u, v e Yg:

(Scu; ) = S(é" + 2(T)7Y) dF, ()

(Stu, v = S(&-r + a(T)"1) dF, (£).

. 1 y
This yields for y € Y because of {(Sy, y> = — ({Scy, »> + (Sey, »D) and in view

2
of o =1\ {— a(T)}:
(S, yy = SRe(é" + a(T)1) dF, (&) =

T

- SRe(e-l +o(T)-Y) dF, (&),

(G

On the other hand we have for ye Y:

ISyl = i Seyllt = S 1671 + a(T) 32 dF, (&) =

T

= S i§7 4+ a(T) 1P dF, (O).

Hence it suffices to derive the boundedness of

(&) =& + (T) 7 */Re(¢ ™ + «(T) ™)
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on w, in order to finish the proof. An easy calculation yields for £ € w:
0(8) = «(T)~* + 1&72Re & + a(DIERER + 2(T)Re )]~ (Im &)*.
This implies 0(¢) < a(T) 2 4 [§]|7 + a(T)p ! for ¢ € w with |E2 + a(T)Reé > p

and with regard to (=) 0(&) < (7)1 4 |&|71 + a(T)x for £ew with [E2 4
+ a(T)Reé < p. Hence 0 ¢ @ delivers the boundedness of 8 on w.

3.

In order to indicate that the previous results may be useful for investigating
resonance problems, we give here an application of [2; Theorem 2] to a generalized
nonlinear telegraph equation in case that double resonance occurs. We refer to
{3; Chapter V.2] for the corresponding simple resonance problem. Of course, the
rather modest spectral structure of the linear telegraph operator does not ask for
the general approach of Section 1, but it was our main goal to understand the
hypotheses of [2, 3], involving «(T), as to their spectral meaning. This, combined
with the procedure of {7], will allow an ‘“‘a priori’’ bound assertion, similar to that
of [2; Theorem 2], for semilinear operator equations in an L,-space over a o-finite
measure space without any compactness assumption. Details will appear elsewhere.

Here we are looking for a generalized, 2n-time periodic solution of the semi-
linear “‘telegraph equation™

(TE) d3u(x, t) + Lu(x, t) + adu(x, t) + g(x, 1, u(x, 1)) = f(x, 1)

on 2 x R under the following hypotheses:

(I) 2 is a bounded domain in R”,ae R\ {0},f: 2xR — R satisfies
F12x%(0,2r) € Ly(Q x (0,2r)) and f(x, -) 2n-periodic for x € Q.

(IT) L: L(Q) > dom(L) — Ly(£) is linear, selfadjoint and has a compact
resolvent (e.g. a symmetric, elliptic differential operator on @, subjected to
appropriate boundary conditions). 0 € o(L).

(IIT) g: 2 x R x R — R is a Carathéodory function (i.e. (x, t) = g(x, t,¥) is
measurable on 2 x R for y e R and y + g(x, ¢, ) is continuous on R for (x, ?) €
€ Q x R a.e.), which fulfils g(x, -, ¥) 2a-periodic for (x, y) € 2 x R and the growth
condition: there are b € L,(2 x R) and c € (0, oo) with |g(x, ¢, ¥})| < b(x, t) + c|y|
for (x,1)e 2 x R ae. and ye R,

Following [3; Chapter V.2] we call the 2z-periodic extension of any ue H .=
1= Ly(€ x (0, 2m)) a generalized solution of (TE) iff u satisfies the operator equation

(OE) Tu + Bu=f|(2 x (0, 2m))

where T is the linear ‘“‘telegraph operator’ in H, associated with L and a, and
B: H— H is given by (Bu)(x,t) = g(x, t,u(t, x)) for ue H, x € Q and ¢t € (0, 2rn).
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In order to introduce T, we denote by (y;);es the nondecreasing sequence of
ail eigenvalues of L, counted according multiplicity, with either J = Z or for some
leZ,J={j,jeZ, j=>=—1}or J={jlj€Z,j <1} and with y; <0 iff j < O.
Moreover, let (w;);jers be an orthonormal basis of L,(2) with w; € dom(L) for je J

. L .
and Lw; = u;w; for j € J and set y, ;(x, 1) = ij(x) exp(ikt) for x € Q, t € (0, 2r),
T

keZ and jeJ. Then T: H > dom(T) - H is defined by dom(T) := {u ue H,
Y ¥ I — k4 iak?[Qu, v 5 < o0} and  Tu:i= Y Y (y — K +

Jje€J k& Z jel keZ
-+ iak){u, v, >v, ; for u € dom(T). ‘

1t is well-known that 7 is a normal linear operator with compact resolvent,
and that o(T¢) = {i; — k® +iak 'jeJ, ke Z}. Hence Theorem 1 or the direct
computation of [3] yield

a1,.2

a(T)::inf{k?— #; +—A;—a -|ljelkeZ, y< kz}-
TR

Moreover, we have according to Theorem 2 that T-! +4 «(T) " dancry is strictly
monotone, iff
(IV)

2p2
—~1leJand ',4_1;<inf{k2 — o+ l-cé‘ff“——;('j, k) e (TxZ)\{(—1,0)}, g < k‘-’}

__.ji

holds. For example, if ¢(L) contains no positive number, a2 > ju_,} — 1 is a suffi-
cient condition for (1V), while — 1 e J and

a2 > max{jl“—l! - 1> ElL—l; + 2.“111 - 2,‘4})/12(:“—11 + /‘lm)llg}

is a sufficient one in case that there are positive eigenvalues of Land m :=min{; j e J,
;> 0}.
We set yulx, ) := limg(x,1,»)/y and Ty(x,£) = lm g(x, t, y)/y for
yo+Loo

Y= koo
(x,t) € 2% (0, 27), denote by w* and w— the positive respectively negative part
of we L), take w(x,t) =0 for we L,(2x(0,2r)) in the ae. sense on
€ x (0,2r) and write Id for Id; ).
Now, observing kere(T — 21dy) = {(x, 1) = w(x) weker(L — 21d)} for
Aeo(T) and o(T) = — pu_,, if (IV) holds, we obtain by applying [2; Theorem 2]
to (OE):

TreOREM 3. Let (I)—(IV) be satisfied and y.(x,t) as well as I (x,t)
belong 1o [0, — p_,) for (x,t) € Q x (0, 21) a.e.. Moreover, assume y.(x, )w*(x) +
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+y_(x,)w=(x) £ 0 for any weker(L) \ {0} and [— p_y — [ (x,t)]w*(x) +
=gy —T_(x, )Jw=(x) £ 0 for any w € ker(L — u.,Id), then (TE) has a gene-
ralized solution.

Earlier results [3, 4, 5] do not work in this situation. In order to give
an example for the applicability of Theorem 3, let us consider the very
simple model equation

O%u(x, 1) — d%u(x, 1) — Su(x, t) + aduu(x, t) +

+ Su(x, ) exp(u(x, 1))/[1 + exp(u(x, 1))] = f(x, 1)

fo (x,¢) x (0,7) x R under the boundary condition u(0,?) = 0 = u(n,t) for
t€ R. Theorem 3 yields the existence of a generalized, 2n-time periodic solution,
provided |a] > 2 holds.
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