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ARE COMMUTING SYSTEMS OF DECOMPOSABLE
OPERATORS DECOMPOSABLE ?

JORG ESCHMEIER

The notion of decomposability has been introduced for a single continuous
linear operator on a complex Banach space by C. Foias in [9]. Later it was genera-
lized to the case of several commuting operators by S. Frunzi in [11].

In the sense of . Frunzi a commuting system a = (a,, ..., ay) of continuous
linear operators on a complex Banach space X is called decomposable, if there is a
spectral capacity E for a, i.e. a map E: F(CY) — Inv(a) from the system of all closed
subsets of C¥ into the set of all closed subspaces of X invariant undera,, ..., ay,
which satisfies

(i) E@) = {0}, E(C") =X;

(ii) E(Q F) = q E(F)) for each family (F});e; in F(CY);

ie ie

(iii) X = E(TU,) + ...+ E(U,) for each open cover C¥N = U, U ... U U,;
(iv) o(a, E(F)) = F for each Fe F(CM).
Here o(a, E(F)) denotes the Taylor spectrum (see [17]) of a restricted to E(F). If
a = (ay, ...,ay) is decomposable, its spectral capacity is given by ([10}, [11])
E(F)y=X,(F)={xeX; o,(x) c F}.

Here o,(x) denotes the local spectrum of a relative to x€ X, i.e. the smallest closed
subset of CV such that on the complement x is locally of the form

x =(h —a) (D + ... + Ay — an)fn(2)

with analytic X-valued functions /7, ..., fy (see [1], [11], [6]).

If a = (a, ..., ay) is decomposable with spectral capacity E, then due to the
projection property of the Taylor spectrum each a@;, 1 < i < N, is decomposable
with spectral capacity

E((F) = E(n;X(F)), F=FcC,

where n;: CV — C denotes the projection of CV onto its i-th component. One of the
most natural questions concerns the converse of this statement. Is it true, that each
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commuting system @ = (ay, ..., ay) with decomposable components a;, 1 <i < N,
1s decomposable ? This question was formulated by E. Albrecht, S. Frunzi and
F. -H. Vasilescu in [3].

We are going to prove that there is a Banach space X and a non-decompo-
sable system a = (a,, a,) consisting’ of two commuting decomposable operators
a,, a; on X. The construction is based on a result concerning-the solvability of the
d-equation with uniform bounds on strictly pseudoconvex domains. For an intense
study of this and related questions we refer the reader to Grauert— Lieb [12], Henkin
[13], Lieb [14], @vrelid [15] and Range— Siu [16].

PRELIMINARIES

If Uis an open set in CN, we denote by C(U) (C,(U)) the space of all conti-
nuous (bounded continuyous) complex valued functions on U, by C®(U) (CP(U))
the space of all complex valued C®-functions on U (C®-functions with compact
support in U) and by A(U) (A,(U)) the space of all complex valued analytic
(bounded analytic) functions on U.

If B is one of these function spaces, A7(dZ, B) stands for the space of all forms
u == IZ udz; of degree g in dZ,, ..., dZ, having coefficients in B.

Illfft € A%(dz, C(U)) and v e A7*Y(dz, C(U)), we write du = v, provided this
equality holds in the distribution sense, that means

q-+1 _
¥y (-1’ Sui A (0, p)dz = S v, ; odz
peo ey 00 .

Pl 17" g+
for all increasing sequences 1 < /; < ... < i,,; < N and all ¢ € C(U). Here the
integral is the ordinary Lebesgue integral, @, stands for ¢/0Z; and the circumflex
A
inié ...i,...i4, means that the index /, has to be omitted.

For u e A%(dz, C (U)) we define

lully = max sup ju(z)|.
Zqze

By BY(U) we denote the space of all forms ue A%dz, Cy(U)) such that
Ou € A7%Y(dz, Co(U)) in the sense explained above. The dominated convergence
theorem shows that BY(U) equipped with the norm jlu|| = |jully + ||0ully is 2 Banach
space. For g = N we get the appropriate definition, if we set Ou = 0 for each
u € AN(dz, C(U)). Without proof we state the following important result.

THEOREM 1. If U is a bounded strictly pseudoconve\ domain in CV wzt/z
*-boundary, then

0 - A (V) —> B(U)—25 BNU) 2> ...~ BNU) = 0

is an exact sequence of continuous linear operators betweerni Banach spaces. -
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Here i simply denotes the embedding of A, (U) into" B(U). -
1t is well-known that W (U) = {ue B"(U ); au = 0} In [] 5] @vrelid constructs

an integral operdtor
T,: BYU) - Aq‘l(dfs [eX(%))
for ¢ = 1 such that with some constant C,

= CJ0Tu — T,.0u

holds for all e B4U) (see Proposition 6.2 and 6.4 of {15]).
For another proof of Theorem 1 see Range — Siu, Theorem 3.9 of {16].

If u and Ou are forms on U having continuous functions. as coefficients and 0
is a form of degree r on U with C*®-functions as coefficients, then a routine computa-
tion shows that ~ - _
' @ Auy=(00) Au + (—1)0A(0u)
holds in the distribution sense. Hence 6 Au and 9(0 Au) both have continuous
functions as coeflicients.

THE EXAMPLE

From now on let U < C? be a fixed bounded strictly pseudoconvex domain
with C*-boundary such that D;(0) = {(z,, z,); max(|z,}, |z,}) < 1} = U. We define
a commuting system b = (b,, b,) of continuous linear operators on the Banach
space B‘(U) by

U u ="udZ 4 udZ, - mu = (muy)dE, + (nup)dz,, i=1,2.
Then '
@:C2(C*) —~ L(BY(U)), P(O)u=0u

deﬁnes a C=(CH)- functlonal calculus for b in the sense of [2 ] In particﬁlér, b is
decomposab]e wnth spectral capac1ty L

E(F) = (M(Ker ®(0); supp(0) N F = @) (Theorem 4 of [2}]).

Furthermore, b has the single valued extension property (The‘or'em 3.1 of ftin.
Since on the other hand E(F) = {u € B'(U); 0,(u) = F}, it is easy to deduce that

0, (u) = supp(u)

for u € B'(U). Let us give a more direct proof for the non-trivial inclusion o,(u)
< supp(u). For ¢ supp(u) we choose functions 6,, 0, € C=(C?). and r > 0.such
that 0, 4+ 0, =1 on an open nexghbourhood of supp(«) and .

supp(0;) c {z€'C? ; |z; — A9 > r}
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for i = 1, 2. 1t follows that

u=(4—b)o ( 2! )u + (g — b2)¢( 0, )u
Mh—m Ay — Ty

for 1€ D,(2%) = D,(A3) X D,(/3). One way to prove that
J—>d (L) (i=12)
A, —m;

is analytic near 2° is to develop this map into a power series with center A° cor.verg-
ing in L(BYU)):

0~ 0 oo XX, ”
el d = ¢ d P d (A} — )~
(;n' - 7Ti) (;-? -7 ) ngﬂ (;~?._ “') )

Here .-; is an arbitrary element of C®(C?) satisfying .-, = 1 on supp(f;) and
supp(z;) < {z€ C?;iz; — 2 > r}.
Due to Theorem 1 the Banach spaces
X =B"U)/N(U) and Y= {ueBYU); Ou=0)

are topologically isomorphic. A topologica! isomorphism is given by [u] — Ou,
where [u] denotes the equivalence class represented by u € B%(U). The commuting
system a = (a,, a,) defined by

a: X - X, alu]l=[ra], i=1,2,
is similar to the restriction of b to Y.

LemMMa 1. The commuting system a = (a,, a;) has the single valued exten-
sion property.

Proof. For the definition of the single valued extension property in case of N-tu-
ples we refer the reader to [11], [19], [7). Since a is similar to & | Y, it is sufficient to
prove that the single valued extension property is inherited from b to b| Y. This
easily follows from the observation that for i = 1,2 and 4 € C each element u € BY(U)
satisfying (2 — b,)u e Y belongs to Y.

LeEMMA 2. For each u e B'(U) we have
0,([u]) = supp(64) U supp(Byu).
Proof. Due to similarity, it is sufficient to show that
oyy(u) = 0,(u)

for allu € Y. Since the inclusion 6,(x) = 6,y(#) is obvious and since o,(#) = supp(u),
it suffices to show that

o) y(u) = supp(u)
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forue Y. Now fix ue Y and let 2° ¢ supp(u). We choose 8,, 0,,«,, 2, as above
and define an analytic function g near 2° with values in B%(U) by

g(h) =

un 00, 000 — uy0,0, 4z, ndz, .
(4 — )4y — 73) (A — 7)) (e — my)

1f we identify B*(U) with the Banach algebra C,(U), then g can be represented as a
power series converging in C,(U) near A°

g(2) = g(A) Z ( )"1( e )"2 (28 — 2y,
A —m

lyp — Ty

Using Theorem 1 and Theorem 2.2 of [17] we get an analytic function f with values
in B'(U) defined in a neighbourhood W of 7° and satisfying g(1) = 9f()) for
AeW. For {i, j} = {1, 2}

hyW — BY(U), h(A) =@ () 0: )u + (— =24 — b)f(A)

g T T
is an analytic function such that u = (4, — b,)h,(1) + (X3 — by)hy(2) on W. Since u
belongs to ¥, we have for Ae W and {i,j} = {I, 2}

u) (=D — 1)g(h) = 00; Au X un00; —o0.
Ai — T; }“i - T;

=~ ~ 0,

O0h(2) = d( py—
Thus we have shown that 1° ¢ oy (u).

As easy consequences of Lemma 2 we obtain.

COROLLARY 1. All spectral subspaces of a, i.e. all spaces

X,(F)={xeX;o0,(x)c F}, F=FcC
are closed.

COROLLARY 2. Both components a; of a = (a, , a,) are decomposable.
Proof. Theorem 2.1 of [7] shows that for F=F < C
X, (F) = X, (x; "(F)) = {[u] ; ue BY(U) with =;(supp(0u)) = F}.

Since a; has the single valued extension property and B%(U) admits partitions of unity,
it easily follows that E;(F) = X, J(F) defines a spectral capacity for a; (see also [4],
Chapter I, Proposition 3.8). Y

THEOREM 2. The commuting system a = (a, , a,) is not decomposable.

Proof. Choose u € B*(U) with u=0 on D;;,(0) = {(z, 2,) € C?; max(|z,], |z} <
< 1/2}, u =1 on UN\Dy(0) and define F = D,(0)\Dy.(0). Then [u] € X, (F). Let
us suppose that a is decomposable.
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In this case we would. have o(a,X,(F)) < F. In particular, we could choose
ve W (U), [u), [us} € X,(F) with
(*) H— 0= ’11”1 + 71’2142 .

Let us denote by i, , u, the analytic extensions of u; | UND,(0), u, | UND,(0) onto
U. On the one hand 1 — v = mu, + m,u, implies v(0) = |, on the other hand (=)

implies v(0) ==
Hence a cannot be decomposable.

The proof of Theorem 2 is based on the fact that unlike the 1-dimensional case
it may happen for N-tuples that the spectrum of a restricted to one of its spectral
subspaces X,(F) is not contained in F, even if X,(F) is closed and a has the single

valued , extensmn property.
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