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ON RESTRICTIONS OF UNBOUNDED SYMMETRIC
OPERATORS

KONRAD SCHMUDGEN

1. INTRODUCTION AND MAIN RESULTS

1.1. Let A, and A, be densely defined unbounded symmetric operators in
separable Hilbert spaces ', resp. J,. Suppose that 4,2(4,) € 9(A,) fors e {1, 2}.
We write 4; ~ A, if there exist an isometry U of #, onto 5, and a dense linear
subspace Dy S D(A4,) of 5, such that 4,D,y S Do, Do : = UZy S Z(A4,) and
Ao = U*A,Up for all ¢ € 9,5. This clearly implies that 2., is dense in 5,
AsDsy S Dop and hence A, ~ A;. In other words, the relation A, ~ A, means
that 4, and A4, have restrictions to dense invariant domains which are unitarily
equivalent.

In this paper we show that if D(4,) = (M} Z(A7) for s € {1,2}, then 4, ~ 4,

n=:1
if and only if 4, and A, are both strongly unbounded from above or strongly
unbounded from below (for a definition of these notions, see 1.2). In the case

where A is essentially self-adjoint and Z(4,) = rO% D((Ay)") for se {1,2} this
n=1
result means that 4, ~ A, if and only if 4; and A4, are both unbounded from
above or unbounded from below. This answers a question raised by the author
in [1], p. 335, Problem 10, in the affirmative. For diagonal operators the latter
was already proved in [3], Theorem 4.5, by a different method. (Note that an
error in the proof or Coroliary 4.2 in [3] has been corrected in [4], Section 7.)
Of course, the result mentioned above shows the pathology of unbounded
operators (in the spirit of [2]). In case of diagonal operators we used it in [4] to
construct non-integrable representations of the Heisenberg commutation relation
PQ — QP = — il by essentially self-adjoint operators P, Q. The theorems and
the corollaries stated below have similar applications, but they seem to be of some
interest in its own right as well. In a forthcoming paper they will be the main tool
for the construction of =-representations of unbounded operator algebras.
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1.2. Before stating our results, we introduce some more notation. We let
Ny=1{0,1,2,...} and N = {1,2,...}. Suppose T is a densely defined symmetric
operator in a Hilbert space #. Let 2(T) denote the domain of T. T will denote
the closure of T. In order to describe the growth and the unboundedness of T,
it will be convenient to define some numbers. Assume that T%(T) < 2(T). For
p€(T) and keN, define pi(p):=1 and pf(p):= (T, pX/{T* ¢, ¢,

“+c

0
where -0— =1 and —(—)—-—:: + oo if ¢ > 0. For a linear subspace & of Z(T)

and k,n e N, put

B(2):={we2 ;KlVp,p) <1 forj=0,...,n—1}

and define
Aaia(T; @) == sup{KT™~p, 0>; ¢ € By_(D)},
Ao T5 D):= inf{{T* 1, 0>; ¢ € By_+(9D)},
(A T5 2).= sup{ <T"p, 0> ; ¢ € B(D)}
and

P T; @)= i (T; D).

if @ == Q(T), we simply write 2, (T) for ).:(T; @) and A,(T) for 2,(T; 2). Tis
said to be strongly unbounded from above (below) if /’.;k_l(T)z—{—oo().r_._k_l(T ) —00)
for all k € N. Recall that T is called unbounded from above (below) if sup{<T¢, ¢);
¢ € B(2(T))} =+ oo (inf{{Te, ¢>; ¢ € B(2(T))} = — o0). Clearly, for the latter
we do not need that &(T) is invariant under T.

It is plain from the definition and T9(T) € 2(T) that /'.;k_l(T) £ Agj_i(T)
and Ag (T) = 4;_4(T) if k > j. The following lemma will be needed later.

LEMMA 1. Let T be as above (i.e., T is symmetric, §(T) is dense in H and
TG(T) = 2(T)). Suppose that T is unbounded. Then, 2,(T) = + oo for all ne N.
Therefore, T is strongly unbounded from above or strongly unbounded from below.

The first assertion has been proved in [5], pp. 378 —380. The second assertion

follows immediately from the above inequalities and 2o,_4(T) =max{/‘.§:,,,1(T),
(D). |

1.3. We now state our results. In this subsection, let 4, and A, be densely
defined symmetric linear operators in separable complex Hilbert spaces #, resp. #,

such that A, P(4;) € 2(4,) and Z(4,) = M 2(A%). Moreover, we assume that A,

n=1

and A, are both unbounded.
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THEOREM 1. A, ~ A, if and only if A, and A, are both strongly unbounded
Jfrom above or strongly unbounded from below.

Theorem 1 will be deduced from Theorem 2 which is the main result of
this paper.

THEOREM 2. Suppose that A, and A, are both strongly unbounded from
above. Let (y,)xren, be a given matrix of positive numbers vy, .

Then there exist sequences {¢5, n€ Ny} of vectors @5 € D(A,), ne Ny, for
se{1,2} such that:

(a) A0k, 0h)> = (A5t , 05> =0 for k,n,re Ny, k # n;

(b) (Aiok, 0k> = (A3}, 0ik> > 0 for k,reNy;

(©) p,23(0d) = 8yyp)=(¢) for 2k +j+1>2n+1, jk,l,ne Ny, s€{1,2};
(In particular, p}'s(@%)>8yp)*(0}).)

(d) Dyo:= Lin{Aipi; k, r € No} is dense in H for s€{1,2}.

The proof of Theorem 2 will be given in Section 2 and 3. We now retain
the assumptions and notations of Theorem 2 and derive some corollaries.

COROLLARY 1. The operators Ayy:= Ay | @19 and Ayg := Ay | Doy are unita-
rily equivalent. Therefore, A, ~ A, .

Proof. Let (i) ,en, be a complex matrix with finitely many non-zero entries.
Define U( Y] p,410%):= Y 1, Aspi. From (a), (b) and (d) we see that U extends
k,r k,r

uniquely to an isometry of #, onto #,. Obviously, U%,c = @, and A;p =
= U*A,Up for p € Dy. Since A,D,, © Dy and Dy S D(A4,), we have A; ~ A,.

Proof of Theorem 1. Suppose that 4; and A, are both strongly unbounded
from above or strongly unbounded from below. Replacing 4,, 4, by — 4, — 4,
in the latter case, Corollary 1 implies that 4, ~ A,.

Suppose now that 4, ~ 4,. Let 9,, and D, be dense invariant domains
in 5, resp. 2, such that 4, [ 2,, and A4, | @, are unitarily equivalent. Assume
that the assertion were false. Changing the role of 4; and A, if necessary, we
can find natural numbers k, n such that ).Q{_I(Al) < + o0 and 2y, _1(4,) > — oo.
Let m = max{k, n}. Then, 25, _1(4y; Do) < Jam_1(4)) < g 1(4)) < + 0. Simi-
larly, 2o, _1(As; Dyy) > — 00. Since A4, | Gy, and A, | Dy are unitarily equivalent,
Apm_1(Ar; Dro) = Agtu_1(Ag; Duo). Therefore, Agn_y(Ay; Dyg) < + 0o. On the other
hand, T := A, | 9, satisfies the assumptions of Lemma 1 and hence 4,,_,(T) =
= Agm-1(Ay; D19) = + oo which is the desired contradiction. This completes the
proof of Theorem 1.

The next two corollaries follow mainly from the growth condition (c). For
simplicity we write p;(-) for p75(-), A for A, and ¢, for ¢j.
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CoRrOLLARY 2. Let ke Nyand 0 < g < 1. If 8y,; > 2/+2% " for j e Ny, then

(11— sk);Iﬁtj!2<A’*2f P> Qi) <
< <Ar(j2”jAj)(Pkr (;#{Ai)¢k> <O+ Ek)fjji/!,-}2<A'+""¢k, P
for each complex polynomial Y, p;A’ and re N,.
j
Proof. Our assumptions and (c) imply that p;(¢,) > p,(¢;) > 1 and
Prazi{®e) = 87725 p o (@) 2 67°274 142, 4 (0)
for j,le N,, j > I. Therefore,
Ao, @3 [(A™ oy, @) =
= Pr42j(Pi) - -+ Prsjrre(@c) = g2 12 @) - Prrniial@) =
= gt ATt g, @3 [CAT Yy, @u),

that is,
(Ao, @2 < 27 UERAT R0 @ 3 A gy, @)

for j, 1e N,, j > I. Using this and the Cauchy-Schwarz inequality, we get

j#l

— ; £ . o om_ifz )
IZ (AT e, (;9/(>| < —2"— ( ) (A ¥ g, PY22 1/2) <
J

<a Y0 A 0, 0.,

J
This gives the assertion.

COROLLARY 3. Suppose 7y ji1 2 Yoy = 2°+% and y; 2 yo; for all k,je Ny.
Let ©%:= Lin{A’p,; r € N,} and let @,:= Lin{A"@,; k,r € Ny).
Then we have

Pre1(€) = Y0 (E)s Prrr(E) = Vo0 (E),

(AL 6D 2 1AL ED 2 Verier-1e - ~)’ko<£k Gy
and

(AT &8 = To,{AE E> = Yerio,r—1- - y00CE, &

Jor all (e @, keN,, e 2, and reN,.
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Proof. Suppose that r e N. Let £ € 9,. Then there are finitely many complex

numbers p,; such that & =Y p A If 2k+r+1+2j>2n+r+ 21 for
ik

Jy k, I, n, re Ny, it follows from the monotonicity of y, . and (c) that

<Ar+1+2j(Pk ’ (pk><A’—1+2l(pn ’ (Pn> -
Q) = (A" ¥, g {4+, Ou2Prr1+2/{( P Pr2(@n) =
> 8?kr<Ar+2j‘pk ? (pk><Ar+2I(0n ’ (Pn>

Puteg, = 1/4 for k € N,. Since 8y,;>2/*+°=2/+2¢;2for j, k € N,, Corollary 2 applies.
Combined with (a) and (1), it gives

AT, AT, & >

9 )
2 2 |ij|2l”nl|2<Ar+1+21(pk s (pk><Ar-l+2[(pn ’ (Pn> =
16 jitn

= Yierl i Pt XA Y 0y s 0 A, , 0,0 2

2k 1-2j+1>2n4-21

> Y 290, .. 2 Yo LATE, EDY,

Jikslin

that is, p,+1(&) = 70,0,.(8). In case & = &, € P* the same argument shows that
Pr+1(C) = Vo r(E0)-
In case r = 0 a similar (but somewhat simpler) argument gives {A¢, &) >

= Y0088, € and AL, &> = Vel ks &, 1.8, pi(E) = Yoo = YooPo(€) and py(&) =
= YroPol&y). The other assertions follow immediately from p;i(&) > 1 for jeN
and ¢ € Z, and the definition of p;(-).

1.4. REMARKS. 1) We briefly discuss the assumptions

) AD(A) = 2(A4) fors=1,2

and

(3) D(A) = M 2(47) for s=1,2.
n=1

By (2), the mapping x — A4, induces a =-representation rn; of the =x-algebra 2(x)
of all complex polynomials on the dense invariant domain 2(4;). (3) means that n;
is closed on Z(A,). Theorem | may be rephrased by saying that two closed x-repre-
sentations my and n, of P(x) in separable Hilbert spaces with unbounded operators
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Ay:=m(x) and Ay:= ny(x) have unitarily equivalent (densely defined) restrictions
if and only if A, and A, are both strongly unbounded from above or strongly
unbounded from below.

2) The conclusion of Theorem 1 does not hold if (3) is not assumed. For

a counter-example, take 4, = x and A, = - i—:— on 2(A4,) = 2(4:) = CF(R)
X

in ) ==, = Ly,(R). (All vectors in 2(A,) are bounded for A, but Z(4,) has
no non-zero bounded vectors for A4,.)
3) Let T, and T, be closed symmetric operators such that Q.,(T,):=~
(<]
= M) D(TY) is dense in #°; for s = 1, 2. Then, of course, 4,:= T, } 2(T;) and

n: 1

Az:=T, | D(T,) satisfy (2) and (3). But (3) is more general, because there
are examples satisfying (2) and (3) for which 2(4,) < Dol A,) fors =1, 2.

4) Theorem 2 may be considered as an improvement of Theorem 7.1 in [4].
5) There are closed symmetric operators T such that 72%-! is unbounded
from above on D«(T) for some k € N, but 7%*! < 0 on Q«(T). Examples of this
kind will be constructed elsewhere. However, if T is self-adjoint, then it follows easily
from the spectral theorem that T | @(T') is strongly unbounded from above (below)
if and only if T'| 94(T) [or equivalently, T] is unbounded from above (below).

2. PRELIMINARIES TO THE PROOF OF THEOREM 2

2.1 Let T be a densely defined symmetric operator in the Hilbert space #.
Suppose T2(T) < £(T). Throughout this subsection we assume that T is strongly
unbounded from above. # will always denote a given finite dimensional subspace
of Z(T).

LeMMA 2. (i) A (T; AT) © F) = -+ co for all neN.

(i) Let y,, ..., 7, be given positive numbers. There is a ye€ Q(T) © F such
that pT(Y) = y, and {T"Y, > >0 for r =1, .. ., i

Proof. (i) Let F be the orthogonal projection on Z. Since all operators 7%,
k € N, are bounded on #, there is a ¢ > 0 such that [ T*Fp'! < clip'l forall o e @
and k:=0,...,n. The latter implies that

KTHI — F)o,(I — F)o> — (T*p, ¢} < 2o

Given y € R,, there is a & € B,(2(T)) such that (T"¢, £> >y, since 4, (T) = -- .
Theny 1= (1 + 22) ¥ — F){ € B(Z(T) © F)and {T™, 1> = (y — 2¢),/(1 -~ 2¢).
This implies 4, (T; AT) O F) = + oo.
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(i)). Let # =% and F; = Lin{&, T, ;r=0,...,n; i=1,...,j— 1}
forjeN,j> 2. Bya repeated application of (i) with & replaced by ,/'k we can
find vectors ¥, € B (2(T)© F,), k=1, ...,n, such that (T, ¥,> > y,n and

k=1
{T*, > > v (n + Y (T"‘lnp,-.x//,))for k > 2 Puttingy =y, + ...+,
f=21

we have for re{l, ..., n}

(T74 > = 3 KT 0> <+ %, (TP, 0> <

<V KT, ¥, < 97 KT, ¥

(In case r =1 the second sum is interpreted to be zero.) Hence pI(y) > 7y, and

Ty, ¥> > 0.

LemmA 3. Let me Ng and k,n e N. Suppose a = (ay =0, a,, ..., a) € R~
Let €,9, 0415 -+ .5 Opsn be real numbers satisfying 1 >e>0,y>0,0,,,>1,...
e Opan > Lo
Then there are vectors Y, ..., ¥, € D(T) O F such that:

(W) ¥ LT fori#j, i,j=1,...,kandr=0,...,m+n;
(i) 0 < (T, ¥> = ... =LTY, Y> <& for reNg, r<m;
(il <T"™;, > =T, > +a; =29 for i=1,...,k;

(iv) pf(Wis) 20(pF(W) + 1) and pl(Y) = 8, for r=m+1,....,m+n
and ieN, i < k.

Proof. We proceed by induction on m. Again we write p;(-) for pf(-).
First suppose m = 0. Let #,:= & and let

F;=Lin{#, Ty, ;r=0,...,nand i=1,...,j— 1} forjz2.

Let yy,:= 4, and y;,:= 4,(p,(Y;-1)+ 1) for j=2 and r=1, ..., n. Applying
Lemma 2 (ii), with #; and y;,,...,v;, for j=1,...,k, we obtain non-zero
vectors Yy, ..., ¥ € D(T) © F satisfying (i) and (iv). (iii) can be fulfilled if we
replace the vectors y; by some suitable scalar multiples of ;.

Now let me N,. Assume that Lemma 3 is valid for m and all possible
k,n,a, e, 9,041, .- .,0,m+n and F. We prove the assertion in case m -+ 1. Let
k,n,a,e,9,0m425--+>0m+ne1 be as above. By the induction hypothesis (with n
and k replaced by #n + 1 resp. 2k — 1 and a = 0) there are vectors &, ..., &y, €
€ 9(T) © & such that (i) and (ii) are satisfied for m and n + | and moreover

(iii) {(T™E, &> =<KT™ L&) 21 fori=1,...,2k—1
and

(iv) p(&is1) 2 0/(p (&) + 1) and p (&) = 6; for i=1,...,2k—1 and
r=m-+1,....m+n-+1
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where

(h or 236, and 5n5 2 6+ (v - 2@ + ...+ ig))fe

Let M = (T™¢, &) and M; = {T™+E, £,>. From (iii) and (iv) we know
that M > 1 and My, _; > M, _, > ... > M, > 0. Define

V_" Ck and ws __V (l/l ’ Q‘ 1 + tgk+l"1)

for 2 <i<k, where t;:=(M, — M;_, + a;Mie)"* (M, ;.1 — M;_;)"*% (We
check below that M, — M;_, -+ a;M/e > 0). We verify (i)—(iv) for these vectors.

Recall that we used the induction hypothesis with » replaced by » -+ 1. There-
fore, (i) i1s true for m+ 1 and n. For r==0,...,m and i =1, ..., k%, we have

T, ¥ :;-I-<T’§1, &1». Since —:l < | and {T7¢,, &) < ¢ for r < m by the

induction hypothesis (ii), the latter gives (ii) in case m -~ 1. From the definition
of t; it follows that (T™+Y, ;> = a; -+ eM /M = {T™ %, ¥,) +a, for 2<igk.
By (1), pn+1(&) = Omaa = (y — a@;)/e which leads to a; + eM, /M > y and
completes the proof of (iii).

Finally, we prove (iv). Fixani € N,2 < i < k. Wefirst check that

(2) KT, &) S tXTEpions Cpnicy forr=m+-1,...,m+n+ 1.

Indeed, since 6,,.1 > — 2a;/e and 6,,.,1 > 6, we have M,/2 > — a;M/e and
M J2 = 3M,;_,. Hence M, — M,_, + a;Mje > 2M,_, and M., 1} > 2M,_..
This is (2) in case r == m + 1. Since §, > 1 by assumption, (iii) and (iv) imply

that {T¢;, &;> > 0 and that p,(¢;) is monotonic w.r.t. j for I =m + 2, ..., m -
m--1and j=1,...,2k — 1. Hence

T 0,820 =pEim1) - pmre(&izn) 2M -1 <
<PP(§k+i—1) cee Pm+2(§k+i—1)Mn+i—1f? == ’i2<Trfk+i—1, ék+i—1>

for m + 2 <r < m-+n-~1. This proves (2).
Let re{m-+2,...,m+ n-+ 1}. From (2) and (i) it follows that

e 3 & -1
pr( i) < —*‘—"N’iz T°¢ i-1>» yc i—- )(—_" ti2 Tr—l i+i-1> v‘ i- =
¥ (M 5 Téivizvs Cvizr) 1Y; ( Chrio1s Coai-r)

3
= ‘i‘ Pr(&rvi1)
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and similarly p,(¢;) > %p,(ék“a]). Moreover, p,(¥,) = p,(&). Now (iv) in case

m - 1 follows immediately from the induction hypothesis (iv) and 6, > 34,.

ReEMARK 1. Let 4; and A4, be as in Theorem 2 and let 7= A4, @ 4, in
H =H, @ H,y. Let ¥, UK, be a decomposition of the set {1, ..., k} intodisjoint
subsets. Then the vectors ¢; in Lemma 3 can be chosen such that in addition
YV, e D(A) if ieN, and ;€ Z(A4,) if i € #7,. In the induction proof given above
it suffices to take &, € @(A,) if leN and &1, &4 1€ D(A,) if ieN, i>2,
for se {1, 2}.

2.2. LEMMA 4. Let A, and A, be as in Theorem 2. Suppose ¥, and F,
are finite dimensional subspaces of D(A,) resp. %(A,). Let le Ny and me N,.
Let b;e Ry and agy, = agy € C, be given numbers where j,k,n=0, ...,I, k+#n,
and s — 1,2. Let ¢ and y be positive numbers.

Then there are vectors ng, ..., 0 € D(A) © F,,s = 1,2, such that :

(1) <A, My =0,

(1) <AS'ML, nn) = Qgns

(iii) 0 < {Afnj, nj> = {Aj, nP> < &

(iv) <4i'nj, ni> — <Afni, nf> = b;;

V) {A5nj, np> = v,
for all reN,r <m, jkyn=0,...,1, k #n and s=1,2.

Proof. Let s {1,2}. We set ag, = 0for k=0, ...,/ Let yy, ..., ug be the
eigenvalues of the Hermitean matrix &7;:= (@g,)o<k, n<;- From elementary linear

algebra we know that there is a unitary matrix %, = (Ug,)o<k ne: Such that
Uil U, is the diagonal matrix whose diagonal entries equal py, .. ., 4. Hence

1
(3) Aggn = Z uskim#si for k’ n= 0: LA L

i=0

We apply Lemma 3 and Remark lincase T = A4, @ A,and # = #, @ #,.

We thus obtain vectors &, ¥§, ..., Y€ D(4,) © F, and Y2, ..., ¥,.c
€ 9(A,) © F, such that:

(4) Vi L AWk, ATV

(3) 0 < CAWL YD = {AWisiv1, Vi = <Ai€1, &y < €/2;

(6) AP = A8, &0 + pgs

(Th CATY L iar> Vhip ) = CATE, ED + b, > 0;

(7)2 <Ag‘l//12+i+ls l//12+l'+1> = <A’1néla §1> > '}’,

forallj,k=0,...,2L,j# k,r=0,...,.m—1,i=0,...,]lands =1, 2.



388 KONRAD SCHMUDGEN

!
Define ni = Yi 41+ Y, ugthi for k=0, ...,/ and s = 1,2. It is obvious
i=0

that nj, € Z(4,) @ F,. We show that the conditions (i)—(v) are satisfied.
Let s& {1, 2} be fixed. Suppose k,ne {0, ...,{}, k # nand re{0, ..., m}.
By (4),

{
(8) A, 12> = Y] taitdniCANT, Y1)

i==0

If r < m, then (A}, 7> does not depend on i€ {0, ..., I} by (5). Since the rows
of %, are orthonormal, (8) implies {An%, nS> = 0. Now let r = m. From (8),
(6) and (3) we conclude that

1
<A~'$‘n’7/&;’ ']f1> = z Ugr; sm((Amvjl ‘:1> + ”si) = gy -
i=0
Next we prove (iii)—(iv). Let; € {0, ...,/}andr e {0, .. ., m}. By (4),

1
) KAmG iy = AW joa s Wi jo) + Z llsjiu;;;<A§ YD

i=0

Since each row vector of %, has norm one, it follows from (9) and (5) that
0 < {Am}, 5y = 2{45E4, ¢ < & for r < m. This proves (iii). Suppose r == m1.
Putting (7), into (9) and using (6), we get

AT, 3y = 2CATEL % 5 by 4 Y, gty

i=0

By (3), the sum equals a,;; which is zero by definition. Hence {(ATn}, u}) ==
= 2{ATEL, & 4 by = v by (7), and (7).. Similarly, using (7)., {ATn3, ) =
== 2{APEL, £ > 7. Both formulas together imply (iv) and (v).

The proof of Lemma 4 is complete.

3. PROOF OF THEOREM 2

Without loss of generality we assume that y,; > 2/ for j, k€ N,. We set

d(i,j) ==2i 4 j for (i,j)e NyxNy. For me N, let N, = {(f, m—2i); i==0, ...

- [;Zl_—‘-] ,where[m'—
2

we then have (i, j) € N, if and only if d(/, /) = m. Let s € {1, 2}. Since # is assumed

—~1
-For (i, j) e NgxN,

17. . m
] is the entire part of
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to be separable, there isan orthonormal base {{},j€ N} of o consisting of vectors
05 € D(A,). Define {&:= Ck j €N} where {k;} is the following sequence: 1,1, 2,
1,2,3,1,2,3,4 etc. We ﬁrst show that there exist double sequences {¢j;, (k,/) €
€ Nox Ny}, s € {1, 2}, of vectors ¢}; € D(4,) such that the following conditions are
fulfilled. For all k,/,n,r €Ny, i,je N and s€ {1, 2}, we have:

(A1) If d(k,j) > d(n,l) and d(k,j) + d(n, 1) = r, then {Aipi;, 05> = 0;
(A2) ifdk,j)y=d(n,i) = m, k#nand m — k — n > r, then {Alp};, 03> =0;
(A.3) If d(k,j) =d(n,i) = m and k # n, then

CAT=*="0h;, @ney + (AT Uiy = 05

(A.4) @0 L &5:=Lin{d¥p5o + ... + 0526-n); n=0,...,j—1 and
r=0,...,j—n};

(B.1) If j > r, then {Aipi;, ¢i;> = {Aipd;, ¢i;> > 0;

(B.2) (Ao}, , ok + (AW, Vis> = (Adody, i) + (AW, Vs

(C.1) l|pkoll = 2 and if j > r, then [<ASpi;, @i;p| < 277—2/-%;

(C.2) <Aloij, o> = 2<AN Wi + 25

(C.3) If d(k,j) > d(n,!), then

CAlgijs o> = 3674 ;-1 KAS 0% 1y Ohiord (AL, O3
(D) There are numbers ng; € N such that n, ;. > ng; > 7 and
éfz € gs,i—l lf ns,l’—l <n < LOTE

Here we used the abbreviations ¢, = Lin{¢}, ¢,; = Lin{e}, &,;}, n, = 0 and
Wi = @k + ... + @i j-1forjeN, ke Nyand se {1, 2}.

The existence of double sequences having these properties will be proved by
induction. Set ¢@§ = & and ny; = ny, = 1. By Lemma 4, we can find vectors
0 € D(A,) such that ¢f; L @f, 4,00, llonll = lodll = 1/2, (404, 05> —
— {Ax081, 931> = AW5e, ¥61) — {AwWar, ¥ar) and (A 0%, 981> = 2IKAWELYED] +
+ 243616 yy, for se {1,2}. Now letmeN, m > 2. Suppose all vectors ¢};

m

for which d(k,j) < m with j # 0 and ¢}, for which k < I:-—z_»l—] are chosen such
that the above conditions are satisfied (more precisely, all conditions involving
these vectors are true). Let / := [In—;]. We want to construct ¢j, and ¢}; for
(k,j)EeN,,.

13 ~ 1733
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We begin with ¢i,. If m is even, then [ﬁg—lJ = [———- ~-—] and ¢j, is al-
ready defined. Suppose now that i is odd. Let E,, be the orthogonal projection on
& . Let ng be the smallest integer n > n; ,_; for which & ¢ &;. Define

P10 = 20 — E)G, [ — EQ)E, I

Then, (A.4) and (D) are true in case j =/ resp. i = [.

We next define ¢}; for (k,j)e N,,. Let &, be the linear span of all vectors
Alp;; where r€ {0, ...,3m} and d(n,i) < m, n,i € N,. We apply Lemma 4 in case
f/’TS’ Aspp 257 — <Aglnk—"¢li,m—2k’ 'ﬁfz, m—amYs byt = — <A'1n_2kll’}', -2k ‘n,/t, m-i‘k> ‘+
A A=Y ks Wi meay fOr k,n =0, ..., 1 and k # n, e:== 2-¥-% and

v 1= max{2 AN, YiD T+ 2,369, ;-1$A{ 705, i1, @i 1) {Aipln, 05
(k,jYEN,,, LneN,, se{i,2}, dk,j) > dn,1)}.

We then obtain vectors ni € Z(A,) which are orthogonal-to %, and satisfy the
conditions (i)-—(v) of Lemma 4. We define ¢f,,,_o := A%y} for k=0, ...,/ and
check the conditions (A.1)—(A.3), (B.1)—(C.3) for these vectors. i L F, for
k=0, ...,/ ensures (A.1) in case (k,j) € N,,. (A.2) followsfrom (i) and (A.3) from
(i1). (i) implies (B.1) and (C.1), since i@ i] = 2 by definition. (iv) gives {B.2).
(C.2) and (C.3) follow from (v). Thus the existence of the sequences {¢j;} is proved.

Let s€ {1, 2}. Let ¢/ be the locally convex topology on 9(4;) generated by

the seminorms {ofl, := '4jp | + [@ |, ¢ € Z(A4;), n€ N. Since we assumed that

«© —_—
(AL = (M) D(AY), the locally convex space Z(A,)[¢,] is complete. From (C.1} we
n-:1

conclude that {Z <p{.j} is a /-Cauchy sequence for each k € N,. Therefore, the

J:a0
[==]
infinite series Y, @, converges in Z(4,)[¢/] and define a vector @}, € G(A,).
j=0
We now verify the conditions (a)—(d) for {¢}}.
First we show that {A4%p%, @3> = O for k,n,re€ Ny, k # i, s € {1, 2}. Since A
is symmetric, we can assume that k > a.

Case 1. v >k —n.
let m—=r-+k-+n Then m—2n>m—2k=v-+n—k>0 We have
<A;(Pi, (Pf; = <A;n—k—n(p.;;9 m—2k» (Pf:, n1—‘2n> -~

+ <A:‘"~k—n'~//i, m—2k s l//;s;, m—‘ln) —+ Z <A;‘”—.k_”‘pfff > (p;l>’
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where the sum runs over all pairs (j,{) # (m — 2k, m — 2n) for which j > m — 2k
or | =z m — 2n. We denote this sum by S. By (A.3), {Lip}, 05> = S. We show
that all summands of S are zero. We abbreviate o :=: {A7~*"¢p3;, ¢5,>. First let
[:=:0. Since | == 0 < m — 2n, we then have j > m — 2k, that is, d(k,j) > m >
>2n=dn,0) and m — k —n < m < d(k,j) + d(n,0). Thus, by (A.1), a =0.
Similarly, o == 0 in case j = 0. Suppose now j # 0 and [ # 0. If d(k,j) # d(n, 1),
then «a =0 by (A.l1), because m —k —n<m<2(k+n)+j+1=dk,j)+-
+d(n, ). If d(k,j) = d(n,1) =:m’, then m’ > m, since (j,I) # (m — 2k, m — 2n)
and j > m— 2k or I = m— 2n. In that case, (A.2) yields « = 0. Therefore S = 0.

Case 2. r £ k — n.

Since ¥ £ k—n and n < k, {A5pjo, Pso + ... + @5 20c—y> = 0 by (A.4).
If 1> 2(k—n), then d(n,l) > d(k,0) and d(n,1) + d(k,0) = 2n +2(k —n) >
> k — n 2z r which implies {A4/p3y, 5> = 0 by (A.1). Hence {(4ip;, @3> = 0.
1t remains to show that o := (Afp};, 95> = 0 for je N and /€ Ny. If ] = 0, then
d{k,j) > d(n,0) and d(k,j) + d(n,0) = r and hence « = 0 by {A.l). Suppose now
J,1e N If d(k,j) # d(n,1), then o =0 by (A.1), because r < k — n < d(k,j) -+
-+-d(n,l). For d(k,j) = d(n,1)=:m, we have « = 0 by (A.2), since r £ k —n<
<2k +j—k—n=m—k— n This completes the proof of (a).

Next we prove (b). Using again (A.1), it follows that

<A§(pi, (PD = <A;(Pir’ (pir> + <A;¢irs ir) '*‘ 2 <A;(Pi] ) (piz1>
i>»r

for r e N. (B.1), (B.2) and (C.2) imply {Ai}, 1> = {ALpZ, 9> > 0 for ke N,,
reN. With (B.2) replaced by {ok¢, ok = {0k, Pi,>, the same argument
gives {@k, @iy = @i, 9> > 0.

Now we pass to (c). Let s € {1, 2}. Applying once more (A.1) and then (C.1)
and (C.2), we conclude that

[KAS0ks Q> — A5k, 9D = [KAW R s Yird + Y, <ALl @iD] <

i>r

M
r.s 5 ] r a8 $ [
< I<As lpkry kr>‘ + l S_é_ <As (pkrs (pkr> fOl' k GNO, r €N~

From (C.1) it follows that
(2) . leill =1 for keN,.

By (1), (2) and (C.2), we have

3 {As@i, 93> =1 for k,reN,.
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Now suppose that j, k,[,ne N, and 2k +,+ 1 > 2n 4 /. First let / > 1. From
(1), (3) and (C.3) we obtain

j+ s s — Ky 1 j 3
(AL @1, 00> (AT 05, 05 2 > (AP O a1y 91 jay 12
[ .
> =369 AL 03y . 0> (AL @, 05 2

2 \2 .
> 18~/k,-(7) (AL o}, oAl @3, 0,

ie., ‘f\gl(w‘,“) = 8y pfs((pfi). Since |;¢fy|i=2, a similar argument yields {47 * oo}, 0}) >
> 8y,{ Al of, o), ie., Pfilﬂl’i) > 8ykjp’;s(<pf,). This completes the proof of (c¢).

Finaily, we prove (d). Fix se {1, 2}. Let £ € 4, for some j e N. Then, ¢ has
the form

j Jj—nr
é = Z z .unrA;((Df:ﬁ) + e + (Pf:, 2(‘j—n))v
n==0 r=0
~ j Jj-n
where y,, € C. Let {:= Y, W Asos. From (C.1) we get
n@ =0

e—d= 5% w3 on) <

| n=0r=0 1:-2(j--n)
< Y i 277 B ] 2777 S
nr I>2(j—n) n,r

12 . . 12
<2_2i“(2 l”nr!z) < 2'2’+1(Z!Mnr|2<A;’<p;‘.~ <Pf,>)
ny

nr

Here we used (3) and the Cauchy-Schwarz inequality. Since we assumed at the
beginning that y,; > 2/ for j, k € N, and (a)—(c) are already proven, we can apply
Corollary 2 in case g, = 1/2 and » = 0. (Recall that (d) is not used in the proof
of Corollary 2.) Hence

4 & — &l < 2-HIQUE[R)R < 2 E
I x !

Now fix an /e N. Let jeN, j > 2. By the definition of {£$}, we can find an
neN,n > ng, such that {{=¢;. Thereisan j’ e N, j' > j,sothatng ;_, <n<ng.
By (D). ¢ e %,;-. Since j’ > j, it follows from (4) that |'{f — &n < 2-YHs e
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Since & €9, and je N was arbitrary, { is in the norm closure of 2, which
implies (d).
Now the proof of Theorem 2 is complete.
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