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LIMITS OF SPECTRA OF STRONGLY CONVERGING
COMPRESSIONS

ANDRZEJ POKRZYWA

0. PRELIMINARIES

Let H denote a complex separable Hilbert space with scalar product (-, >
and norm || - ||. L(H) (£€(H)) stands for the set of bounded (compact) linear oper-
ators acting in H. For A € #(H), a(A) denotes the spectrum of 4. By a projection
we shall mean an operator P = P* = P* e L (H). #;(H) denotes the set of finite-di~
mensional projections. For a projection P and an operator 4 € #(H), 4 P=(PA)]PH -
the restriction of PA to the range of P is called the compression of 4 to PH.

For two compact nonempty subsets M, N of the plane C of complex numbers
the Hausdorff distance is defined as follows: dist(M, N) = inf{¢ > 0 such that
M <= N + ¢B, N « M -+ ¢B}, where B denotes the closed unit disc in C.

We are interested in answering the following:

QuesTioN. Given a sequence {£,}% of projections in A converging strongly

to the identity operator in H (P, R I,), what is the asymptotical behaviour of
O’(Ap") for A e ¥P(H)?

This problem is equivalent to the characterization of the family of sets S(4)
defined below.

DeriniTioN. For 4 € Z(H), S(A) denotes the family of all compact nonvoid
subsets of C such that for every Q € S(A) there is a sequence {P,,}°1° of projections.

in H such that P,~ I and dist(2, o(4p )) — 0.

We shall show that S(A4) can be characterized with the use of 6(4) and W _(A4) —

the essential numerical range of 4, i.e. W (4) = () W(Au-p), where W(A4) =
Peyf(H)

= {{dx, x> ;x € H, ||x|| = 1} is the numerical range of 4. Note that W (4) = {0}
if and only if 4 € E(H) (cf. [7}). 1t follows from [6], Theorem 2 that each
A€ o(4) \\ W (4)is an isolated point of o(A4), and 1 is an eigenvalue of a finite:
multiplicity, i.e. the spectral projection E(2A, A) is finite-dimensional.
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1t was shown in [3], Theorem 1 that for each 4 € Z(H), Q € S(A) we have
)] c(AD\NW () c Qco(A)uW, (4) and QnW (A) + O.

The set W (A) is always convex and closed. 1t was shown in [4] that if W (A}
contains an interior point then a closed set € belongs to S(4) if and only if (1)
holds. If W, (4) has an empty interior it is either a single point set or a nonde-
generate interval. In the first case it follows from (1) that S(A) = {a(A4)}. If W (A)
is a nondegenerate interval then 4 = - oA + ~+ BI, where W (A) =Jd==[-1,1],2, f e C.
Then S(A4) == {aQ + B; Qe S(A)} since for each projection P, ¢(Ap) == oca(Ap) < p.
Therefore we shall consider only the operators 4 such that W (A4):-d; the
imaginary parts of these operators are compact.

In the case when Im A4 = (4 — 4%) /(2i) € €, (the Macaev ideal of compact
operators) it was shown in [5] that Q = Q e S(4) if and only if 6(4) = Q <
< a(A) U W (A4). Thus in order to give a complete answer for the stated question
it suffices to consider the case when W (4) = J and Im4 € L(H)\ €,,. Corol-
lary 2.7 gives the desired characterization of S(A) in this up to now unsolved case.

We say (cf. [1], III, §1.3) that a compact operator Ke S, it

(o)

Kily == 3, 5(2j — 1)71 < oo, where s; > 5, = ... are all positive eigenvalues
1 ! p

of VKK’-; repeated according to their multiplicities; if only »n positive eigenvalues
exist we set 5, == 0 for m > n.

1. COMPRESSIONS OF A DIRECT SUM OF OPERATORS

We shall not distinguish between x € H, and (x,0) € H, @ H, (thc ortho-
gonal direct sum of A, and H,), consequently we refer to H, as a subspace of
H, ® H,; and alike an operator C e % (H,) is identified with its trivial exten-
ston C@® OH € Y(H, ® H,).

PROPOSITION 1.1. Suppose that V; e ¥ (H;) and V € ,?(H) are unitarily equi-
valeat operators (V = V) a;ef0,1], (j=1,2,...,n), 2 o; = L. Then there
1

it
exists a projection Pe & ((—B H j) such that
1

n u n ~
(@ Vj) NS
1 P 1

10 — P)xjl < VY1 =oy x| for all x€ H,.

and

Proof. We proceed by induction with respect to #; since the induction step is
nearly the same as the proof for n = 2, this last case is given only.
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Let U;e £(H, H;) be unitary operators such that UV, Uf =V;,j=1,2.
Then U =: U,Uz' e Z(H,, H,) is unitary too. Note that

. Voo VU
U= e $(H, ® H,)

VaU-t —Ve

is also unitary and U=0U%=U-' An easy calculation gives

Z»«][V]_ ,Ojl 7= [clel—l—oczUVzU‘l *];
0 vV, * *
thus setting
- 1 0 o % VOC_IEZU
P—:[O 0], P =UPU =
V@;U ! X3

we see that

V,® Vo)p = (UV, ® VU); = Uy U 4 aUy U (U VU HUUT =

= U1(°‘1I71 + 0‘2172)171—1-

For x € Hy, Px = (o,x, Jaya;U="x), hence [|(1 — P)x|[? = (1 — a)2{lx|2 +
+ a0/l x||2 = (1 — oy)l|x}}2, for all x € H;, and this ends the proof.

For any Hilbert space H we shall write 2 instead of Al;, and since C is itself
a Hilbert space isomorphic with #(C), we shall write [2] to point out that A € Z(C).
Suppose that A =5 + ié,n = Rel e d,ue[(—1 +n)/2, (1 + n)/2]. Let K =

=p+iY, 5K ;e Z(H,), where { j;}'l’ is an orthonormal basis of a Hilbert
1
space H,, s 2 8 = ..., > 0.

ProOPOSITION 1.2. There exist a selfadjoint contraction Ceg (2¢) and a projec-
tion Pe (C®# @ H,) such that

D o @ C® K)p) = {u},

i) (1 — Pzl < 2| tm Kzt + —2L_zlp forzec,
m (1 — |ul)

iii) € — p e LY#).
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Proof. Let Y;(1) == exp((2/ — Dmit), ¢;(t) = exp(—2mit), (V;}%0, {#;}%e0

n

are two orthonormal sequences in L2(0, 1). Set #'(¢) = Y, s;¥;(t). The formulae
je<1

(cf.[1], Chapter III, § 10)

(W) (1) = 2i S;m — () ds, (VF)(1) == 2iS f(s) ds

define two quasinilpotent operators W and V € #%(L%(0, 1)). The eigenvalue expan-
sions of the real and imaginary parts of the operators V and W are

e o]

. 2
F=ImV = <': q)0>(/)0a L = Re V-:‘-'n_" Z (2.1_ ])_l<'a l/’1> l!/js

K:;:lmW:—:Zsj<., ¢j>¢j5 G =: ReW::Z'ij<'5(pj>(,‘9js
Je=1 -0

where
2 7 s;
B =~ -
= ,-g‘l 2+ 2%k — 1
Note that
2 . R
lnk, S = ”7? “K“w = ”G”’ k = Zi: 17 Tt o4,
and
2) o(aW - BV) == {0} for any «, peC.

Now we set

~ - - 1 — ~
Gz(u—i—n—f——’-l-G) , L=p+ - - ‘E(—nl.,
o (1-F) 2

where

. {sign(é(n —mL if o # o
—sign ¢ L if  n=p
Note that |G| < luj -+ I — @l |Glifng = i ~ i —u; <1 and {Lil < g+
+ (1 — {u])=||L||/2 = 1. Therefore the operator C=GaL® uly, where H is
some infinite-dimensional Hilbert space, is a selfadjoint contraction and C — p
is compact.
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Note also that

®E ~ iF+ (1 — F)(u +”——T—”G)=n+ IEF + ( — p)F +

Mo

+ 12BN -G =p+ ieF + 1" B oF + (1 — F)G) = p + itF + "

Ho Mo Mo

Le

and (uly, @ 13) ~ 1+ iK. Hence

MNeCOKk=[106H Lo w0k ~

3
+((i§F+”;“G)@ L L@(IK)).
Mo 2
Let a, B, y satisfy the equations:
aff — pl =noy, 20l =n(l — u)p, «+p+v=1,
then

@1-ampryme(Bt 2 K)o 2y 2 M
Mo T 1 —ul limKj, = !—la

1t follows from Proposition 1.1 and (3) that there is a projection P ¢ L((C &
@ran(l — F)) ® L*0, 1) ® (HD H,)) = L(C®H @ H,) such that

(5) It — P)xl < V1 —«|jx|| for xeC

and

1-

Mo Co® IE)P ~ w+ a(ifF—|- T He
Mo

= p + y(sign(n — )G + iK) + «|&|(i signéF + L) =

)+B Sl Iy N o

_ W+ oV if 12 p
w— (YW* + alV*y if n<ypu.

Thus m both cases i) is satisfied, since by (2) c(yW* 4+ alV?*) = c(yW -
- 2£V) = {0}. The remaining condition ii) follows from (5) and (4).

In the rest of this section we shall study the compressions of direct sums of
operators with an operator K= —K* e PE(H)\ S,. We shall assume that

o)
K=1i} 5+, [;>f; is the eigenvalue expansion of K and that s; > s;,, > 0,
J=1

je=1,2,....



204 ANDRZEJ POKRZYWA

We put H, = V f; (the subspace spanned by f,, ..., f.).
1

ProrosiTioN 1.3. Adssume that 7. e (1 -+ B)3 +ifd and pe[(—1 --y)/2,
(I -+ m)/2], where [ > 0,5 =min{l, {Re2!}signRe 1. Then for any e > 0 there
exist: a natural n, a selfadjoint contraction Ce £(#) and Pe P(C@® H, ® H)
such that o(([2] @ KiH, ® C)p) c u + B and

(1= P)zj < 2l {2zl forallzeC.

Proof. Let 7, be a one-dimensional space, 0 = C, € L(H#,) and z:=1 —
— (max{l, ReZ})~% Then 0 <a<1—(l+pB)r<p and Re(l — a); «— n.
It follows from Proposition 1.1 that there is a one-dimensional projection
Qe ¥ (C ® #,) such that

Fe= (1@ Clo ~[(1 — 7] and (1 — 0)z <Vafjzll <VB'z) for zeC.

Since ||K'H |, =+ o0, we may take n such that {|K|H,i, > 681 Let 5, be
an n-dimensional Hilbert space, and put C, =:signu € £(3,). By Proposition 1.1
there is a projection R e Z(H,® #,) such that K= (KIH,® Cy)g ~ (p -
+ (1 — {u)K)'H,, consequently [ImKll, = (1 — 'uD{K'H,Y, > 6(1 — u)p-".
Using Proposition 1.2 we can find a selfadjoint contraction C,e€ #(#,) and a
projection S e Z(ranQ @ ran R @ #,) such that

(Cy— 1) € LG(Hs), o (FOK @ Cy)s) - - {1}
and

i —
2 Im(l oz)/A<

< F_ (-2— " 2) BI(1 — lu).
s

Now we define : the Hilbert space # =Ho@H, @ Ky, the selfadjoint
contraction C == C; @ C; @ C, and the projection P := S(Q @ R@I,fe). One can
casily verify that o(([2] ® (K1H,) ® C)3) = {1} and

(1 =Bz} < (1 — P)Qzll + (1 — P)(1 — Q)2 <
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Since the operator' ("] @® (KIH) @ C)z — p is compact and quasinilpotent,

there exists P e Z,(C @ H, ® #) such that P < P (that is ranP < ran}~’),
PC cranPand o (([1]® (K|H,) @ C)p) = u + eB. Thus P satisfies the thesis, since

It = P)zl = 11 — P)zfl < 2 Vl—_/"—mnzn, for z e C.

We shall generalize Proposition 1.3 for finite-dimensional operators. Suppose
that § is an m-dimensional Hilbert space, 4 € £(9H), ¢(4) < [a, b] + 15J, where
B>0,la bl =(1+ f)J,and let @’ = max{a, —1},b’ = min{b, 1}.

PROPOSITION 1.4. Suppose that pe[(—1 +b')/2, (1 +a')/2] and ¢ > 0.
Then we can find a natural number n, a selfadjoint contraction C e L(H) and a
projection P e Z:(H ® H, ® H) such that

o((4 ® (KIH,) ® C)p) = p + B

and

(1= P)xli < 2]/1_’;“] Il for xe 9.

Proof. By the theorem on the triangular matrix form there exists an orthonor-

mal basis {e;}7' of § such that setting E; = (-, ¢;>¢; we get E,4E; = 0 for j < k,

E;AE;=/;E;,j=1,2, ..., m; obviously ;€ a(A). Put njzmin{l, ]Re/’.j|} signRe Z;.

Then o' < 4; < b and pe [—_l_i"_é., 1_—}—_51_] - [f_lj.__if, l—*"_”f]_ Note
2 2 2 2

that for each natural n, Im(K|H?%) > Oand K|H ¢ S, , therefore, by Proposition 1.3,

we can find one by one natural numbers 0 = k, < ky < ... <k, = n, selfadjoint

contractions C; e #(s;), and projections P; € Z(rankE; @ H @ ;), where

]}j = H} 0 H, such that
j j
o((4s, ® (KIH,) ® C)p)) < p + 5B,
and

14— Pell < 2/BA=TuD), j=12,...,m

m m
Let # =@H;,, X=9OH,®H, C=&C;, P=@ P;,B=A®(K|H,)®C
1 1 1

and Q;e ,Z’(.}f) be the projection onto I-fJ @ ;. Identifying the operators with
their trivial extensions in 5# we can write

(Ey + QB(E; + Q) = BLAE; =0 for j< k,
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and since P; < E;+ Q; (j=1,2, ..., m), we get P,BP; =0 for j < k. Hence
BP‘B .
Bp = Py ,
0 "B,

m m m

therefore O'(BP):-. Ua’(BPj) B UG((AEJ@(KII}J)@CJ)PJ) < u 'T‘ eB. SinceZ(Ej-z‘—
1 1 1
+ Q) =1I; and P(E;+ Q;) = Py(E; + Q)), we have

(I—Px=Y (I - P)Ex =Y, (I — P)(E; + Q)E;x =

~ Y (E;+ Q) (1 — P)x, foreachxe®H

and this gives

mr—mw%=zM1—&ﬁhW<¢Tf~—zn@wﬁ=4—f-mm

— lu! L —in
which ends the proof.

Lemma 1.5. Suppose that K=ilm Ke LE(H)\ €, and ImK > 0, A € ¥(9H),
dim$ < oo, 6(A) =3+ BB, $>0,e>0, pue(—1,1).

Then there exist a selfadjoint contraction C e £(H) and two projections
Re P(H), Pe Z(H @ ranR @ H) such that

d((A® Ky ®C)p) = ut +¢B,
(1 — P)xi < 3VBlixii forxe$.

Proof. We put t = 1! /(1 + |u!) < 1/2 and define the sequence : y,- - 0,
I

= Y t’sign i, which converges monotonically to p. We shall show by induction
i

on %k that for any ¢ > O there exist a natural number », a selfadjoint contraction

C e Z(#) and a projection P € Z;(H @ H, @ ) such that

(6) 6(A®(KH,)®C)c p+ B
and

(N (A — P)x|l < 3 —2-%)VB|x| for all xe $.
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This thesis for & = 0 is a simple application of Proposition 1.4 ; suppose that
it holds for some k > 0. In particular for &= min{l + |y — 214}, B —

— Itk +21)*7¥=2} we can find n, C and P satisfying (7). We put B = (A®(K|H,)®C),
then

oB)ycw +eBaly —e ut+e4-iedcI+ icd
and

Brer €(— 1+ py +8)/2, (I + ue — 8)/2].

The operators B and K|HY satisfy the assumptions of Proposition 1.4; applying this

proposition we canﬁnd (for a given b > 0) C=C*e ,fl’(,)f) i >nand Pe Pr(ranP @
@ (H n H;) @ #) such that ||Cl| <

(8) (B @ (KIHn Hy) @ 6);) < s + EB

and

©) It — PPyl < 2V1 o < 2R
— Hk+1

Now we set I == 3 @Jf C=Co® Ceﬂ(%’) and P = P(P@ 2 L. ®@1y)e
€ Z/(H D H- @J/f). Then it follows from (8) that ’
o(A®KIH;) ® O)p) = tyur + B
and by (9) and (7) we have for any x e $
(1= Byxi| < (1 — B)Pxl| + [[(1 — PY(I — P)xll < |i(} — P)Px]| +
+ (1 = P)xll < VBQ* + 3 — 27%) Jlxfl = (3 — 2-5-1) VB x|L
Thus we have shown that (6)—(7) hold for k& +- 1 and therefore for all k& > 0.

If g — p| < &/2, then the operators C, P satisfying (6)—(7) with ¢/2 instead
of ¢ and the projection R € Z,(H) on H, satisfy also the thesis of the lemma.

2. COMPRESSIONS OF AN OPERATOR WITH
AN IMAGINARY PART IN £9(H)\\ S,

In this section we assume that Ae L(H), W (A4)=3,(ImA) . -= Zsj(- DI

1
¢ €,, where s; > s,> ... are all positive eigenvalues of Im A corresponding to
the eigenvectors f;.
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PROPOSITION 2.1. Suppose that B is a selfadjoint contraction acting in a com-
plex separable Hilbert space #, P € ?;(H), ¢ > 0. Then there exist a projection Q €
€ Y(H)and a unitary operator U € ¥ (QH, #) such that QP = QAP = QA*P:~ 0
and [|B — U(Ag)U*|| < e.

Proof. By the Weyl-von Neuman theorem ([2]) there exists C := C* ¢ L(.#)
with a pure point spectrum such that | B — C|| < ¢/2. Let C == ¥ RO DIIE
1

where /; €3, be the eigenvalue expansion of C.

We put Hy=ranP V ran AP Y ran A*P (the smallest closed subspace con-
taining the respective subsets). Then we can find one by one unit vectors e; and
subspaces H; (j=1, 2, ...) satisfying e; LH;_y, [(Ae;, e;p —/; <&/2, H; -
:Hj._l V {ej, Aej, A:::ej}.

oo o0

Then the operators @ == ¥ <+, ¢;e; and U= Y, (-, ¢;)0; satisfy the thesis.

j=1 j=1

ProrosiTioN 2.2, If Q € Z;(H) then there exists a projection P e ¥ (H) such
that PQ = PAQ == PA*Q == 0, Redp =0, ImAp, > 0and Ap ¢ E,,.

Proof. It suffices to define an orthonormal sequence {¢;}7° and a sequence of
subspaces {H;}® such that

i) Hy= OH V AQH V A*QH,
) Hy=H;_; Ve V Ade; V A%¢;, dimH; < 3(m +J),
i) ¢; L H;_,,

iv) Re{4e;, e;> =0, Im{de;, e > S;I'EIJIQ),

>
wherem=—dim QH. When the sequence {¢;}T is defined, the projection P==¥,{-, e;e;
1

satisfies the thesis.

Suppose that {e,, ..., e,}, H, are already defined in such a way that i) — iv)
3(m+n+1)

hold. Then we find a unit vectorec H; V.V  f; and we have
jel

3{m+n+1)

_Im(Aé’, e> = <(ImA)e; E> = Z sj j<€,f;‘>,2 = S3(m+n+1)'

1

It follows from the definition of W (A4) that there is a unit vector xe (H, Ve V
V Ae V A¥e)+ such that

Im{Ax, x)| < Satmut1) , Red{dx, x>

> 1/2 if Re{Ade,e) <0
8ii4il

< —1/2 if Re{de,ed > 0,
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then
1 > Re{Ax, x> (Re({Ax, x) — (e, e}))~! =

= a > |Re(Ax, xp| (K4x, x)| 4 [{4e, ed])~* > 1/(4]|4]]).

Thus setting e,,; = ]/Ee —{—]/1 — ax we have obviously feasall =1, e,ey L H,,

and since <A€"+1, €,|+1>=a<A€, e> + (1_._0() <AX, X>, we get Re <Aen+1’ en+1>:0
and

Im{Ae, i1, €,41) = alm{de, ) + (I — a)Im {Ax, XD = Symensny/ (@A) —

— s3(m+n+1)/(8HA||) = 53(m+n+1)/(8”A”)-

Thus we have shown that the sequences {H;} and {e;} may be defined recursi-
vely, and this ends the proof.

LemMa 2.3, Suppose that Pe P;(H), ned, 0 < e < f. Then there exists
Q € #(H) such that

o(Ap) \ (& + BB) = 6(A4g) \ (J + B),
0(Ag)N (3 + pB) c u+ B

and

It — )Pl < 3VB.

Proof. Let P, be the projection on \"/ ran E(4, Ap)=ran E(C\ (I +
L€ aldp)\(§+8B)
-+ BB), Ap) and P, = P — P,. Then

APO *k ’
AP =
0 4p,
and consequently o(A4p) = o(A4p) N\ (@ + BB), o(dp) =0o(Ap) n (I + BB). 1t
follows from Proposition 2.2 that there is a projection Se %(H) such that
SP = SAP = SA*P =0, Reds=0, ImAg >0 and Ag¢ S,. Lemma 1.5

implies now that there exist a projection Sy e 2 ,(H), (S, < S), a selfadjoint
contraction C e Z(#) and Qe Z;(ranP, @ ran S, @ #°) such that

o((Ar, ® A5, ® C)) =+~ B
and

(1 — )P, <3 VB
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The operator (Ap (&) As @ C)Q is finite-dimensional, therefore there is
o > 0 such that if only |C C|] < ¢ then o(( Ap @ As, @ C) ) u-+eB. It
foliows from Proposition 2.1 that one can find a prOJCCthIl R € Q(H ) and a unitary
operator U € E(ranR H') such that R(P + Sp) = RA™(P + Sp) == RA(P -} §))=0
and [JUARU* — C|| < 6. Then Q = (lip,:s) ® U* )Q(](p +59) ® U)e Z(ran(P,-:-
+ S0 + R)), o((dp, @ A5, ® Ax)p) = p+ B and (1 — Q)Py]| < 3YB. Hence
setting Q =: P, + Q(P1 + Sy -+ R) it follows from the properties of S, R and Q

that Qe #(H), Ag == [Ag ; ] and (1 — Q)P = ||(1 — )P1 < 3] f. Since
o)

a(dg) == a(Ap) U 0(dp) < (6(A)\(3+ fB)) U (1 +eB)
the lemma is proved.

ProOPOSITION 2.4. Let Hy == V rank(’, A) and P, be the projection or
AEW (4)

H, = HY, then O'(Ape) c W (A4).

The proposition follows from the fact that for each 2 € 6(4) \W_(A4) we have
ran E(L, 4%) n H, = {0}.

ProrosITION 2.5. Suppose that 0 < f, — 0, then there exists a sequeice

(R,)® < Py(H) such that R,~ 1 and o(Ar ) \ (3 + B,B) = o(A).

Proaf Let Q, be the orthogonal projection on ran E(C\ (& + $,B), 4). Then

0., = Py, where P, stands for the projection on H, (defined in Proposition 2.4)
and ¢(Ag,) = 0(4) \ (3 + B,B).

Let {0,}P < #;(H) be a sequence such that 0, < P.and Q, = P,. Since
Ay - (Ap )5 it follows from Proposition 2.4 and (1) that passing to the subse-

quence if needed, we may assumc also that a(4 5 ) €3+ B,B.Setting R, = Q, -+~ Qn
we see that R,eZ(H), R,~ P,+ Py=1I and 0,40, = 0,P(P,AQ,) = 0

This last relation implies that
Ag =
AR,’ -
0 4 5,

o(Ar) = 0(4g) U o(dg) < o(4) U (3 + B,B),

and consequently

which ends the proof.
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THEOREM 2.6. Suppose that @ # Q= Q = d and that 0 < B, —>0. Then
there exists a sequence {P,}? < P;(H) such that P, 51,

o(Ap ) \ (I + B,B) = o(4) \ (I + B,B)
and

dist(Q, o(4») n (3 + B,B)) = 0.

Proof. Let peQ and {R,}T = 2,(H) be a sequence satisfying the thesis of
Proposition 2.5; then, by Lemma 2.3, there is a sequence {Q,}; < Z;(H) such that

o(4g,) \ (3 + B,B) = 0(4r ) \ (§ + B,B) = o(4) \ (3 + B,B),

(10)

o(dp) n (9 + B,B) < u -+ BB
and
(1) (1 — QR < 3V/B,.

Let Q, < Q be a finite set such that dist(Q,, 2) < B,/2. Then it follows from
the proof of Proposition 2.1 that there is a sequence {S,}5 <= #,(H) such that
8,0, = S,AQ, = S,4*Q, =0 and

(12) dist(Q,, o(4s ) < %

Then P, = S, + Q,e P(H) and since Ap = As @ Ap ~we have O‘(Apn) ==
= 0(4s,) U o(4p,). This with (10) and (12) shows that the spectra of the compres-
sions Ap" have the desired properties.

Making use of the relations | — P, <1 — @,, R,,—i 1 and (11) we have
for any xe H

1A — PYxll < (1 — PIRxi| + |i(1 — Py (1 — R)x| <
<N = @) Ryxll + (1 — R)x|l < 3VBlixll + [I(1 — R)x[| 0.

Thus P,,—s> 1 and this ends the proof.
The theorem above and (1) imply immediately the following corollary.

COROLLARY 2.7. If Im A € E(H) \ S, then a closed set Q belongs to S(A)
if and only if

G(A)N\W (4) < Q = 6(d) U W(A) and Q n W (4) # .
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REMARK 2.8. It follows from Theorem 1 of [4], Theorem 2 of [5] and Theorem
2.6 that for any A € Z(H) and Q € S(A) there exists a sequence {P,}; < Z;(H) such
that P, = | and dist(o(4p,), 2) — 0. Using the spectral perturbation theorem and
the proposition below one may show that the projections {£,} may be also assum-
ed to be ordered.

- S . .
PROPOSITION 2.9. Suppose that {P,}¥ < #;(H), P,— 1 and ¢, is a nonincreas-
ing sequence of positive numbers, &, — 0. Then there exists an increasing sequeilce
{k,}° of natural numbers and a sequence {Q,}¥ < P (H) such that Q, < Q,:1,

0, 1 and !P — Q! < ek .

Sketch of the proof. We choose an increasing sequence {k,}; of natural num-
bers in such a way that {|[Px — P < 27" . Then setting @, o == Pr, We can
construct sequences {Q,,;}i%; c Zy(H) (j=1, 2, ...) such that Q, ;41 € Qpy1,;
and “Qn,j+1_ Qn,jlll < 2_"-jﬁk"

Qn = hm Qn,j .

J—00

o The required projections Q, are defined by
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