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ON POINT INTERACTIONS IN ONE DIMENSION

S. ALBEVERIO, F. GESZTESY, R. HOEGH-KROHN and W. KIRSCH

1. INTRODUCTION

The problem of studying the spectrum of a second order differential operator
of the Schrodinger type — 4 + V with V a potential describing ““point interactions”,
in the sense that ¥ is supported by a discrete set, arises in models for nuclear physics,
many-body theory, solid state physics as well as in acoustics and optics, see e.g.
[1, 12, 14, 15, 16, 17, 22, 34, 36—38, 45, 57, 60]. The advantage of such interactions
is that explicit computations are possible. Moreover it is possible to develop local
short range interactions ‘‘around point interactions”, a procedure which has been
mathematically justified recently in the three-dimensional case by scaling techniques,
see [2~5],[19], [20, 21]. For further mathematical work on the definition and appro-
ximation of point interactions see also [6—8, 10, 11, 13, 14, 17, 18, 26, 27, 28, 35,
49, 50, 59, 61, 62]. The approximation of the Schrédinger operators describing
point interactions by scaled local potentials is closely connected with the study of
the low energy limit of such Hamiltonians and in fact expansions around the zero
energy limit have been obtained for physical quantities like energy eigenvalues and
resonances, as well as scattering amplitudes [3—5], [19], [20, 21].

The purpose of this paper is to extend and continue the above results in the
one dimensional case. In some cases we get stronger results and in all cases the exten-
sion is not immediate, since the scaling behaviour is different in one and three
dimensions.

Section 2 contains in particular the proof of the norm resolvent convergence
as ¢ | 0 of Hamiltonians H, y with scaled short range interactions V:

H d* 2y A 1 0
n= = ga Tt OV -w), a0

in L?*(R,dx) to point interactions ocjéxj with centers at x,..., xy and strengths

o = /1}(0)8 dxV(x).

R
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The detailed behaviour of eigenvalues and resonances in the limit ¢ } 0 is
discussed in Section 3. The case of infinitely many centers, and in particular of
centers equally spaced to form a one dimensional infinite crystal, is treated in
Section 4. Also in this case we show the norm convergence of the resolvent of

d2 o 1
Hez— dac? +& “j§|z)~j(8) V,(—;(x - Xj)), e>0

to the one of an Hamiltonian describing the interaction with point interactions
ajéxj(x), with a; = )._;(O)de Vi(x), je Z.

We confine to the Appendix results on operators defined as sums of quadratic
forms and on their eigenvalues and resonances which are valid in arbitrary dimen-
sion and as such, are not only useful in connection to our present paper. In particular
N

we study operators in Hilbert space of the form H,+ Y, EfF;, with Hy>0
j=1

and self-adjoint and E;, F; closed and infinitesimally bounded with respect to Hg’®.

In particular results on the invariance of the essential spectrum as well as
a perturbation theory for the bound states and resonances are given.

2. NORM-RESOLVENT CONVERGENCE TO POINT INTERACTIONS
IN THE CASE OF FINITELY MANY CENTERS

In this section we translate the three dimensional convergence results of scaled
short range Hamiltonians to the point interaction Hamiltonian (cf. [2, 3, 5]) into
one dimension. In the Hilbert space L*(R) let

2
2.1 Hy= — g , 9(H,) = H:(R),
dx®

then we have:

LEMMA 2.1. Let Ve LYR) 4 LP(R). Then V is form-compact with respect
to Hyi.e. |VIY2(Hy 4 E)~'2 is compact for all E > 0.

Proof. That V is infinitesimally form bounded with respect to H, parallels
the proof of Theorem I.21 of [52]. If Ve LY(R), V¥ (H, + £)-4VP2 is a
Hilbert-Schmidt operator and hence compact since

1IVIV3(Hy + E)=Y V2|3 = (45)—18dxdy|V(x)ge—2Vé'"‘"" IV(»)l<oco, E>DO0.

The general case follows by a limiting argument. %
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Next we introduce
(2.2) G, =H, — k)™, Imk>0
and for V;e L}(R), 1 < j < N we write
(2.3) 0;(x) = [V;()IM2, up(x) = V()" sign Vi(x), V= vu;
(for simplicity we assume ¥} to be real-valued throughout the paper). Then we have:

LEMMA 2.2. a) w;Gyv, are Hilbert-Schmidt if Imk > 0, k # 0.

b) u;G\v, are trace class if Imk > 0.
¢) If in addition de(] + X" Vi(x)| < oo for some §>0, | <j<N

then w,G v, are trace class for all Imk > 0, k # 0.

Proof. a) follows from

hﬁégd)‘d}” Vi(x)le=2mkx=s|py(y)| < oo if ¥}, V,€ LYR), Imk > 0.

b) follows from Problem 161 in [48].
¢) is proved in [56], p. 72.
Let x;, ..., xy€ R, x; # x, if j #/ and introduce (cf. the Appendix for

notations)

- ~ N
(2.4)  B(K): (LAR)Y — (LAR)YY,  (Bk) (fi5-- 5 fa));j =Y, Beitlk) /i
=1

@.5) Buulk) = 1,()5Gei, a,-(x>=u,-(x—lx,-), 5,(y>=v,(.v—-:x,),
£

where ¢ > 0 and /; are real-valued in a real neighborhood of zero and analytic
near the origin with 4;(0) =0, 1 <j< N
Define the Hamiltonian H(¢):

N
(26)  Hy®)=H, + 3 4() V,(. _ _l_xj), V,e L(R), 1 <j <N, ¢>0

j=1 €
(using quadratic forms). Then, applying Lemma A.1 we have

Q1) (Hy(®) — k) = Go— 3, (G (1 + BENTHE@GY), Tmk> 0.

Jil=1
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Next we introduce

N
(28)  H,y=¢UHy(e)U7 = Hy+ 72 Y, 45(e) VJ(L( — xj)) , £>0
ji=1 €

where U, denotes the unitary scaling group in L%(R)

(2.9) (Uf)(x) = e 2 f(x[e), >0, fe L*R).
Noting

(2.10) eU,G U = Gy,

we obtain

(H, y — k*) ™' = U (Hy(e) — (ek)?) U =

N ~
211) =G, —¢&2 ¥ GUi(l + B(ek) 7 ()@ Us'G,, Imk>0
Jyi=1
N
(212) =G,—e1 Y 4,,(k)(1 + B(k)i'4(e)C,, (k), Imk>0
j, =1

where 4, ;(k), B, ;(k), and C,, (k) are Hilbert-Schmidt operators with kernels

(2.13) Aok, x, ) = gul(x — X; — e),(3),  &ul(2) = ﬁe“"zl,
(2149 B, y(k,x,y)= gt }“j(s)uj(x)gk(a(x —¥)+ x— xp) vy(¥)
2.15) C.. sk, %, ) = u(x) g (ex + X, — ).

Define the rank-one operators A;(k), B;(k), and C,(k) through their kernels

(2.16) Aj(k, x, ¥) = gu(x — x;)v,(¥),
2.17) le(k, x,y) = 4;(0) &lx; — xp) u;(x) v(y),
(2.18) Ci(k, x, p) = u;(x) gu(x; — ),

then we have:
LEMMA 2.3. Let ¢, Imk > 0. Then A, ;(k), B,, ;,(k), C;, (k) converge to Aj(k),
Bj(k), Cy(k) in Hilbert-Schmidt norm as ¢ — 0

lin‘}”A:,j(k) — A;()]l: = 0, lirr(:IIBe,ﬂ(k) — B (k) |l= 0,

(2.19)
lim|C,. (k) — Ci(k)[ls =0, 1<j.1<N.
£—~0



ON POINT INTERACTIONS 105

Proof. We follow [3,5]. Since w-lim A4, ;(k) = Aj;(k), w-lim B, ;, (k)= B (k),
-0 0
w-lim C,, (k) = C,(k) we only need to prove ([56], p. 41)
-0

li_f‘o‘”Az,j(k)”z = [|4;(k) Iz ]iI?HBe.jl(k)”2 = ||By (k)2 linJHCs,,(k)Hz = {|C,(K) Il

which is obviously true.

Next we introduce Q{uj,, ~, the form associated with the Hamiltonian

describing N point interactions of strength ;€ R centered at x;, ..., xy:
A 2

(220) Qupn(f8) =(f", 8)+ ¥ %/ (x)e(r)), D(Qup.n) = H**(R).
J=1

The operator Hmj),N corresponding to Q(,j},N is given by

(2.21) Hygyn=— o D(HppN) =

= {f|fe H"2(R) n HE2(R\{x,, ..., xy ;1 (%) —f(x;, )=, f(x;), 1< j<N},

and its resolvent reads [62]
N

(2.22) (H(czj),N - kz)_l = Gy — Z (T(k)_l)jl (& (- — x1), (-~ Xj)3 Imk>0
Jy =1

where

(2.23) Ta(k) = -8 + gy — x).

Regarding the spectrum of H(,j,,Nwe have:

LEMMA 2.4. H e, N has at most N eigenvalues which are all negative. The remain-
ing part of the spectrum is purely absolutely continuous and covers the positive real line

Oess (H(Gj}: N) = aac(H{!j), N) = [0, OO), asc(H(aj}, N): @a
(2.24)
GP(H{CI-}: N) C(—-OO, O)a dlm RaD(EH{u.}’N('—OO, 0)) < N'
J

Proof. Weyl’s theorem and (2.22) prove Oess(Hiap, N) = O o(Ho) = [0, c0).
Moreover both H(,j;, ~ and H, are self-adjoint extensions of Hy.
2

fiy= = 5o, D) = {[|f¢ B¥®); i) = 0; 1 < < N}
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where HN has deficiency indices (&, N). Thus ap(H{aj,,N) N (—oo, 0) consists of at

most N points since o(Hy) N {—o0, 0) = @ ({58], p. 232). The explicit formula (2.22)
shows in addition that ap(H(,j,,N) n (0, o0) = @. Since kT(k) is entire if keC,
the analytic Fredholm theorem applied to (1— (—kT(k) -+ 1)) shows that
(kT (k))~! exists for k€ C\.D where D is a discrete set i.e. a set without finite limit
points (for k& > 0 large enough (kT(k))~! clearly exists). Since D n (0, oo) is
finite and o, (Hy ), n) < D we get Osc(Hy, ) =0

After these preliminaries we can state the main result of this section.

. N 1
THEOREM 2.1. Let H, y=H, + ¢7% Y] 4;(¢) Vj(f . (- = xj)), ¢>0, and H{aj,,N
j=1

be the Hamiltonian describing N point interactions of stregth o; centered at x;,
J=1, ..., N. Then,ase — 0, H,, y converges to H; ), ~ in norm iesohent sense

(2.25) n-lim(H,, y — k¥ = (H(aj},N — k)7, K¢o(H, )N a(H{,j}, ~N)
=0
with
{2.26) o = Z}(O)S dx V(x).
R

Proof. From (2.12) and Lemma 2.3 we conclude

N
Q27)  nelim(H,,y — k) =G — Y, A(K) (1 + BU)THOC, ().

Jol=1
Now

B(k) = 4;(0) g.(x; — x)(vy, ‘)“j

and thus

N
(228) (14 BO)' =18, — 4(0) Y} &u(¥; — x TR0,

where
(2.29) k) = 85 + 25(0) (3, u)) &lx; — x))-
Inserting

(Fk))ji (o1 up) 24(0) = (TR
and (2.28) into (2.27) we get

N R —
(230) n-lim(Hop — k)7 = Go— Y (TRD'E(c — x), D&l —x). B
& joi—=1



ON POINT INTERACTIONS 107

REMARKS 2.1. a) If A}o (O)S dxV; (x) = 0for some j, then the point interaction
R

centered at x; has strength zero and thus disappears in H{uj}, ~. In particular if and
only if A;(0)(v;, u;) =0 for all 1 < j < N then H, converges in norm resolvent
sense to the free Hamiltonian H, as ¢ — 0. This is in sharp contrast to the corres-
ponding situation in three dimensions. There one carefully has to study the spectral
point zero of the underlying Hamiltonian and to distinguish between cases where
zero energy resonances and/or zero energy bound states occur [2, 3, 19, 21].

b) Of course 1;(g) need not be real-valued. The proof is completely identical
if complex point interactions are considered.

c) For a completely different proof (including the case of infinitely many
centers) based on local partitioning ([39]) see Section 4.

3. CONVERGENCE OF EIGENVALUES AND RESONANCES
IN THE CASE OF FINITELY MANY CENTERS

We first state some results regarding the continuous spectra and then discuss
the negative point spectra and the resonances.
Lemmas 2.1 and A.2 applied to H(¢) and H, immediately yield

3.1 Oess(H,, §) = Oess(Hn(e)) = [0, c0) for all £>0.

By Lemma 2.4 the same result holds in the limit ¢ — 0 since (H(,j), N+ t—
— (Hy -+ 1)~ is a finite rank operator
(3.2) Uess(H{aj).N) = [0, co0).

Now we turn to a discussion of the discrete spectra.

Application of Lemma A3 to H,, y shows that H, , has an eigenvalue £,<0
if and only if U,B,(ek,)U;* has an eigenvalue —1 in (L3(R))"N i.ec.

N -
(33) Z UaBa,jl(ska)Ue—la’a,l = - a’e,j: Ee - k%‘? (’;)e,je LZ(R)’ 1 S .] < N
1=1
and also the corresponding multiplicity remains preserved. A change of variables
shows that (3.3) is equivalent to — | is an eigenvalue of B, (k,) i.e.

N
(34) Z Bs,jl(ks)(ps, 1= (pe,j’ qoe.j ELz(R): 1 S] S N

1:==1

In order to get a feeling what could happen in the general case we first discuss the
case N = 1 in more detail.
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There we have

(3.5) Hy(e) = Hy + A4(¢) Vl( - — %xl) , £€>0.

Clearly H,(¢) is unitarily equivalent to H(e)

(3.6) H(e) = Hy + L(e) V().
From

H . =¢2U H\(e)U;}
any eigenvalue E, of H,; is determined by
3.7 E, = ¢e72E(e)

where E(¢) is an eigenvalue of H;(¢) and thus of H(g). Applying the detailed ana-
lysis of Klaus [29] and Simon [53] (see also [9, 30, 33, 42, 54]) on bound states of
one dimensional Schrédinger operators we have:

LeEMMA 3.1. a) Let de(l + |x)) PVi(x)] < 0o and A{(O)de V,(x)<O0. Then,

for & >0 small enough, o,(H, ;) 0 (— oo, 0) consists precisely of one simple eigenvalue
E, obeying

k,=ill—E.=

£

(3.8) = — ;— 41(0) deVl(x) — —;—- 21'(0)e SdJcV1 (x) —
— sy dedy Vi()x — Y VA0) + o(e).

b) Let de(l +IX)IVi(x) < 00 and ),;(O)S dxV(x)=0. If 2}(0) #0 or 2(0)=0

but 71'(0) &del (x) < O then, for ¢ > O small enough, o (Hq, 1) n (—00, 0) consists

precisely of one simple eigenvalue E, with

(3.9)
= — 2o dem(x) - —}u«»%& dxdyV(x)1x — 3 Va(y) + 0(e).
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c) Let de(l - [x]) V(%)) < oo. If A{(O)S dxVy(x) > 0 or 2(0)=0 and
M’(O)deVl(x) > O then, for ¢ > 0 small enough, o (H,,,) N (—o0, 0) = @.

d) If in addition dee“l"|]V1(x)I < oo for some a > O then k, in (3.8) and
(3.9) is analytic in € at € = 0.
e) If only del Vi(x)] < oo and ).{(O)de Vi(x) < O then, for & small enough,

there exists a simple ground state E% of H, , obeying
(3.10) Ko =i —E° = — é—l{(O)deVl(x) + o(1).

Proof. The resuits of [9, 29] show that under conditions a) the operator H(c)
for ¢ small enough has a unique negative and simple bound state E(g) with

k(e) = il —E(e) =

= — —;- £21(0) S dxVy(x) — 7:— €2;'(0) de Vi(x) —

- ~:~e%;<0>28dxdyvl<x> X — 31 Va0 + o(s?).

(3.8) now simply follows by (3.7) since k, = ¢~ k(¢).Y b) — ¢) are proved simi-
larly.-[9,29]. A

Now we turn to N > 2 and state

THEOREM 3.1. Suppose that V;, 1 < j < N have compact support.

a) If n-lsirr;(Hz, y— k)= (H{,j),N — k¥t has 1 < M < N simple eigen-
values E,, = k?,,_.< 0,1 < m < M then, for ¢ > 0 small enough, 6(H,, ) N (—o0,0)

consists precisely of M negative and simple eigenvalues E,, ,, which are analytic in ¢ at
e=90

(3.11) kyn=i—E, =k, + O(), 1<m<M.

If E, = k%, 1<m<Mare simple but Ey,, = kis,,, 1<I<L are degenerate eigen-
values of H(,j,,N with multiplicities n; > 2 respectively then, for ¢ small enough,

L
(oH, ) N (— o0, 0) contains at most M -+ YmsN distinct negative eigenvalues
=1
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which are analytic (if 1 < m < M) resp. have a Puiseux expansion (m>M + 1}
at ¢ =0.
b) Ifn-lim(H, y — k)1 = (H(,j},N — k%™ # Gy and H{aj},N has no eigen-
&=0 .

values then, for ¢ > 0 small enough, H,, y has no negative eigenvalues.
c) If n-lim(H, y — k*) = = G, or equivalently if }; (O)deVj-(x)»—:O, 1<j<N,
e-0

then as ¢ — 0 all negative eigenvalues of H,, y tend to zero i.c. are absorbed into
the continuous spectrum as ¢ — 0.

Proof. By (3.4) any negative eigenvalue £, = k2 of H, yis determined through
solutions of ‘ ‘

N
Z Ba.jl(ks)(pa, 1= — (pc,ja 1 S] < N

1=1
Introducing an operator A,(k) in (L?*(R))¥ by

1x

i ikjx,—-x
(3.12) -Ae,j,(k)=s-1;.,(s)§;e I, Yy

we infer that
(3.13) [|B.(k) — A (k)| = O(e)

uniformly in k if k varies in compact subsets of Imk > — a.
From (3.13) and

(3.14)  det (1 +B,(k))=det (14 B, (k) — A, (k)) det (1 (14 B, (k) — 4 (k)) 14, (k))
one concludes that k% < 0 is an eigenvalue of H,, y if and only if
(3.15) det(1 + (1 + B, (k) — A4.(k))~'4,(k)) = 0.

Since A,(k) has finite rank and is analytic in ¢ and k for |¢| small and Imk > — q,
k # 0, det(1 + (1 + B, (k) — A (k))~'4,(k)) is analytic with respect to ¢ and k
in the same domain. ’

Moreover

(3.16) det(l + A,(k,)) = 0, (—éi—det(l + Ao(k))); #£0, 1

k=i
m

N

m<M

proves by the implicit function theorem that in a neighborhood of (0, k,,), equation
(3.15) has precisely 1 €< m < M simple zeros k., ,, which are analytic in ¢

ksgm=km+o(8): l<sm< M.

Using Lemma A.4 a), E,, ,, = k2, ,, are simple eigenvalues of H,, .
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If Eyyyp = kigs,, I >1is an eigenvalue of H{,j,.N with multiplicity n, > 2 then.

ar
det(1 -+ Ay (kyes ) = O, (ak
(3.17)

(@»i ~0, I<r<n—I,
=kpre

M A\
R #0
(25 detct + o )|

M+l

s
shows the existence of positive integers &, , ..., {; with ¥ & = n,and the existence-
i=1
of multivalued functions &, ,(¢), ..., kg, ,(¢) (not necessarily distinct) with
convergent Puiseux series

ki, () = M+I+Za“) e, 1<i<s
Jj=1
In fact using results of [44] one can show that 1 <& <5, 1'<i < s..
Since any solution k, of (3.15) obeys:

L
kezkn+o(])’ ]SHSM*}-ZVU
' ' l=1

as ¢ — 0, , part a) is proved.
Parts b) and c) follow from a). %

ReMARKS 3.1. a) The observation that in case ¢) of Theorem 3.1 the operator
A (k) is nilpotent might be the starting point for a more detailed analysis than
we have done.

b) In sharp contrast to the three dimensional case there are no eigenvalues.
of H,, , running to infinity as & — 0.

Concerning resonances (cf. the Appendix for their definition) we state:

THEOREM 3.2, Assume V;, 1 € j < N have compact support. Let
n-lim(H,, y — k?) "1 = (H(,j;,N — k¥) "1 &£ G, and suppose that k., Imk, <0 is

&=+0

a resonance of H(,j),N. Then, for € > 0 small enough, there exists a multivalued

function k(g), Imk(g) < 0 such that k(g) has a convergent Puiseux expansion in
e at ¢ =0 with k(0) = ky and k(¢) is a resonance of H,, y

N\

Proof. Follows by the proof of part a) of Theorem 3.1.
Finally we state a partial converse to Theorems 3.1 and 3.2.

THEOREM 3.3. Let V;, 1 <j < N have compact support.
a) If x(¢)? < 0 are eigenvalues of H,, y for € >0 small’ enough and ki <0 is
a (finite) accumulation point of x{e,) for some ¢, — 0, , then k§ is a discrete eigen--



112 S. ALBEVERIO, F. GESZTESY, R. HBEGH-KROHN and W. KIRSCH

value of H fajlo N - Moreover there are eigenvalues k(e)® < 0 of H.,,y such that k(&)

have a Puiseux expansion at ¢ = 0 with k(0) = k,.

b) If x(e), Imsx(e) < O are resonances of H,, y for € > 0 small enough and k,,
Imk, < 0 is a (finite) accumulation point of x(e,) for some g, — 0, , then k, is
a resonance of H(,j;, ~- In addition there is a multivalued function k(g), Imk(e) < 0

such that k(e) is a resonance of H, y and k(¢) has a Puiseux expansion at ¢ =0
with k(0) = k,.

Proof. Since det(l + B,(k)) is analytic for [¢] small enough and & 5 0 we get
det(1 + B(k,)) = 0 in both cases. Thus 4§ is a discrete eigenvalue of H;,j,,;v in
case a), whereas &, is a resonance of H(,j,_N in case b) (cf. the definition of reso-
nances for point interactions in {4]). Since det(l + B(k)) is not identicalily zero near
k = ko, we get assertions a) and b) from the proof of Theorem 3.1 a).

REMARK 3.2. Using the Taylor expansion of B,(k) in ¢ and k around ¢ =0
and k = k, one can get explicitly the coefficients in the above Puiseux expansions,
similarly as in [19].

4. NORM RESOLVENT CONVERGENCE TO POINT INTERACTIONS
IN THE CASE OF ARBITRARILY MANY CENTERS .

We finally show how the results of Section 2 generalize to arbitrarily many

centers.

Let {x;};cz be a discrete subset of the real line with |x; — x;/ > a > 0 and
X; < Xj41, Jj» 1 € Z. Suppose that V;,je Z are real measurable functions on R and
assume the existence of some function W e L(R) such that for all jeZ, |V;] < W

a.e. . Define
@1) g (fr8) = 4(2) dea-W,-((x—x,-)/s) A e, D(q; J=H"*(R), ¢>0,

and
4.2) 9.,(f.8) =1 fx)e(x), 9(q.) = H**(R)

with «; real-valued
(4.3) o)) < Cp < 00, jeZ

and 4;(e) real-valued for ¢ real and analytic near ¢ =0, 4,(0) =0, je Z.

In order to define Hamiltonians whose interactions are formally given by
Ez gj,c T€Sp. 3 9e; We follow the lines of [26]) and use a variant of a powerful
je jeZ

techniaue developed by Morgan [39].
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A quadratic form g is called summably form-bounded with respect to H
if it is form-bounded with respect to H, and there are constants a; > 0, b; > 0
such that

(44) lg(o, ©)| < ajll@’[* + bl
for all ¢ € H2(R) with suppe < [j — 3/2, j + 3/2) with
(4.5) Yag, <1 and Y b <oo.
jeZ JeZ
Let
S, (0) =f(x + x,)
and define

4x,(f,8) = 4(fs;> 8x))
then we have ([26]):

LeEMMA 4.1. If q is summably form-bounded with respect to H, (with constaiits
a;, b;, jeZ) and satisfies

(4.6) q(xf. 8) = q(f, xg)

for all f, ge H"*(R) and all y € CP(R) then

(4.7) Ty (8) = 3 451> 8)

is a well defined quadratic form on H'?(R) satisfying
48) 1gw) (SN < C(Fa)If'IP + D X oy + F61IS 17 [ HXR)
JeZ i€z i€z

where C and D only depend on the set {x}.
Proof. Follows from the proof of Satz 4 in [26]. %

Lemma 4.1 immediately implies that

(4.9) 0.(fie)=(/¢)+ }equ,-, (f,8), 2(Q.)=H"*R), ¢>0
and

(4.10) Qe,(f,8)=(f".8) +jeZZq,j(f, 8, 2(Qu;) = H"*(R)

are closed forms bounded from below. The corresponding self-adjoint Hamiltonians
are denoted by H, resp. H(,j,, and by definition H(,j, describes point interac-

tions of strength a,deVj(x) centered at x;, je Z.

8 .- 2086
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The main result of this section then reads:
. 1
THEOREM 4.]. Let H,=H,+&7% Y, A;(¢) V,-(T(» -—xj)), £>0, and H{,j} be the
i€z

Hamiltonians associated with Q. and Q, ) - Then, as ¢ — 0, H, converges to H fe3 in
norm resolvent sense

(4.11) nlim(H, — k)™t = (Hey — k)7, k*¢o(H)n 0 (Hyep)
=0

with

(4.12) o = l}(O)de Vi(x).

Proof. To keep the proof as short as possible we assume without loss of

generality that 4;(e) = a;¢, j € Z and that deVj(x) = |. Define

@.13) q.,(f,8) = adexe-lr/,.(x/e)ﬂx)g(x), P(q) = H™*(R), ¢>0,

(4.14) 9.(f>8) = %4(0)8(0), 2(q.) = H**(R).
Assume f, g€ CP(R), 0 < n(x) £ 1, ne CP(R) and

I |x]<é
n(x) =
0 |x| = 26, for some 6 > 0.

Then
8

190,5(/:8) = 4a, (2 8)] < 1] S dxeV,(x/0)] [F()g (x) —F(0)g ()] +

B}
(4.15) 2000 1 1lo felle dxe |V, (x/s)] <
(—o00, - 0] U [0, 00)
< la,-llsgs [ f(x)g(x) — F(0)g(O)] + 2ie;] 1If loollg oo dx W(x) <
* ( oo, --d/eiu’dfe, 00)
24
< Il S dxn (I GG+ E 12151 g oo AW <
s (00, - 8% U [ofe, 00)
26 12
sla,-n( S dxm(xw) 11 1g oo+ 1ol 1121511 T g oo S dxW(x) <
--20 (—o0, - 0/ U d]e, o0}
24 12
scoc{( S dxm(x)lz) + 2 dx W(x)} 1 lallgil o

—26 (~o00, - dfe; U [6]e, 00)
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where
1Al = (14|12 + Al
and
hlleo < clitllsy,  he HY2(R).
Since Cy(R) is a form core of Hy, (4.15) extends to all f, g € H1:2(R). Next assume
¢, W; € H(R) and supp ¢, <[j — 3/2, j + 3/2) and suppy;<[j — 3/2, j + 3/2).

Then for j =0, 4- 1 the above method shows that for any v > 0 there exists an
g, > 0 such that for all 0 < ¢ < ¢,

(4.16) Iqe(¢j, ‘/’;) — q.(9;, W,)l < v“(pj“+1“¢j”+1’ Jj=0, =+ 1

If j e Z\{0, & 1} we get from ¢;(0) = ¥;(0) =0

192, 1(055 ¥;) — 9 (@3> Y| = 190, (05, ¥))] <

Jle+3j2e
(4.17) < ol o lleoll ¥ lleo dxW(x) <
Jjle-3j2e
Jle+ 326
< e S W) oyl callsllens 7€ ZNO, £ 1.
jje=3/26
From (4.16) and
_ jle+3/2e —1/2¢ o '
(4.18) Yy S dxW(x) <3 S dxW(x) + 3 S dxW(x)
7€z, 211 e 3 )

we actually infer that for any v>0 there exists an g > 0 such that for all O<e<eg,

(4.19) 19, 5@, ¥) — 90, (@, V)1 < gjll@ll4all¥ ]+

for all @,y € H*%(R), suppy < [j — 3/2, j+ 3/2), suppy < [j — 3/2,j + 3/2)
with

(4.20) Ya <.
JEZ

Consequently Lemma 4.1 applies and gives for all v > 0

QLS ) — Quap(fs HE < VIS, e HVE(R)
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which implies

(4.21) 10:.(f,8) — Qup (O <VIiflledllgller,  fige HY(R).

But (4.21) implies norm resolvent convergence of H, to H{,j) by Theorem VIII.
25¢) of [46]. %

REMARK 4.1. Again if )J 0) de Vi, (x) = 0 for some j, the point interaction
0
at x;, disappears in H(,j} . In correspondence to the finite center case, H, converges

in norm resolvent sense to H, if and only if 2;(0) de Vix) =0 for all jeZ.
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APPENDIX

We collect some results on Hamiltonians defined as quadratic forms which
are not only useful for the present paper but are certainly of interest for quite general
systems in quantum mechanics. The basic ideas of our proofs of Lemmas A1—A3
are taken from Simon’s monograph [52].

Let H, > 0 be self-adjoint in some Hilbert space # and let E;, F,, j, I=1,...,N
be closed operators in s which are infinitesimally bounded with respect to Hj".
Define

N
(A.1) H=Hy+ Y, EF;
j=1

J

AI
by the method of forms [25, 52]. Let ##¥ = @ 5 and introduce the family of

j-1

bounded operators K(k)

N
(A.2) K(k)y: AN > AN, (K1, S0))i= Y, Ku(K) fi
=1
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where ¥
(A.3) Ky(k) = F;(Hy — k) -Ef, Imk > 0.
We first state:

LeMMA A.l. Under the above hypothe&es

(A4) (H—k») 7 =(Hy—k¥) 1~ %(Ho—kz) “LEFF(H—k¥=!, Imk>0, k* ¢ o(H).

J

If in addition® Ki(k) € Bo(H#), j,] = 1,...,N for all Imk > O then

(AS)  (H—k) I =(Ho—k) ' 3] (Ho — k) E}(1 + K(KDG'F,(Hy — K9

Jy1=1

holds for Imk > 0, k? ¢ o(H) with the possible exception of a discrete set. In particular
for Imk > O large enough and k® ¢ o(H)

o0 N
(A6) (H—K2) “1=(Hy—k®) = ¥, Y (—1)"(Ho— k) 1E] (K(kY");0 Fy(Hy— k)~
m=0 j, 1=1

with convergence in the norm sense.

Proof. Let
On,(f, &) = (HY*f, Hi%),  D(Qn) = D(HY),
N
0u(f,8) = (H*1, HY*9) + ¥, (E [, Fig),  D(Qu) = D(HY.

Then for f, ge 2(H}?)

Ou((Hy — k»)71f, (H — k*)~g) — Qu (Hy — k)73 f, (H — k?)~'g) =

N —_ —
= Y (E(H, — k) 7'f, Fi(H—k?)~'g)= ((Ho—k*)~'f,8)— (f, (H — k*)~"g)

Jj=1

1) If no confusions arise we always use a simplified notation identifying operators of the
type (Hy — k2)~1E" and (E(H, — kB)~)* etc.

2} We use the notation F#(¥), B () for bounded resp. compact operators on #. We
also use .%’p(yf), pEN (cf. e.g. [25]D
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by a simple computation. This proves (A.4). From the infinitesimal boundedness
of F;(E;) with respect to H}”® we obtain e.g.
lim || F;(Hy + £)~2 =0
Eo+oo
and thus ||1(,-,(in)|] < | for E > 0 large enough. Therefore we can iterate (A.4)
in order to obtain the norm convergent expansion (A.6). Since K;(k), j,{=1,...,N
are compact and analytic in k% in the region Imk > 0 the same is true for K(k).
Moreover since (1 + K(i]/I—::))‘1 € B(#N) for E > 0 large enough, (1 + K(k))?!
exists and is analytic for Imk > 0 except possibly for a set of discrete points, by

the analytic Fredholm theorem [48].
Thus (A.5) holds by analytic continuation of both sides. %

Next we give

LEMMA A.2. Assume in addition that F;(Hy + 1)™° € B,(#) or
E(Hy+ 1)~ eBo(H) for all j,1 =1, ..., N. Then : '

(A7) 6. (H)= o (H,).
Proof. By the hypothesis and (A.S) (H + E)~! — (Hy, -+ E)~', E > 0 large
enough, is compact and we only need to apply Weyl’s theorem [48].
Regarding bound states of H we have

LEMMA A.3. Assume K (k)eBo(H), j,I=1,...,N for all Imk > 0.
Let Ey=kj, Imky > 0, then H has the eigenvalue E, with geometric multiplicity
ng if and only if K(k,) has the eigenvalue — 1 with the same geometric multiplicity ny .
In particular if

K(ko)po = — @0, 0o = (P01, .- -» Pon)s @o; €, j=1,...,N
then
' N
(A.8) Yo = I; (Hy — k&) 'Ef @4
fulfills
(A.9) Hyro == Eglp, Yo D(H).

Conversely if
Hlﬁo = Eol/;m ‘/70 € 2(H)
then

(A.IO) ¢o=(¢01,~--’§~001\')’ (:bo,':_F,‘/;o’ Jj=1L...,N
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Sulfills
(A.11) K(ko)go = — Gy
and
-~ N e
(A.12) Yo =Y, (Hy — k§) " E[ @0, -
{=1

Proof. a) Assume K(kg)p, = — ¢, and define

N
Yo=Y, (Hy — k3) "'E; ¢y, -
=1

Then obviously.
Vo€ D(HYY) < D(F), j=1,...,N,

N
— Fpy = — Z F(H, — k§) = Ef @y, = — ¢y;s 1<j<N,
=1
and
N
(A.13) Vo=~ Y (Hy — k§) Ef F, .
<1
Noting

S S, (Hy = K)EFEyf = (Hy — k) -(H + B)YA(H + EY*f —
=1 .
(A.14)
— (B, + k) (Hy — kY, fe D (HY)

for E,> 0 large enough and k% € C\[0, o0) ((A.14) is proved similar to (A.4)) we
get, after applying (A.14) to (A.13) with f =y, k =k,

N 0
0=y, + Y (Hy— ki) E[ Fpo =
=1

= (Hy — k§) "M(H + E)"*(H + E\)"®, — (E\ + k3)(Hy, — k§) =Y,
and thus
Q, o((Hy— k3)~'g,¥y) =0, for all ge #,
—ko

where Q denotes the form associated with H — k3. Since 2 (H,) is a core for
H-~kg 0
~ko

Q , we obtain
H~-kg

Vo€ D(H) and (H — k)Y, = 0.
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Next assume that
Kk))o, = — ¢, @,eHY

where ¢, is linearly independent of ¢,. Define
N *
(A.15) Yo=Y, (Hy— k§) 'Ef*oy
=1
then also

'bl'}lh:(l’u, I<j<N

holds. Suppose that i, = const -y, then obviously ¢,; = const-@,;, 1 <j< N
yields a contradiction.
b) Assume now

Hjy = o‘f;Os ‘/;o € Z(H).

If — k%> 0 is large enough such that (1 + K(k))~'e B(#") then (A.5) implies
N
F(H — k*)~' = ¥, (1 + K(k))j'F(H, — k*) 7!
1=1
and thus

(A.16) ¥ (1 + KU)F(H — k)= = Fy(Hy — k9.
1=1

Applying (A.16) to vectors of the type (H — k¥)y, ¢ € Z(H) one obtains after
analytic continuation of both sides
N
(A1) Fp + Y, Ky(K)Fp = Fy(Hy — k%)~ '(H — k), k* € C\[0, c0).

1:=1

Taking ¥ = i, and k = k, we get

N o .
(A.18) Fapy= — Y, Fi(Hy— ko) 'E'Fify, | <j< N
=1
Let
Poj = — Filo, 1<j<N

and assume

@y;=0 forall 1 <j<N.
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Then i, € Ker(F)), 1 <j < N yields a contradiction smce

(A.19) Qu(lio, Uo) = I1HY Yol = ki(WPo, o), 1mky > 0

is clearly impossible. Consequently (A.18) implies —1 € o (K(k,)), K(kg)pg = — Qg -
Next let

(A.20) Z (Hy — k3) ~'E; (001 >

then Part a) of the proof shows ¥, € @(H) and (H — k)%, = 0.
Thus

H(lilo - l/70) = Eo(glo ha ‘/;o)
and by (A.18)

Fi(¥y— o) =0, 1<j<N.

As in (A.19) this yields a contradiction unless ¥, = i, i.e.

(A.21) o = — k&) E Py

I:'Jz

!

I

1

Finally let {, € @(H) be another eigenfunction linearly independent from i, such
that H{, = Eg,. Define ¢,; = — FyJ,, then also

~ N g~
Y =Y, (Ho— k)= E[ ¢y,

l=1

which proves that ¢, is linearly independent of @,. a

REMARK A.l. For N = 1 the above results are well known and widely used:
for quantum Hamiltonians in L%(R"), n > 1 (see e.g. [31, 33, 47, 48, 52, 53] and
the references therein). In the case N = 2 they first appeared in [31, 32] and for
general N in [19, 21] in the context of the multiple well problem.

Finally we give a discussion on eigenvalues and resonances in the case where H
is self-adjoint.

Assume K; (k) € Bo(3),j,1 =1, ..., NforallImk > 0. Then, by Lemma A.3
there is a one to one correspondence between negative eigenvalues E, = k3 < 0
of H and the cigenvalue — 1 of K(ky), ko = i = E,. If K;(k),j,I=1,..., N are-
analytic with respect to k in Imk > 0 and may be analytically continued in the
region Imk > — a for some a > 0 such that K;(k), j,/=1,..., N are compact.
for all Imk > — a, we call k;, —a < Imk, < 0 a resonance of H if K(k;) has-
an eigenvalue — 1 ([4]).
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Concerning multiplicities of eigenvalues and resonances of H we state:

LeMMA A.4. Assume H to be self-adjoint.

a) Suppose K, (k), j,1 =1, ..., N are analytic with respect to k in Imk > 0.
Let for some peN, K;(k)e B,(H), j,I=1,...,N for all Imk >0 and E,=
=ki <0, kg= il/: E,, be an eigenvalue of H. Then the multiplicity of E,
coincides with the muitiplicity of the zero of the (modified) Fredholm determinant
det, (1 4 K(k)) at k = k.

b) Suppose that K;(k), j,I=1,...,N are analytic with respect to k in
Imk > — a for some a > 0. Assume in addition that for some p € N, K; (k) € B, (K),
SI=1,...,N for all Imk > — a. Then, if H has a resonance at k,, —a <

< Imk, < 0, (1 + K(kj)~* has a norm convergent Laurent expansion around k = k,

(I + K(k) ' = i K. (k — k)"

m=—-M

where each K, € B(H#"N) and for — M < m < — 1, K, is of finite rank. Moreover
the multiplicity of this resonance k, defined as the zero of the (modified) Fredholm
determinant det,(1 4 K(k)) at k = k, coincides with the geometric multiplicity
of the eigenvalue —1 of K(k,) if and only if M = 1.

For the proof of Lemma A.4 one needs the following result of Howland [23].

LEMMA A.5. a) Let Q « C be open and connected, let A be some Hilbert
space and assume L(z): Q — B (H) to be analytic. Suppose furthermore zy€ Q,
— 1 e a(L(zy)),and (1 + L(z,)) 1 € B(X') for some z, € Q. Then, for z near z,

(A.22) (1 +L(z)) = :.V: L,.(z— zy)™,

m=-M

with convergence in the norm sense, where each L,, € B(HX ) and, for — M < m £ — 1,
L, are of finite rank.
With respect to the decomposition

A = P(zo) A + (1 — P(zp)) A
we get in obvious matrix notation

1+U(2)L(2)U(2) = (1 + U(2) L(2)U(2) ™) P(20) +(1+ U(2) L(2) U(2) ") (1 — P(2,)) =

(A.23)
=(I+A(z)0 n 0 0 . 1 + A(z) 0)\/1 0
0 0) ‘ (o 1+B(z))"( 0 1)(0 1+B(z))
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where
(A.24) U(z) = P(z)P(2)+(1 — P(z))(1 — P(z)),
(A.25) ' P(2) = (2ni) -1 de(¢ — L(2))-*.

1$+1|=¢

b) Assume in addition that for some p € N, L(z) € B(X') for all z € Q. Then

B A(z) © o [RH=D (4@@ 0V ).
det,,(1+L(Z))—det(1+( 0 0))‘”‘"{ Tr [E j ( 0 0)]}
(A.26)

a1 B?z)))'

Let v be the order of the zero of det,(1 4 L(2)) at z = z, (v coincides with the order
of the zero of det(l -+ (A(()Z) g)) at z=z,) and p = dimKer(l + L(z,)). Then
v=yu if and only\if M\= + 1.

Proof. See Howland {23].

From Lemma A.5 we immediately get:

Proof of Lemma A.4. a) Identifying z = k2, Q = {z | Imz > 0}, L(z) = K(k),
and & = #N we only have to prove that K(k) has a simple pole in k% at k. But
this follows from (A.5) since (H — k?) =1, as the resolvent of a self-adjoint operator,
has a simple pole at k3.

b) is obvious from Lemma A.S. %

REMARK A.2. a) For general discussions on resonances in quantum mecha-
nical systems cf. e.g. [4, 24, 44, 51] and the literature cited therein. For the fact
that resonance poles need not necessarily be simple see [43]. Note that (1 + L(z))~*
has a simple pole at z = z,if and onlyif (1 4 L(zs)+(z — z)L*(zp)) ~* has a simple
pole at z = z, [23].

b) Using different arguments the result of Lemma A.4 a) has been derived
previously by Newton [41] for a special class of potentialsin R3 Modified Fredholm
determinants are discussed e.g. in [55, 56, 40].
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