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CONTRACTIONS WITH (s, c) DEFECT OPERATORS

MITSURU UCHIYAMA

Let T be a contraction, that is ||| < i, on a separable Hilbert space #.
Then Dy = (I — T*T)%? is well defined, which is called defect operator of T. In this
case we have o(T) < D, where D and D denote the open unit disc and its closure res-
pectively. Contractions which have defect operators of finite ranks have been stu-
died by many mathematicians. For investigations of contraction T with Dy ¢ (g, c),
that is I — T*T € (1, c), where (o, c) and (7, c) denote the Hilbert Schmidt class and
the trace class respectively, some mathematicians added the condition (7)) # D.
Such a contraction T was called weak contraction by M. G. Krein. The spectral
decomposition for weak contractions T" or accretive operators

I+ T —T)

were obtained by Sz.-Nagy and Foiag, Brodskii and Ginzburg (cf. {7]).
Since T is a contraction, || 7"x|| is decreasing for each x. Sz.-Nagy and Foias
defined contractions’ classes as following:

C,. = {T:lim||T"x|| > 0 for each x # 0},
n—>0
Co. = {T:1im||T"x|| =0 for each x},
n—-oo

C,={T:T*eCy}, Co={T:T*eC,},

These formal notations are playing important roles in the study of contractions.
In particular they showed that every weak contraction in Cy, belongs to C, (about
this notation see [7]), and that every weak contraction has a Cy-part and a C,,-part.
The Jordan models for weak contractions were constructed by P.Y.Wu [10].

In [9] the author applied the results of Bercovici and Voiculescu’s paper [1]
to investigate a contraction T satisfying (T") == D and Dy e (o, ), in particular,
to show that T belongs to C,, iff there is a quasi-affinity X such that

XT=S3X,
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where & is a Hilbert space with dim & = —index T (this “index’’ is Fredholm index)
and S, is the unilateral shift on £2(&). From the results of {9], he conjectured that
a contraction in Cy, with (o, c)-defect operator belongs to C,. In [8] Takahashi
and Uchiyama showed that this was true.

In this note we study the structure of a contraction 7 with D in (o, ¢). In
particular, setting ‘

o= min{dimN(Z — 2) : 2e D}, f=min{dimN(T* — %) : 2e D},

where N(7) =: {x:Tx -= 0}, we will show that there are vector valued holomorphic
functions h;(2), fi(4) (1 < i< a, 1 <j < P) defined on D satisfying

(T — Wh(2)=0, (T* — 2)f;()=0,

and that if « == f = 0, then T is a weak contraction.
In Section 4, we will study the weighted shifts with finite matrices weights-
From now on, we use the symbol D(T) instead of Dy for convenience.

1. UPPER TRIANGULATION

Let T be a contraction on # with D(T) € (g, ¢). Then, since Y, (1—{|T¢;®) <co0
for a C.O.N.B. {¢;} of #, we have dimN(T) < co0. Let T = V[T be a polar decom-
position for T with ¥ chosen isometric or co-isometric, and dimN(¥) < co. There-
fore ¥ -- 4 is a semi-Fredholm operator and index(¥ — 1) is constant in D.
Since T--2:=V—1—~V({I—|T)), T— 4 is a semi-Fredholm operator, and
index(7T — 4) is constant in D and less than co, because I — T} (1, ¢). Thus we
have

(D o(T)nD = {5,(T) U c,(T*)} N D,
where o, (T*) is the complex conjugate of o, (T%).

Now we notice that if dimN(7%) is finite, then T — 4 is a Fredholm oper-
ator for each 2 e D.

From the definition of C;. it follows that

(1.2) o (T)ND =@ for TeC,..

In this section we obtain an upper triangulation of T whose diagonal elements
were already studied.
The next lemma is trivial, but for the sake of completeness we prove it.

LEmMMA 1.1. Let Y be a bowzdeé’ operator and F a Fredholm operator such
that FY € (1, ). Then we have Y € (z,¢).
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Proof. There are bounded operators F’" and P such that
FF=1—0P, rangeP N(F)

Thus (/ — P)Y = F'FYe(r c) implies ¥ = (I — P)Y+ PYe(r c). Q.ED.

LemMA 1.2, Let T be a contraction with D(T) € (g, ¢) and let

T,. B
1.3 E T=|"% "
09 Lo 7]

be the decomposition of T such that Ty.€ C,., Ty. € C,. (see [1]). Then D(T,.) and
D(T,.) are in (o,c) and B in (1,¢).

Proof. Since I —T*Te(z, ¢), 1— TeT,., BT, and I— (B*B+ T.T,.)
belong to (1, ¢), where I of “I — T "T..” is the identity on the space where Ty,
is defined. From the next lemma, it follows that 75, is a Fredholm operator. Thus, by
Lemma 1.1, we have Be (1, ¢) and hence [ — Tf T,.€(1,¢). Q.E.D.

LemMa 1.3. Suppose T,.€ C,. and D(T,.) € (o, ¢). Then T,. is a Fredholm
operator.
Proof. Let

T A
4 B e
(.4) . [0 To]

be the decomposition of 7y, satisfying Ty, € Cp, and Ty € Cyy ([7]). Since I — T;:fTo. €
€(t,¢), I — T4;To,, A*Tyy, and [ — (A*A + T§T,) are in (1, ¢) too. From (1.2)
we have ap(To"{)nDz @, hence T, is a Fredholm operator. Consequently,
from Lemma 1.1, A e(x, ¢) and hence / — T3 T, € (z, ¢). Since T, € Cyy, We have
To € C, [8), which implies dimN(7,) = dimN(T§) < o [7] Therefore T, is a
Fredholm operator. Thus

T 0 0 A4
T.z 01
° [0» To]+[o 0]

is a Fredholm operator. , - QE.D.
LemMma 1.4. Suppose T,. € C,. and D(T,.) €(o,c) and let

Tlo:[Tll F] !
) . O T.o

be a decomposition of T,. »sucﬁ that Ty € Cu;,v Toe €y (171). Then D(Ty,) and
D(T.,) are in (0, ¢) and Fin (1,¢), and T, €.Cyo - . ..
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Proof. I — T)\Ty,, F*Ty; and I — (F*F + T.::',T.o) belong to (r, ¢). From
(1.2) we have

ap(Tll) n D = 0 and ap(Tﬁ) n D = 03
and hence, by (1.1) we have
(1.5) a(li))ND=@.

Thus Fe(t,c) and hence I — T.T;T.o €(t,c). To show T,eCy,, decompose
T., as

(1.6) T.O:[T"" F“’],

where Top € Cyg, Tyo€ Cyo. Then we have I — TiTo € (1, ¢) and hence Ty, € C,.
from which we get
(1.7) 6(Tyo) N D # D.

Denote the space on which 7. is defined by Z, and let ¥ = ¥, @ L. @ ¥, be
the decomposition of % corresponding to

Ty, F, F,
=10 Ty, F |
0 0 Ty
where [F,, F,] == F. Set

(1.8) T, = [T“ Fl].

Then, since T, = T;. ,21 @ &¥,, we have T, e C,. and D(T,) € (o, c). The above
triangulation of 7, implies that

6(Ty) < a(Tyy) U o(Ty) .
From this relation and (1.5), (1.7), it follows that
o(T3) nD # D.
Therefore T, is a weak contraction. The Cy — C,,; decomposition of T, ([7}) implies
T, has no Cy-part, because T, € C,. , and so T, € C;;. From (1.8) we have To*o ==

= T§ | &, , which belongs to C,. and C,.; this is impossible. Thus &, reduces to
0, so that from (1.6) we have T., = Tyoe Cyy . Q.E.D.



CONTRACTIONS WITH (o, ¢) DEFECT OPERATORS 225

THEOREM 1.5. Let T be a contraction with D(T)e (o,c). Then we have an
upper triangulation :

Ty
re |0 T ’
0 0 T,

0 0 0 Ty

where D(Ty), D(Ty), D(Ty) and D(Ty,) belong to (o, ), and Ty € Cyyy Ty Cy,
T, €Cy, Tye Cyy, and = belongs to (1, c).

Proof. First decompose T as in Lemma 1.2, next decompose T,. as in (1.4).
Tn the proof of Lemma 1.3 we showed that Ty, and T, satisfy the conditions of the
theorem. At last decompose 7). as in Lemma 1.4 and set Ty, = T, . Q.E.D.

DeFINITION. The above upper triangulation is called the canonical triangula-
tion for T with D(T)€ (o, c).

REMARK. We showed that T, and 7, are Fredholm operators and 7, is
invertible. But dim N(73;) may be infinite.

2. EIGENVECTORS
Let T be a contraction on # with D(T)e(o,c). Set
a =min{dimN(7T — 1) : L e D}, B=min{dimN(T* — 1) : Le D},
1(A) =dimN(T — 1) —a (< 00), A={ieD:i(i)> 0}

Now we note that if a bounded operator A is decomposed as A4 = [A'l AZ], where
3

A, is a surjection, then dimN(A4) = dimN(4,) + dimN(4,). In fact,.we have
N(4) = (N(4,) @ {0}) @ {(—B~*'4,x, x) : x € N(4y)},

where B is the restriction of Ay to N(AI)L .

THEOREM 2.1. Let T be a contraction with D(T) e (o,c), and consider the
canonical triangulation of T. Then

a = dimN(Ty,) and g = dim N(Ty).
Proof. At first, we notice (1.3). Since o (7;.)nD == @ it is not difficult

to show N(7 — 1) = N(T,. — 1) for /. e D. Next we notice (1.4). Since D(Ty,) €
€(o,c) and ap(To’:i)nD:: O, (Toy — 2) is a surjection for each ZeD. Thus
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we have
dimN(T — A) = dimN(T,. — 2) = dimN(Typ; — 2) - dimN(T, — ) =

2.
=: index(7T¢; — A) -+ dimN(T, — 2) == index Ty, 4+ dim N(T, — 2).

Ty e C, implies that ¢(7T,) N D is countable. Hence we have
2 = index Ty; = dim N(7Tp,).
To show f == dim N(T5), take the adjoint of (1.3), that is

. T B
T —

B

0 T,
Since ¢ (T.)ND = @ and D(T,) e(o,0), (Tf: — 7) is a surjection for each
/€ D. Thus we have
dimN(T* — 2) - = dimN(Ty, — 2) + dim N(To. — 7).
From (1.4), it follows that N(7y. — 2) == N(7 - 2) for 2 €D, because o,(7s) N
nD -= @. Now we notice the decomposition of 7;.in Lemma }.4 and remark that

we set T, instead of T, in the canonica!l triangulation of T. Since o,(TH) ND  : @,
it is clear that N(77. — 1) == N(T3, — 4) for ZeD, so that

dim N(T* — 2) == dim N(T% — 2) + dim N(T& — 2).

Consequently we have § == dimN(T3). Q.E.D.

COROLLARY 2.2. Let T be a contraction with D(T)e (o, ¢). Then
Y (1 — i) < o
€A

Proof. From (2.1), we have 1(2) == dimN(T, — 2). Thus, by [7] we can con-
clude the proof. Q.E.D.

THEOREM 2.3. Let T be a contraction with D(T) € (g, c). Then there are holo-
morphic vector valued functions h;(2), f;(2), (Y < i< «, 1 <j < B) defined on D
such that

(T — Dh(A)=0 (T* — 2)f(i) =0,

and for each € D, {h(1), ..., h(A)} are linearly independent, and also {fi()....
o 1y(D)} are. In this case, setting L+ = N {hy(2), f;(2):1,], 2}, P&T|& is a weak
contraction and satisfies (PyT| LY == P, T2 .
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“ Proof. We showed that T, o1 in the canonical trlangulatlon of T is a Fred-
holm operator. Hence '

Tm(I T01T01) = (I - T01To1)T01 e(r, C)
implies, by Lemma 1.1, D(T4) € (0, c). Therefore there is a quasi-affinity X such
that XT;; = S,X, where dim & = —index Tj; = dimN(T},) = « < oo [9]. Let
{es, ..., e,} be a CO.N.B. of & Then g,(1) = {e;, 2e;, 22e;, ...} (1 <i<a)is
a holomorphic function defined on D with value in £2(&). And for each 2D,
{g1(%), ..., g.(%)} are orthogonal to each other. It is trivial to show that

(S; = D=0, V&) =L4(8).

Since To, X* = X*S% ,
X*gi(4)

h@y=| 0 (1 <i<a)
' 0

satisfy the conditions given in the theorem. Since Ty, € C,, and D(Ty) € (0, ©),
there is a quasi-affinity ¥ such that

YT, = SzY, where dim&F = f§ < co.

We can show the existence of f;(1) in the same way as above; hence we omit it.
We must show the latter half of assertions. To this end, notice that {A,(%) : 1<i<q,
AeD} and {fj(1):1 < j < B, 2 €D} span the spaces on which Tm and Ty,, respec-
tnvely, are defined. Thus, by Theorem 1.5 we have :

22 P,T|% = [T" * ]
0 7,

In this case  clearly belongs to (1, c). Now we set Ty = P_QTI,,S,” From (2.2),

D(T,) €(o,¢c) and D(T},) €(o,c) imply that D(Ty) € (a, ¢). Since T, is mvertlb]e

we have
0, (Ty) = 0 ,(Ty) O'p(T_;}) = ap(T:)'

Ty € C, implies that 0. (Ty) = 0,(T,) # D [7). Thus by (1.1) we have a(Tz) N D =
=0,(Ty) =A #D. Thus T, is a weak contraction. (P_g»T[,%’)" = P,T" [55 is
obvious. Q.E.D.

- THEOREM 2.4. Let T be a contraction with D(T) € (o,c); then the following
conditions are ‘equivalent:
(a)y o == f=0;"
(b) T is a weak contraction ;
(¢) T is decomposable (about definition see [2]).
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Proof. (a)=(b): From Theorem 2.1, N(T,) = 0, which implies T, is a weak
contraction. Therefore there is a Cy— C,; decomposition of Ty, , but this is impos-
sible because Ty, € C,, . Thus the space on which T}, is defined reduces to 0. Simi-
larly the space on which T}, is defined reduces to 0. Thus & in Theorem 2.3 is # .
Therefore T is a weak contraction.

(b) = (c): This was shown by Jafarian [5].

(c) =(a): Since decomposable T has the single valued extension property,
2 = Q follows. Thus for 1 ¢ A, (T — 1)is an injective semi-Fredholm operator. Hence
6,(T)ND < A. Thus we have o(T)nD < A (see p. 30 of [2]). Consequently
B=0. Q.E.D.

PROPOSITION 2.5. Let T be a contraction on 3 with D(T) € (0, c). Then T e Cyp
if and only if there are vector valued holomorphic functions h(3) such that

(T* — Dh()=0, V h(h)=H.
2

Proof. “Only if”" part follows from Theorem 2.3 and its proof. We must show
“if™ part. Since

T hy(A) = 2"l (A) - 0 as n — 00,
T+ strongly converges to 0 on linear span of {h;(1): i, A}. Suppose
T#x; -0 (n—>00) and x; > x (i—>00).
Since

BTxl < 0T + T (x — x) i < TP+ jix — Xy

i i

we have lim {|T%"x|| < [|x — x;!|. Since we can make the right side arbitrary small,
nR-c0

T#x — 0 (n—>o0). Thus T belongs to C.,, therefore the canonical triangulation

of T becomes
T = [T" i ]
0 Ty

Let P be the orthogonal projection to the space which T is defined on. Then we
have )
0 = P(T* — A (A) == P(T* — L)Phy(2)=(Tg — 2)Ph;(2).

Since 6,(7¢) are countable, P/ii;(%) = 0. Consequently P3# =0 and hence T == Ty,.
Q.E.D.

Alternately we have:

PROPOSITION 2.6. Let T be a contraction on H with D(T)e (o, ¢). Then
T e Cy, iff there are vector valued holomorphic functions f;(1) defined on D such that

(T~ DfA=0 V[0 = .
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3. m-ACCRETIVE OPERATORS

Let A be an m-accretive operator densely defined in 5# (about the definition
see [6]). Then

(3.1 T=A—-—DA+ID"?
is a contraction defined on s and
6, (T)$1 and T%=(4* —I)(4* +I)~*
(see Chapter 1V of [7]). It is trivial to show that
(I —T%TYh, h) = 4Re(A(A - D)™, (A +1)~%) for het.
Since A(4 1)~ and (4 - I)~* are bounded, we have the relation:
I —T*Te(t,c) « u(d)e(r,c),

where u(A)-=Re((4* 4+ I)"*A(A + I)~*). In this section we denote the open right
half plane by Q. The mapping

u—1
Yip - ——-
pt+1
transforms Q onto D. It is clear that
(3.2) A—wx=0=(T—¢yW)4+Hx=0.

Set
o = min{dimN(4 — @) : pe Q}, f=min{dimNUA* — p):peQ},
1(p) =dimNA4 — ) —a, I = {u:1(p) > 0}.

ProprosITION 3.1. Let A be an m-accretive operator densely defined in . If
u(A) € (z, ©), then it follows that

% (T ) <o

A
Proof. Since the range of (4 -+ 1) is 3, by (3.2), we have
dimN(4 — p) = dimN(T — y(r)), o= min{dimN(T — 1):ieD},
dmN(T — ) — o =dimNA — y=1(1)) — o = 1(y~1(2)),

(A1) > 0) = y(I).

3 - 2294
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Thus from Coroilary 2.2, it follows that

Y, (1 —12)1~1(3) < o0

Aey()

so that

Y = ) -1(u) < oo

perl
Therefore we have

Repu
—_— () < (cf. p. 132 of {4]).
u‘E‘JI‘ 1 + :/112

THEOREM 3.2. Let A be an m-accretive operator densely defined in #. If u(A) €
€(t, ¢), then there are vector valued holomorphic functions x;(p),y,(n), (1 < i <=,

! < j < B) defined on Q such rhat
(A — wx()=0 and (A% — p)y;()=0.

Proof. From Theorem 2.3, for T defined by (3.1) there are holomorphic func-

tions A;(4) (1 < i < «) such that

(T — h(7)=0.
Then

xi(u) = (A + D~ (1)

is a holomorphic function defined on @, and for each ue @, x;(1) belongs to the
domain of 4. From (3.2), we have

(4 — wxi(n)=0.
We can similarly show the existence of y;(u) from the alternate relation of (3.2),
that is

(4% — g = 0 o (T* — Y())(A* + Dx =0,
Q.ED.

4. WEIGHTED UNILATERAL SHIFTS

In this section we study weighted unilateral shifts with (o, c)-defect oper-
ators. Let & be an N-dimensional finite Hilbert space, and 4, (n=0,1,2,...)
invertible contractions on &. Let T be a weighted]unilateral shift on ¢2% (&) defined by

T{xp, Xy, ...} = {0, Apxo, Ayxy, ...}

LemMA 4.1. Let B be an invertible operator on &. Then we have

|BJ|N -1 , 1 < 1B

18-1] < <
|det B) |det B}
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Proof. Let 2y > ... 2 /Ay > 0 be eigenvalues of B*B. Then we have

N-1 EBIN—1
1B = BBy = - < 2 AETAIT

A Al iy det(B*B)
Thus we have

B N-1
”B-—l“ < H ” .
idet Bj
The second inequality follows similarly (cf. p. 200 of [3]). Q.E.D.

Now we remember the following fact: for scalars g, such that 0 < |g,| < 1,
I la.l converges iff ¥} (1 — la,l) < oco.

n:-0 n=0

THEOREM 4.2. Let T be the contractive weighted shift defined above. Then
the following conditions are equivalent:

(a) TeCyy;

(b) D(T)e(o,c);

(c) T is similar with simple shift Sp;

(d) there is a 6 > O such that

14, ... Aox|| = d|ix}| for every xe & and every n.
Proof. (d) = (c): For each m we have
”Am+n “«ee Amx” = “Am+n LR AmAm—l ov. AO(Am—l <. AO)_lx” 2

1
2 0l|(4p—y - - A)) x|l 2 6 ——e|Ix|| = Six]},
”Am—l R AD“

because each 4, is a contraction. Thus for each f e £2 (&), we have
Tl = S|lfll for every n.

By the well known Sz.-Nagy’s theorem, T is similar with an isometry V. Since T
belongs to C., so does ¥V, hence V is a unilateral shift. Since

dimN(¥*) = dimN(T*) = dim & = N

the dimension of the wandering space for V'is N. Thus V is unitarily equivalent with
Ss.

(c) = (a): This is obvious.

(a) = (d): Set

I(x) = lim{{T"{x, 0,0, ...}|| forxeé&.
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‘Since 1 is continuous and /{x) # 0 for x # 0, there is a § > 0 such that
I(#) 20 for x in the unit surface of &.
Since I{ox) = jall(x), we have

lim|iA4, ... Agxj| = I(x) 2 d||x|; for xcé&.

=20

(b) =(d): From

00 > I — T*Tly= Y, {1 — A A, 2 Y, T — A7A,0,
n -0 =0

it follows that

[oe]

n:0
converges and we denote its limit by 6% In view of

i
| — T~ A]°A,

NA7Y2 - PAFA) Y = (T — (T — AFAY) Y <
we have

. i
110 PR 19 eI 7 Sk AV ol

A, ... Axlt > >

n
> [T — M — AFA)ixi® = 8% /x1®  forevery .
i=0

(d) = (b): Since each A, is an invertible contractive matrix, we have

il — AiAl == 1 —min{d:leo,(4,4,)} -

w= ] - ——1———— =] - ! q<2(1—~ , ! )< from Lemma 4.1,
li(An 4.) i A il

<2 (1 _ _l_@éﬂ_) < 2(1 — idet4,)).

(MG
From (d) and Lemma 4.1, we have
idet A, ... det Ayl = |det(A4, ... Ayl =

2 (4, .. A)THTY = oV,

which implies that JJ [det4,| converges, and hence

n=0
o e e N
n=0 n=0

Q.E.D.
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