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ON THE STRUCTURE OF THE NAIMARK DILATION

T. CONSTANTINESCU

One of the main ideas of classical work of 1. Schur {9] is to give a concrete
description of the structure of Fourier coefficients of a scalar contractive analytic
function on the unit circle by means of an associated sequence of complex numbers
{y.}5%, with the properties that |y,] < 1 for every n € N, and if [y,,of = [, theny, =0
for n > ny. .

For the operator-valued case of this problem one needs a good generalization
of such kind of sequence; this was done in [4] by introducing the notion of choice
sequences (see Section 1 for the definition).

There is a large class of problems intimately connected with the previous
Schur problem. Let us mention some extrapolation problems, the contractive inter-
twining dilations theory, the structure of positive Toeplitz forms, the Naimark dilation
of semispectral measures, and so on. Choice sequences appear in all of these and
seem to be a powerful tool in dealing with some specific problems of these topics.

The aim of this paper is to present the structure of the connection between
the Naimark dilation of operator-valued semispectral measures on the unit circle
and choice sequences. We use for this some improvements of the techniques develop-
ed in our previous paper [7] on the structure of positive Toeplitz forms. The matrix
form (2.2) of the Naimark dilation can be thought as a generalization of the Schiffer
form of Sz.-Nagy’ls' unitary dilation of a contraction [11]. We must alsd mention
that W, in (2.6) is in fact what is called in [5] an adequate isometry.

As an application we compute the prediction-error operator of a stationary
process.

§1

We shall begin this section by reminding a series of facts and notation from [7]
and some usual notation in the contractive intertwining dilations theory.

Thus, let # and " be two Hilbert spaces and let T L(H, A ") be a contraction
(i.e. [|T)] < 1). We denote as usual Dy = (I — T*T)"% and @, = D, o, the defect
operator and the defect space of T.
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We also consider the following well-known unitary operator:
JT):H# DD - H © Dy

(1.1

HT)= (T, DTs:).

Dy, —T*

As a main labelling of the set of contractive intertwining dilations, the choice
sequences was introduced in [4} and [I].

Further on, we shall call a choice sequence a cequence of contractions
G = {12, [ eL(#)and T e 3’(9,.,”, Qr:‘_l), k> 2.

We fix a choice sequence ¢ == {I,} ., and we consider the following operators
used in [S] and [1]: for n > 1,

=IOy, - D) HOD @9, ® ... 09r, ~H D& ... ®2r,
(1.2)n
In=JT)®I,_y;

forn>2and 2< k <n,
J=JiTy, . T H @@ .. @9, ®D:®...0Ir, —~
(1.2)% —».#EB@,—IC-D...@@,k*_l®@rk®...@9r"
=L, ®JT)®I,-,.
Having these operators we shall continue by defining:
(1.3), Vo =1,
and for n > 1,

Vn"_“ Vn(rl9- . 'srn):”@gl‘l®- . -@gl‘"_l@gr:‘ —*f@@rl@@@r

{1.3),
V"=J:J,%...J,','
and
{1.4), Uy=1,,
U,,=U,,(Fl,...,r,,)if@@rr@...QQF:-’M@@rlQ ...@.@rﬂ
{(1.4),

Up=Vo(Upsr @ Iy ), fornz> L
1.1. ReMark. For every n > 0, we have:

(1.5), U,=10,
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where

n

J],} =D L) H®D @D 5@ OD > H DD, @D 3.
(1.6)} ‘ -
[ ],'}2./([1)@]"_1, forn;l;

fornz2,2<k<n,
1k1®@[;@ @.@r;"-—»
=1, @IT)® I,—y,
(1.8), Vo=1lg
and for n > 1,
V.=V, .. T): BT +@.. 0D s > HOT +®...OL 5 D,
(18)" n 1 -
P, =Jidn Y
(1.9), U= L

and for n > 1,

U, = U(I,,. . WT)HBD® .. @I K DD, D ... O,
(1.9), | ’
i]n == (Un—l @ IQI-")I;n .

The equalities (1.5), are the reason for the difference between the notation

in [7] and the one we shall use in this paper. %

Let us define the following spaces:
H,=HD...0H
n

Ay = H

and for n 2 2,
%,,:%"@@Fl ® ... @@1‘;.‘_1

A=A ® DI,

and we denote by P, = Pf;,: the orthogonal projection of .# ;. onto % ,. (In order

not to complicate the formulae, when necessary, ., will be regarded as
being embedded in A£..)

11 —- 2086
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We continue this section with the study of the general form of a row-contrac-

tion. Thus, regarding the case of a finite row, the following result has been obtained
in [6]:

1.2. LeMMA. (a) The operator
Xy=(T\,To,....T): 5, >
is a contraction ifand only if T, = I'y: H — X is a contraction and, for 2 < k < n,
(1.10); Tk:"Drf-HDrf_lrks

where T';: H — D p» | are CORLractions.
k-

(b) There exists a unitary operator:
0, Dy > 9, DL, D ... 0L

D[‘ly —F;Jrg, _r;::Dr:i:r:,,...,-‘Ff‘Dr;‘.‘:...DF:C: F"

n-1
(1.11), | 0, D, ., -Igry, ..., --[#Dpo... Dy T,
2 3 -
“Px, =10, o, D,
i 3
0, 0, , D,

and a unitary operator

g h .
Ul Dyis > 4

rrt:
n n

(1.12),
&”DX;?:DF;:...D,?. %

By duality, a similar result is obtained for the contractions:

Y, =(Ty, Tay..., T) # ~H,

2

(‘1" standing for the matrix transpose).
For the fixed choice sequence ¥ = {I',}3.,, Lemma 1.2 enables us to define

the following contractions:

(1.13)% Xy ="ry,
and for n > 2,

1 __ 1 .

(113} { 1 Xl=XNIy,...,[): A, —H

Xy ==(Ty, D,;:Fz,. - Dr;ez - Dr:._ll",,);
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and for k > 2, n = £,

JX{f::X:(rk7"':ril):'0jrk_1®grk @ 691‘,1_1 —"}?
(1.13)%
l Xflfc::(rk’Dr:rkH"'"Dr:“‘Drf;‘_lrn)'

Similarly, let us define the contractions:

(1-14)i Y%(r1)=F1,
and for n > 2,

Vie iy, . ) > HDDs®... @D x|
(1.14)
Yi=(I\,TsDy ..., T,D DR,

n rﬂ -1

and for k = 2, n > k,

Y= YHI, .., T~ D s [ © .. © DL

k- 1

(1.14)%
' Y=, TesiDp s oo s TDp, oo D)t

Now, we can pass to the case of an infinite row.

1.3. LEMMA. For every k = 1 there exist the strong operatorial limits:

ssimX*P,: 4", —» H#

n-—->00
and
s-hm(X)*: o — X, .

Proof. For the sake of simplicity, we shall write the proof only for & = 1.
The general case contains the same computations.

o
Let fe |_JA,, then there exists p € N so that fe,. For every n > p we
n=1

have X\P, [ = X} f, so the sequence {XiP,f}., is a Cauchy sequence. But,

IXipP,i <1, neN
and

U‘){n:f+
n=1

50, there results the existence of the strong limit

s-lim X1P, .

B-200
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In order to show the existence of the second limit, we remark that (X})* being
a contraction, for hc#

S | #* ] . $I2<'; "2.
";1 "FmDrm—]_ Drl Il‘l {.hl
Thus, we obtain for 4 e
\ i I .
2 !1F,‘,’Drj_1 T Dl‘f’th< |2,
n—1

and, for n,meN, n = m,

I(x2*h — X3*hl < Y, T3Dps ... Dpshi?.
.

p=n-r1

This concludes the proof of the existence of the second limit. %
We define X% == X.(%) == s-limX4P,:. 4", — A

n=»c0

We end this section with the identification of the defect spaces of X% using
the choice sequence. Again, for simplicity, we shall give the proofs only for & == 1.

1.4. PROPOSITION. There exists a unitary operator

Proof. We consider the operators

[ n
D,I,ZIH - @ g,vrm
m=1
- ¥ Bt # e o
(1.15)” ) Drl’ r]F2 s 0y rfDr;...Drl;._lrn
Dl==1 0, Dy, .,
L le o,

also mentioned in Lemma 1.2 (b). Proceeding as in Lemma 1.3, it results that
there exists

DL =slmDiP: ¥, » & Z; .

n-co n=1

But, there also results that ;[ D}P,f! = DL fii for fex, .
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Having Lemma 1.3, there results that {|D,\P,f||—> ||D,: fl| for f € A,
n =300 o
and, from Lemma 1.2 there results the equality

Consequently, the operator

T - @I,
(1.16) ® =t

a-lI-Dxéoszéof3 ./.e'%/-b

is an isometry.

Let us show now that the operator a«) is a unitary one. For, let

(2]
d=(dy,dy,...)' € ® D, so thatd | Ran D}, (Ran D, denotes the range of the

n1
operator DL). We choose first (dy, 0,0, ...) e, , djeA, consequently, from
the fact that d L DL(d,0,0,...) it resuits di1Prd; and this means that
d, == 0. Taking into account the upper triangular form of DL we can continue to
consider elements of 4", with only one nonzero component in order to obtain

——— o0
d=10,s0 RanDL, = @ 9, and the operator o} is a unitary one.

n==1

In order to identify the spaces D xk )= We consider the operators:
(=]

Gk=GKT) ,....,T ) H - H
GZ:Drf---Drf forkz1l, nzk

(1.17)% {

1.5. LEMMA, There exist the limits:

s-lim G&(G¥)*

n—»co

for every k = 1.
Proof.
GHGH* = GL_(Gr_D)* — (Driia e Dy lfn)(Dr;*; co.Dps T)*

n-1

consequently, {GX(G3)*}%._, is a decreasing sequence of positive contractions; conse-
quently, there exists the limit

s-lim G (GD*. 7

n—=0



166 T. CONSTANTINESCU

We define
(].“8),‘ H/\:W —*),7/;
H, = s-lim G&(G¥)*,

These operators are positive contractions.

1.6. PROPOSITION. There exists a unitary operator

wk o G
ot <

,(Xéo):;: — Ran Hk .

Proof. For every ne€ N,
Xa(Xo)* + Gu(GH* = 1

and for n —» oo, we obtain

XL(X5)* + Hy =1

consequently,
ahiZa w > Ran H,
(1.19) *©
&}.D(Xio):i:h == H{/Qh o hed
1S a unitary operator. 7

We shall define &, == Ran H, .

§2
In this section we shall obtain a concrete realization of the Naimark dilation

of a semispectral measure F on T, the unit circle. A semispectral measure on T
a linear means positive map:

F: C(T) » $(#)

where C(T) denotes the set of continuous functions on T.

Let {S,},e7 be the Fourier coefficients of F,
S, = F(z,)., ne¢Z,
where y,(e) == ei". As the function

Zan - S, L(H#)
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is a positive-definite one, there results that we can use Theorem 1.2 from [7). Thus,
there exists a one-to-one correspondence between the set of semispectral measures F
on T with F(1) == I and the set of choice sequences ¥ = {I',},,, given by the
formulae:

S1=F1
S” 3--‘4-'/,],’_1U,,_g :_1"+‘ Dri:.,.D[JZ: r.D ... D n oz 2,

n—1 " Tna e

(%)

where X == XXIy,....,[,), Yi=YMXIy...,T,), U,=U(I,...,T",) are given
by (1.13)}, (1.14)} and (1.4),,.

Further on, we fix a semispectral measure F on T with F(1) ==/ and let
@ == {I',};°.1 be the associated choice sequence. Consider also XL, = X1(%). Now,
we can pass on to the construction of the Naimark dilation of F. First, let us
consider the unitary operator

6
Dyt Xzo) Yur

D@ - @
(—(Xo]o)h’ DXI ‘%/+ @D

and then we define the unitary operator

Wiea = Wred(F) : @4: @A DD ‘QF,,

n:=1

‘ I 0N\/Dyiye, X& (@) 0
Weea = ( J
0 ot /\—(XL)* D /L 0 [

where a% and al are given by (1.16) and (1.19).
The last step is to define

.1)

A = ...@-@7*@9*@1‘%}@@1@“

and the unitary operator

W WF):H > X

2.2
( ) { W == I® Wred

where W is written with respect to the decompositions

n=1

H=(.. ©®2)®(2,@%,) and ,%/——-(...@@*)GB(%’@ 5@“).
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We can write down a matricial form of W:

70 ol o
0 I B Q
W= 0 Dy
...... 0 -z W].}{”+
...... 0 "‘Zg
where
(2.3) D:'51 — f]i/&
and
Zl\‘: @* -> Qrk
2.4),
Zy= Py al(XL)*@EL)®, k> 1.
l"k * :

2.1. REMARK. 1t is fairly easy to compute the operators Z,, k > 1.
For h e, we have

*y s 23 Ky B -
ZDoah = P3| B (XL)* (@) D = Py a4 (X} Dty *h =
oy Xy .
= P;irkal__h Dy (XL)h = grk.D;,(x;,) oy =

= T — X5 (XEM*)Dps ... Dpsh=T{HyuD s . D psh.

1
But, on the other hand,

DF;SG{‘,”(Gf,“)’*‘Dr;a = GYGY*, mkeN

consequently, if n — oo, it results:

Dr;é‘Hk-le[‘;_:’ = H,
or
(HUD ) (YD ) = HICHY®
k
Then there exists a partial isometry C, such that

172 1/2
Cka/ == k-/"lD[‘;:: .
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It results
H,f,’f‘lDr’:k e Dl‘f = CkH,flzDr::_l . Drf == ., =CCy ... Dy
SO
ZkD*lh = r:‘H,?./lekl{ler: P Dr;k = r:Hé/_Elc,‘ .. C]_D*lh .
If we define
Dyjs1= Hkl-lf-zlck N
we obtain

Zk=F:D*k+1, k>1 :/%

In order to continue the study of the operator W, we introduce the following
operators. (They have also appeared in [7) in a particular case.)

@.5), {W‘ =Wl : # ~F

W1=r1

and, for n > 2,

Wu= Wn(rli""rn) :‘;{u_’fn

2. .
(2 { W,=V,..(I®T,

where V,_y = V,,(I'y,..., [,~,) is defined by (1.3),-,.

2.2. LEMMA. There exists the operator

(2.6) {W+ =Wy (%) KX, ~A, ’

W, =slim W,P,.

n—+oo

Proof. [n [6] the following identity was proved:

1 1
V,, == (;/';’ 2"), nz= 1,

where D} and G} are given by (1.15), and (1.17)}, and

K,,=(~—F:=Dr;...Dr:, ——I‘;‘Dr;...Dr:,...,—F:_ID,:,—l‘,',‘)‘.
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Consequently,
w _( 1., Gy (1 0)‘
= =
DEI—I’ Kn-l) 0 Fn
‘XA ., Dr;‘ e Dr:‘_zrn‘l , Drl* -.Dpx T,

== 1 .
Dn—2> Kn— 2Fn—1,

Kn—lrn
0, Drn—l ?
Wn-1> Dr;k e DI"* lf,,)
(0, s Dr, K,_.T, )

(>
Let f'e \ £, , then there exists peN so that fex’,, f=(/y, Iy,... by, 0,...)
n=1

and, for n > p,
WnPnf= (Wpf’ Dl‘,,”p*ls 0, . .)l

then {W,P, [} ,isa Cauchy sequence and as {|W,P,||< 1, there exists s-lim W,P,. &

n->o0
Before proving the main property of W, we need a technical result.
2.3. LEMMA. For every n > 1 we have the eguality
(2.7) PWLP, = P,WiP,.
Proof. From the way W, was constructed there results
PW.,P,=W,, nzlI
and using the recursive formula for W, obtained in Lemma 2.2, we have
P, W.P,=W,P,, nzl.
Having these two relations it is easy to check the following tco
P, W P, = W'P,,  nmkz= Ll
Now, we can prove the desired formula:

P\WPy = P(P,W,P,) .. (P,W,P)P =

n

= P(P,W,) ...(P,W,)P, W, P =

n-1

- Pl(PnW+) “ e (P"W+)PHW_?_P1 = ... = PXP"W_FWg.—lPl ==

n-—2

=P WP, . N
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The main property of W, is an improvement of Proposition 3.4 from [7];
it connects the Fourier coefficients of F with the operator W . C
2.4. LEMMA. For every n > 1,

2.8) S, = P,W"P,.

Proof. From (2.7) we have to prove that
S,=P,WrP,, nzl.

Using the identity

(X,}_l , Dpx ... Dpx T, )
W, =

\D;—-l_a Kn—lrn

it results (Z, 0,- )W, = X}.
Then we shall prove by induction the following equality:

1
W,’,’“( 4 ):( Un-2¥ua ), nz2.
D D,

On_l rn—l e e )

For n = 2, the equality is immediately verified. Then,

(2, )
"“(0" (o,...,p,n,* 0,
W:—l( 4 0 Wn( Un—‘ZY;—l‘- )
_| ""\p, ...D,
= 1

0""1 Ty

Dy ...Dg

0 0

But,

P B P ol PN B
D . D, o r,/Ao 1h\p, .. b

T Fpog "

_ "_I(U,,_z 0)(1,,_1 0)( Yi_, )=U,,-1Y"‘-
o No rAp, ..D,
n-1 1

Now, in order to conclude the proof, we have:

PIW:P1=P1(’ O)WnW:-‘(’ O)Plr:
0 1 0 n-—-1

0,_
D, =S5,.

= X,}_]_U"._gyl_] + Drl* ce Dr:_IF"Drn~1 e
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Let E be the spectral measure of W. We can now state the main result of
this section.

2.5, THEOREM. £ is the Naimark dilation of F.

Progf. 1t is easy to notice that W, = W ¥, , consequently, from Lemma 2.4
it results that E is a dilation of F. Thus, we have only to prove the minimality of £.
First, let us consider f=(hy, h,,...)' eX ., fLW#, neN; but,

Wih==(...,%, ..., %, D, ... D,.1 h,0,...,0,..0% heit
1
n+l
then, we obtain 4, =0, ne N so

A=y Wik

n.o=0

Further on, for f& s f L W™H, ne Z,if f= (... h_y.hy, hy -..), we obtain
h,=0,n > 0. As

n-

ik .
WHnh == (0, Dyyh, #, %, .. )"

it also results 4, = 0,n < 0so X" = :7 W and this means that E is the minimal

nes-- 00
spectral dilation of F.

2.6. COROLLARY. If XX, =M (L) @ R, is the Wold decomposition of W,

then .= W(...002,® 0 ©0...).

2.7. REMARK. We must also notice that W is the unitary- extension of

the isometry W, , in the sense that ¥ = M(L . ) D %, .
§3

In this éection we indicate a consequence of Theorem 2.5, namely, we compute
the prediction-error operator of a stationary process. In order to obtain this, we
briefly remind the elements involved by a stationary process (the papers [12], [13]
are basic for this subject; for the extension to the operatorial case, see [10]).

One shall take into account a semispectral measure on the Hilbert space 3¢

(the parameter space),
F:C(T) » &(¥)

uniquely determined by the process, the minimal spectral dilation E of F on the
Hilbert space o (the measuring space) and W the unitary operator associated to
the spectral measure E. '
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Having these elements, if F(1) = I, the process can be represented as a sequence
of operators, ¥ = {¥ ) _ o,V . € L(H,H)

3.1 Voh=W*h, hes#.
If we define
K=\ W
n=.0

then, the prediction-error operator of the process ¥ = {¥7,}%._ is defined as
follows:

(3.2) A(Y) = PEW(I — P¥ IW*|#

(we do not forget the unique ness of the Naimark dilation).

Let us consider ¥ = {I',}2, the choice sequence associated to the semi-
spectral measure F of the process ¥". Then, we can compute the prediction-error
operator in a simple manner.

3.1. PROPOSITION. We have the equality:
(3.3) A(YV)=H,

where H, is given by (1.18);.
Proof. In fact, using Theorem 2.5, the proof consists in an obvious
computation:
AV Yh = (PEW(I — P¥ YW*|#)h = PEW(I — P¥ )0, Dyh, (XL)*h)t =
= PEW(O, ..., Dyh, 01,0, .. )t = P(... 0, DLk |, %) = Dy = Hih. B
Let us connect this fact with some classical results. In [12], the matricial form
(the case when 3 has finite dimension) of the Szegd formula is obtained:
4(¥") is invertible if and only if logdet %Fe IYT) and det A(¥") = G(F),
t

2n

where G(F) = exp (~21— S logdet »fiE(t) dt) is the geometrical mean of F.
T t
0

But, as H, = s-lim G)(G})* and, in matricial case,

n-oo

det GX(GY)* =+ T det Ds

k1
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it results that

o]
det Hy = [J det D}« .

n=1

So, from Proposition 3.1, we obtain the following equality:

(3.4) II det D} = exp (-l ]ogdet~dF ) dt‘}.
n 1 " 2n dr )

There is also a connection between choicz sequences and orthogonal poly-
nomials. In the scalar case, let {¢,}2°.; denote the orthogonal polynomials associated
with the measure F,

o (2) =k,-z2" + ...

and define @,(2) = <pl,,((z) s Cp =2 —@,(0).
Then, the followi;zg Verblunsky’s formula holds (see [8]):
27
1 dF ad
exp|---\ log-"- -(t)dt]|= I —[c,!%).
p(ZRS dt() ) nl:Il(
[}

On the other hand, in [7] we considered the polynomials p,(z) == det{z - - W}).
A lengthly computation shows that p, = ®,, n € N, s0, 7, == c,, n € N, where {y,}®,
is the choice sequence associated with F. Thus, the scalar case of (3.4) is a variant
of classical Verblunsky's formula.

The author thanks the referee for his suggestions in this direction.
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