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GLOBAL CROSS SECTIONS OF UNITARY
AND SIMILARITY ORBITS OF HILBERT
SPACE OPERATORS

MARTA PECUCH HERRERO

INTRODUCTION

In [2] D. Deckard and L. A. Fialkow characterized the operators on a sepa-
rable Hilbert space which have local unitary cross sections. These are the operators
of the form 4 ® B ® 1, where A and B are operators on finite dimensional spaces
and 1 is the identity operator on a complex separable infinite dimensional Hilbert
space .

The purpose of this article is to characterize the operators which have global
unitary cross sections or global similarity cross sections. To make these statements
more precise, it Is necessary to introduce some standard notation, which will be
used throughout the paper: Z(s) denotes the algebra of all bounded linear ope-
rators on S, %(3#) denotes the group of unitary operators in L(3#), U(T) =
= {U*TU : UeU(#)} is the unitary orbit of an operator T in Z£(#) and
T UH) - U(T) is the (norm continuous) function defined by w(U) = U*TU.
A local unitary cross section for 7 is a pair (¢, %) such that # is a relatively open
subset of %(T") which contains T and ¢ : # — %(s) is a norm continuous function
such that 7o0¢ =1g and @(T)=1; ¢ is a global unitary cross section when
B = U(T).

In Section 3 it is shown that ¢ has a global unitary cross section if and only
if T has the form B ® 1, where B is an operator on a finite dimensional space.

Let T denote the canonical image of an operator T in the Calkin algebra.
If T= A@® B® 1 (4, B acting on finite dimensional spaces), then 7" admits a global
unitary cross section only in the trivial case when 7 is a multiple of the identity. As
a corollary, it is shown that if 7= B ® 1 has a global unitary cross section ¢, but
T is not a multiple of the identity, then it is impossible to construct ¢ so that o(7;) —
— @(T,) is a compact operator whenever Ty, T, € %(T) and T, — T, is compact.
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The second part of the paper is devoted to the study of similarity cross sec-
tions. Let ¥(#) denote the group of invertible operators in £(H#) and let L(T) ==
= (W-ATW : W € 9(#)} be the similarity orbit of an operator T in #(#). The
(norm continuous) function s:%(#) - L(T) is defined by s(W):- W-ITW,
L. A. Fialkow and D. A. Herrero ([5), [6]) proved that s has a local cross section if
and only if T'is similar to a nice Jordan operator, that is, an operator of the form

" m'. (@)
@ /'ilx’- + @ qk.” >
i1 ' j=1 i
where 4y, 4o, ..., 4, are distinct complex numbers, g, is the & X & nilpotent Jordan
ceil, and foreachi k;y < kp < ... < k"'"; and ;; = oo for at most one value of ;.

[n Theorem 17 it is shown that s has a global cross section if and only if T
is similar to a very nice Jordan operator, that is, a nice Jordan operator of the
form

n

® ()'i].)f,- -+ (I,?:))-

i=1

For operators on finite dimensional spaces and for the Calkin algebra, it is shown
that there are no global cross sections except in the trivial case when the operator
T, or respectively its image T in the Calkin algebra, is a multiple of the identity. As
in the case of the unitary orbits, it follows from the Calkin algebra result that if T
has a global similarity cross section {, then { cannot be constructed so that {(7;) —
— {(Ty) is compact whenever Ty, T, e &(T) and T, — T, is compact, except, of
course, in the trivial case when T is a multiple of the identity operator.

{14] and [15] are used as standard references for Algebraic Topology throughout
the paper.

The author wishes to thank Professors N. Salinas and D. Voiculescu for pro-
viding several helpful references, and to Professor D. A. Herrero for suggesting the

problem and for encouragement.

PART 1

1. A CHARACTERIZATION OF THE UNITARY
ORBIT AS A HOMOGENEOUS SPACE

Let T be an operator in Z(#) and let &' (T) = {Ae L (H): AT - TA}
be the commutant of 7.

ProposITION 1. If T= A @ B® 1, where A and B are operators on finite
dimensional spaces, then the unitary orbit U(T) (norm topology) of T is homeomorphic
with the homogeneous space of right cosets U(HYU(H ) N 2'(T) (qguotient topology).
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Proof. Let p:U(H) — UH)UH)n L' (T) be the canonical projection.
Since t~1 ({T}) = #(s#) n «L'(T), there is a bijective continuous map ¢ : %(H)/
JU(AH) N A'(T) — U(T) which makes the following diagram commutative:

U(H) s U(H)UHE) ( L'(T)

(1.1 l /
AT). ’

If T satisfies the hypothesis, then 7 is an open mapping [2], [4], and it follows
easily that ¢ is indeed 2 homeomorphism.

REMARK. Since %(T) is pathwise connected, %(#)/U(#)n s£'(T) has the
same property.

Consider the commutative diagram (1.1). In [2] it was shown that 7 has a
local cross section; this implies that p also has a local cross section via the homeo-
morphism ¢. Since #(3#) n &'(T) is a closed subgroup of #(#), it follows [LS,
p. 57] that

UHY 0 ol (T) e U(HO) e U(HO) UK 1) 2 (T)
is a fibre bundle (i: %(#) n L (T) — U(#) is the inclusion map.) Via ¢, the
cxistence of a global (norm continuous) cross section for t is equivalent to the
existence of a global cross section for p.

From now on we will only consider the latter question, that is, we will work
with the above mentioned fibre bundle.

First of all we need to determine the homotopy type of #%(3#) n «'(T). This
is done in the next section.

2. CHARACTERIZATION OF #%(#)n &' (T)

PROPOSITION 2. If A = N ~ N® 1,, for some irreducible operator N in
L(C"), then the unitary operators which commute with A are the operators of the
Jorm 1, ® U with Ue %(C™).

let A=A, @A, D ... D4, and B=B, @B, P ... ® B,, where B;
and A; are irreducible operators for each i,/, 1 < i<m, 1 <j<n If B, % 4;
for every i, j, we say that 4 and B are disjoint. In this case, it follows from {3, p. 8]
and a simple calculation that if U(4 @ B) = (4 @ B)U for some unitary operator
U, then U = U, @ U,, where U; commutes with 4 and U, commutes with B.

Let T=A@B®1 with A=AV 4@ .  @4"ecwcC) B=

k. r.
=B @B ® .... ® By" e £(C), where A;e #(C%) and B;e 2(C) are
irreducible operators, s = Y;s5;k; and 1= Y ;.
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We can assume that 4 and B are disjoint: if 4; ~ B; for some pair i, j, then
we can write

T: Aisl)@ (_DA l—l @Ax-:.-;_l @A(") (’1)®1® @B}]’-l) ® 1 @

o408 e 0k 1®.. . 0B ®1 ~

G1-0)

{ .
24?0 ... 04 P oA e . 04" 0B0 1.

(That is, all the common irreducible terms can be “absorbed” in B). Also notice

that B®1 B, ®1@...0B8,®1, because B’ @1~ B ® 1,1
~ B; ® 1. Hence, we can directly assume that #; = 1 forall j, 1 <j < m.

From Proposition 2, the above remarks and the fact that m (#(C¥) == Z
for all k > 1, and #(s#) is contractible [11], we obtain:

PROPOSITION 3. For an operator T= A @ B® 1 of the above form,
U(H) 0 M’(T)z-flkl® 0,@...01, U1, V®...01, ®V,:

U, e UCY, V;eU(#)}

and
1 (2(H) 0 L (T)=m(UCND . . . ®7,(U(C ")) D

O U ND . . . @ UH ,))=L".

3. THE EXISTENCE OF GLOBAL CROSS SECTIONS

THEOREM 4. Let T = B ® 1, where B is an operator on a finite dimensional
space. Then the fibre bundle

@E.n UK) N y{/'(T)—-i——> U(A) ——> U(H)|UH) 0 L' (T)
has a global (continuous) cross section.

j=1

Proof. By Proposition 3, #(#)nL(T) = {@ I, Q@ V,: Ve (K,

Je=1,2, 0., m}‘ It follows that #(#) n &’(T) is isomorphic with a (finite) pro-

duct of copies of #(#) and therefore it is contractible [11]}.

We will prove that the base space %(H#)/U(#)n ' (T) is also contractible.
Since a fibre bundle with contractible base is equivalent to a product fibre bundle
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(which obviously has global cross sections), it will follow that p has a global cross
section.

Consider the exact homotopy. sequence

- D UH) L (D) > mUH)) 2> m (U UH) 1 (D)) >
(3.2)

L WUH) 0 A (T)) > ... > 1o U(H) 0 52(T))

corresponding to the fibre bundle (3.1). Since #n,(#(#)) = 0 for all n and =, (¥ () n
N&'(T)) =0 for all n, we obtain w (X)) U(H)nL'(T)) =0 for all n > 1.
Since '%(Ji”)/%(%) N &' (T) ~ %(T) is pathwise connected, we also have n,(%(#’)/
JU(H) n AL'(T)) = 0.

This means that %(#)/%(#) n «&'(T) is weakly homotopy equivalent [14] to
a contractible space. To prove that it is actually contractible, it will be enough to
show that it is homotopy equivalent to a CW-complex [14]. This is done in the
following auxiliary result.

If & is a subset of L(A), then we define £* = {R* : Re #}.

LemMma 5. (9(o#), 9(#¢) n L'(T)), (9(3#), [9(#) n L' (T)] n [9(H#) n
N (T)*Y and (U(H), U(H)n L' (T)) are homotopy equivalent relative io
CW-complexes.

Proof. Since 9(s#) is paracompact and 4(#) n &/'(T) is a closed subset of
%(o#), according to [13] it is enough to prove that the following property is satisfied:
there is a neighborhood Q of the diagonal in 9(#) X F(#), a (continuous) function
A:Qx[0,1] - %(#) and an open covering {®,} of ¥(s#) such that the following
properties are satisfied:

MV, W,0) =W for every (V,W) in Q,

AV,W,1)=V forevery (V,W)in £,

AV,V,) =V for every V in 9(#) 0 <t < 1),

MV, W.yeb9(H)yn L' (TYy if (V,W) is in G(#)n L' (T) X 4(#)nAL'(T)
01,

P, X P, = Q
and

MPy X Py X [0,1]) = &, for every @, in the covering.

Let Q= {(V,W)e¥9(#) X 9(¢) : ||V — WI < min{|| V=13, |W-1{-}},
let @, ={We%(H): ||V — W| < 1/(3||V-1)} for each V in ¥(#) and let L: QX
X [0, 1] - %(s#) be defined by A(V,W,t) =tV -+ (1 — DW.

It is easy to see that all the required conditions are satisfied. This shows that
(G(), 9(#) N L'(T)) is a relative CW-complex.
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To prove the second statement of the lemma, we notice that 2(V, W, t) belongs
to [G)N L' (TNN[FH)NL (T if V and W are in [Z9(#)nL(T) "
N [%(A#) n '(T)}*, so that the same proof holds in this case.

For the last statement, consider the map r: ¥(H#) — #(#) defined by

r(V) = V(PEV)TiE - for ¥ in G(o#).

If 7:U(H#) - %(#) denotes the inclusion map, then roi= 1, Thusr
is a retraction.

It Vel9#)n L (THn[%0#F)n ' (T))*, then both V and V* commute
with 7 and, a fortiori, the whole W*-algebra W*(V') generated by V is contained
in &'(T). In particular, (V*V)~12 ¢ o/’(T). Since V is invertible, so is (V*F)~12,
and therefore r(V) = V(V*V)~ 2 e () 0 [9(AH) n L (D] 0 [F(H) 0 L (T =
= ()N ' (T). Hence,

r|[9(#) 0 (T 0 [F(H#) 0 &2 (D) [9(H) n 2 (TN [G(H) n
N2 (T — UH) 0 &' (T).

Therefore r induces a map of pairs
PG, (90 L' (T 0 [G(H#) 02 (T — (UK, UH) 0. s7'(T)),

where [9(H#) Nt (T) 0 [H(H) r Z(T)]* and U (H#)n '(T) are closed subsets
of %(s#) and (), respectively. Since a retract of a relative CW-pair is also a rela-
tive CW-pair [12, p. 127), [14], the proof is complete.

The proof of Theorem 4 is now complete.
By using Lemma 5 and [i4, p. 402] we obtain the following:

COROLLARY 6. G(#)/G(H#) ' (T), G(A)[G(H) n L' (T)] 0 [%(H) 0.2 (T
and U(H) U (A 0 L(T) are homotopy equivalent to CW-complexes.

THEOREM 7. Let T =A ® B® 1, where A and B are disjoint operators on
Sinite dimensional spaces, and A # 0. Then the fibre bundle (3.1) does not have a
global cross section.

Proof. In the exact homotopy sequence (3.2) we have n, (#(H#)) == 0 for all
noand  m(U(H) N L'(T)) = Z& (Proposition 3) for some m = 1. Therefore
T,y (U(EO)USE) 0 4'(T)) = 7, (U(H#)n &' (T)) and, in particular,

(U () UH) N Z(T)) =~ m(U) N A (T)) = Z™,
If there exists a global cross section for p, then the exact homotopy sequence

L () 0 TY) o m R H)) T 7o () U(H) 1 2(TY) > . . .
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splits [14, p. 418], that 1s, m(%(H#)) =~ n(U(H) N L' (T)) ® n(U(H)UH) N
n «Z'(T)). But Z cannot be a direct summand of m(#(#’)) = 0; therefore p does
not have a global cross section.

4. THE FINITE DIMENSIONAL CASE

In what follows, the notation U(n) = %(C") will be used. Let 4 be an operator
on C". Proceeding exactly as in Proposition I, we see that %(A) is homeomorphic
with U(n)/U(n) n &£'(A) (right cosets) and that

@.0) Un) n ' (A) —> Utn) 2> Um)JU(n) 0 2'(A4)

is a fibre bundie. (Indeed, this can also be proved by a direct argument.)

LemMma 8. Let A= N~ N® |, where N is an irreducible operator in
L(CY, nn = gm. Then the fibre bundle (4.1) does not have a global cross section unless
q =1, that is, unless A is a multiple of the identity.

Proof. By Proposition 2, Um)n/'(4) = {1,® U:UeU(m)}. Hence,
7 (Un) N LZ'(A) = n(U(m)) = Z.
The last terms of the exact homotopy sequence of the bundle we are consi-
dering are
Z > Z 2 g (UmJUm) n s2'(A)) — 0.

We will show that /. (2) = gz for every ze Z. The generator of n,(U(n)) is
the homotopy class of the map v, :{0, 1] — U(n), where y,(¢) is the diagonal matrix
diag(e*#, 1,1, ..., 1). Since 1o y,(¢t) == diag(e>¥ 1, ..., Le¥ 1,...,1,...,
el 1, ..., 1), where e* appears ¢ times on the diagonal and the remaining ele-
ments on the diagonal are equal to 1, it is easy to show that j o y,, and g7, are homo-
topic. Therefore, i.y,) = gly.}-

Since =,(U(n)) == Z is commutative, if there is a global cross section, then the
exact homotopy sequence will also split at z;. But

7 (U UWm) n L' (A) ~ n(Un))/ker p.. = ny(Un)))imi, =~ Z)qZ = Z,.

Since Z, cannot be a direct summand of Z, there is no global cross section
unless g == 1.

. O () (s,)
LeEMMA 9. Let A=A @A @D ... D A,", n= 2, where the operators

A, € L(C*) are irreducible and disjoint, and Y. sik; == s. Then the fibre bundle

(4.2) U(s) 0 o2'(d) — U(s) 2> U(s)JU(s) 0 22'(A)

does not have a global cross section.
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Proof. mq(USIN L' (AN =Z B Z D ... D Z = Z" (Proposition 3) and
1,(U(s)) = Z.
The last terms of the exact homotopy sequence of the fibre bundle (4.2) are

. > ZM 5 Z s 7 (U(s)/U(s) N #'(4)) — 0.

Since n = 2, Z®™ cannot be a direct summand of Z; therefore the exact homo-
topy sequence cannot split. This implies that the fibre bundle has no global cross
section. %]

Combining Lemmas 8 and 9, we obtain the following result.

THEOREM 10. An operator acting on a finite dimensional space has a global
unitary cross section if and only if it is a multiple of the identity.

5. UNITARY CROSS SECTIONS IN THE CALKIN ALGEBRA

We need to introduce the following notation: 4" denotes the ideal of compact
operators in L(H), & = L(H)|A is the Calkin algebra, U(sf) denotes the unitary

group in & and %(s/) is the pathwise connected component of lin U(&Z), where T
denotes the image of T e .#2(s#) under the canonical projection onto 7. Let #(T) -
= {V*TV: Vin U()}. In this section we will only consider operators of the form
T:=A®B®1, AecL(C, Be ¥(C", for which 7: %(£) — %(T) is known to
have a local unitary cross section [2]. Also, notice that 7 is unitarily equivalent to

(B® 1.

As before, we have a commutative diagram

U(A) ——> U(2)]U(£) 0 £(T)

"?l(f) L/

where the map ¢ is continuous and bijective. We will prove that if T is not a mul-
tiple of the identity, then p does not have a global cross section, in which case

cannot have one either: if &: J?l(f‘) — 9Y(Z) is a (norm continuous) mapping such
that 70 ¢ == 1%(;), g’(f) =21, then popofop = t0fop = ¢. Since ¢ is injective,
this implies that p o ¢ o ¢ = 1. Therefore & - ¢ is a cross section for p.

THEOREM 11. Let T = B ® 1, where B e L(C"). The fibre bundle
UL 0 (T —> U( ) > U(L)U(E) 0 (T

does not have a global cross section unless T is a multiple of the identity.
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Proof. Consider the following morphism of bundles:

Wo(t) N A (F) —— U(L) 0 L' (T)

lo 13

(5.1) U L) : A(H)

7y 14

U ) Uo(H) 1 L)~ U () U () 0 L'(F)

where 1, 15, i and i, are inclusion mappings, p and p, are the canonical projections
onto the classes of right cosets and i’ is induced by the inclusions i and i’ so that the
diagram is commutative. Itis easy to see that i’ is well defined and injective. Since

U s7) is the (pathwise connected) component of 1 in %(s#), we have
i T Uo(H), 1) ~ m(U(£), T) for n > 1.

Observe that the path component of 1 in #(s#) n M’(T) is equal to the path
component of 1 in Uf) N M'(f’), whence

if w (UL 0 (), 1) ~ nfu(Z)n&/(T), 1) for n > 1.

Now consider the exact homotopy sequences of the bundles in (5.1) and the
induced homomorphism i, ig and i,. We have the following commutative
diagram:

D) 0 @), 1) S @), T) S WD) U 2) 0 T, po(D)) >

o’
H

i i %

i* * *

e m () 0 (), 1) > m@(at), 1) 2 mw(t)u(st) 0 22(F), pd) >
(5.2)

Since iy, and iy are isomorphisms, the 5-lemma implies that 7}’ is also an isomorphism.
Therefore if one of the exact sequences splits, the same holds for the other one.
We will show that the upper sequence in (5.2) does not split unless Tisa multiple
of 1. This implies that the exact homotopy sequence of p : %(s#) — UL U(H) 0
n «'(T) does not split either, whence p cannot have a global cross section. To this
end, first we compute 7,(%,(), 1). We use the fact that Uo(Z) is isomorphic with
U U) 0 (1 + A), which is a deformation retract of %(#)/4(¢) n (1 + ),
where | + 4 = {1 + K: Ke X'}.
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Let r: G(H) - U(H) and h: G(H) X [0, 1] - G(H#) be defined by

r(V) = V(V*¥V)~12  for Vin ()
and

YV, 1) = VI — D (V*V)=2 4+ 11] for Vin ¢#),0< 1< 1,

respectively. 1t is easy to see (by using the spectral theorem for compact hermitan
operators) that A(G(H#)n (L +7) X [0, 1D c ¥#)n(l +.4) and r(G(H#)n
N+ o)) < 4H#) n (1 + ). Therefore r and /i give maps of pairs

PAGE), GH)N(1 — ) — (UH), AN (] + .4)
and

h (&) X [0,1), ) nd +.27) X [0, 1) > (4(#), 9(H)n (1 - A))

with A(V,0) = r(V) and &(V,1) = V. Thus, %(#) is a deformation retract of
G(I), U(A)YN (L + ) is a deformation retract of G(#)n (1 -~ ) and U(# )/
JUH)Y 0 (L -+ A7) is a deformation retract of ¥ (#)/4(#)n(l + #). As a con-
sequence,

T (U ENUKY N (1 + ) = n(GNGH) (I + ), n = 0.

Since Y)Y (H#)n (1 + o) is homotopy equivalent to the space of Fredhoim
operators of index zero [10], which is homotopy equivalent to BU (the classifving
space of vector bundles with group U(co) == lim U(x)) [1], [10], we obtain

0 ifn=2m-1

o L)) = T YUY 1 (L)) = 0, BU) = { |
Z n=2mmz=z=1l

{15, p. 215].

Case 1. Llet T=B® 1, BeZL(C"). If B=A® 1,, where 4 2(C") is
irreducible, then B® 1 ~ A® 1, ® 1 is unitarily equivalent to A ® 1. Therefore
we can assume that B = A is irreducible. By using a faithful unital =-representation

of the finite dimensional C*-algebra C*(T), and Proposition 2, one can show that
U )N (1) = {(1, ® U)~: UeU(H)}. Therefore

1 Uo(t) 0 2'(D), 1) = n(UA)UA) N (A +H), n > 1.
Let [y] be a generator of n(¥(#) UGN (1 + A)) ~ Z:

7 ([0, 1] X [0, 11, &(0, 1} X [0, 1)) — (A U(H) 0 (1 + ).
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If (s, 1) == (U(s, 1)), then yXs, 1) = (U")(s,1))” = (I, ® U(s, t))". Thus, the
inclusion y: %() N .sai’(f) — Uo(£) induces the homomorphism ‘“‘multipli-
cation by n”': 15, T(U(H) N d’(f), ])——»712(%0(.52?), T), 104(2) == nz for every z in
o Uo() N 2'(T), 1). It follows that in the exact homotopy sequence

DUy 0 ' (E), T Do), 1) 3w W)U 5E) 1 (T, po(1)) =0

~ ~

Z
(5.3)

we have my(#o()Uo(Z) N L' (T), p()) =~ ZInZ = Z,.
This implies that for # > 1 the exact homotopy sequence cannot split because
Z, cannot be a direct summand of Z. Therefore p, does not have a global cross

section unless n == 1, that is, unless 7 is a multiple of 1.

m

Case 2. Assume that B =@ B;, m > 2, where the operators B; (acting
i=1

on finite dimensional spaces) are irreducible and disjoint. Let %%(T) be the pathwise
connected component of 1 in NEAN M'(f). If Vis in 021°(Y~’), then by using a
faithful unital *-representation of C*(7) and Proposition 3, we can show that

- mo m
V = @ V;, where the V; ’s are Fredholm operators such that Z indV; =0. Let
i=1

{==1

«:[0, 1] — %%T) be a path from I to V. Then by applying to a(r) the same argu-

~ m ~
ment as to V, we obtain a(f) = @ «,;(t). Since o;(0) = 1;, V;=o;(1) isin %%(B;, ®1)"
i=1

for each i, i = 1,2, ..., m. Therefore

AT = {éﬁ I, ® U™ U, eo/z(yf,.)}
i=1
and

m o) . (T), 1) = m@O(T)) = @ m@UAYUGEY D (L + H)) = 2.

But Z¢ cannot be a direct summand of Z for m > 2, so the exact homotopy
sequence

L Sy 0 (T, T) 2 (), T) 2 ool )]l 8) 1 /D), (1) 0

~ ~

Z(m) VA
(5.4)

cannot split. This completes the proof of the theorem.

N\
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The results in this section have an interesting consequence. D. Deckard and
L. A. Fialkow [2] showed that if T has a local cross section ¢, then it is possible
to choose ¢ in such a way that whenever two operators Ty, T in %(T) have a com-
pact difference T,—7T,, then @(T,)—@(T,) is also compact.

If T # 21, then the analogous statement is false for global cross sections.
Namely, if T has a global cross section ¢ and 7 # 21, then it is impossible to choose
¢ in such a way that compact differences are preserved, because then there would
be a global cross section in the Calkin algebra, in contradiction with Theorem 11.

PART IIL

6. A CHARACTERIZATION OF THE SIMILARITY
ORBIT AS A HOMOGENEOUS SPACE

THEOREM 12 (L.A.Fialkow—D.A.Herrero [6]). An operator T in L(#)
has a local similarity cross section if and only if it is similar to a nice Jordan
operator. Furthermore, in this case the continuous bijection y that makes the dia-
gram

G(H) —Ls G(H ) G(H) 0 L'(T)
F(T)

commutative is actually a homeomorphism, and a local cross section (@, #) can be
constructed so that if Ty, Ty are in S(T) and Ty, — Toe A, then o(Ty) — o(T) e A .

REMARK. If T is similar to a nice Jordan operator, Theorem 12 implies that
G(#)|9(#) n £'(T) is pathwise connected. Moreover, since ¥(#) N L' (T) is a
closed subgroup of %(s#), the existence of a local cross section for p implies that

YH) 0 2'(T) > G(H) > G(H)HH) 0 4'(T)

is a fibre bundle (14, p. 57] (i is the inclusion map).
Also, via y, the existence of a global cross section for s is equivalent to the
existence of a global cross section for p.

7. CHARACTERIZATION OF %(¥)n «/(T)

Let T be similar to a nice Jordan operator J. Then T = W ~JW for some W
in ¥(#) and

ST = {W-4W : A e ' (J)}.
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Therefore M'(T) &'(J), so it is enough to characterize &/'(J). Let o =
= Q= @ q , eg(%) (q(’)e.,?(%j), I<m<ng < ... <n, 1<o; <00,

]=1
for each ji=1, 2 ., k). Each #; can be decomposed as a direct sum #’; =
= (—D ] (with dim #} = «;) in such a way that the matrix (Q; )9 of qu") with

r,s=1

respect to this decomposition satisfies Q;,,,,+1 = I, for I<r<m—1land Q;,s=0
for any other pair (r, s).
Let A € £(#) and let (4;},,s) be the matrix of A with respect to the decom-

k
position # = @ (@ H ,) (Aij, rs : 5 > 7). Straightforward computatrons show

j=1
that the commutant «/'(Q) is the set of all the operators A in #(#’) which satisfy
the following conditions:

a) If j =i, then Ajj15= Aij 2,541 = ... = Ai,-,,,jr.l,.s,,,j for m; +1 —n; <
< s < njand Aij,,s=0forallr > s4n; — n;.
b) If j < i, then Aijis = Aijo, 561 = ... = A,‘j‘,, “1-s,n; for 1 €5 < 1y and

Al s =0 for all r > s, and _
©) Aijas: K5 - AT is an arbitrary bounded linear mapping.

i1’

Let Ay s = Aij,1; and let A(4) = j A("’

The above notation is used in the followmg.

&
Lemma 13. If QO = @ qf;f), then
Jj=1

GAHYN L'(Q) = { = (A;j.rs) € L'(Q) : A(4) = A(") is inv ertzble}

LEMMA 14. 9(#) n L'(Q) is homotopy equivalent o a product

X {9(CY):1 <j<k, a; < oo}.

Proof. By Lemma 13 4(#) n L'(Q) is the set of matrices of operators (4;j,,s)
in &'(Q) with A4(4) = A("J) invertible. Define

h:%0)NnZ'(Q) X [0,1] - F(#)n L'(Q)

by h(A, t) = A(A) + t(A — A(A4)). Clearly, h(4, 1) is in () n L'(Q) for each t
in [0,1] and % is continuous.

Since h(A4,1) = A and #(d4, 0) = A(A4) for all A in %(H#)n L'(Q), we see
that the set of invertible matrices of the form 4(4) is homotopy equivalent to
G(H#) n L'(Q). ’

6 — 2294
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Next, observe that the mapping
d:x {9(CY): 1 <j <k} o [A(A): A in () n L(Q))
(if a; = oo, then C"7 must be understood as #’) defined by

k k
d(Ay, .., A) = @ AV =@ 4;® 1,
jo1 Jj 4

is a homotopy equivalence.
Since ¥() is contractible [11], we are done. Vi

COROLLARY 15. m(%(#) N '(Q)) = @{mHCY)): 1 <j <k, o; < o0}
In particular,

m(G(H) 0 £'(Q)) = LD,
where B == card{j : o; < oo}, and G(H') n '(Q) is pathwise connected.

Proof. This follows from the fact that nl(Ca") = Z. %,

PROPOSITION 16. Let J =@ [2;1;+ Q) be a nice Jordan operator (7,,
i=1

i (e
Jos .oy iy are distinct complex numbers) with Q; =@ q,"", 1 <ky <kp<
j=1 i

< ... <k, and a;; = oo for at most one value of j for each i, 1 <i < n. Then

“"i

G AH)Yn L'(J) is homotopy equivalent to a product

L - .
X{F(C) a5 <00, | <j<my, 1 <i<n)

Proof. The fact that «Z'(41;+ Q) - &(Q;) and a(41;+ Q)N
no(Aly -+ Q) == O for i # h imply [8] that

YA 0 ') = X GH) N A(Q)).
i=1

Now the result follows from Lemma 14. 5]

8. GLOBAL SIMILARITY CROSS SECTIONS

THEOREM 17. Let T be similar to a nice Jordan operator. The fibre bundle

HT) > 9#) S 90 9(T),
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where 4(T) = 4(H°) 0 L'(T), has a global cross section if and only if T is similar
to a very nice Jordan operator, that is, T is similar to an operator of the form

m

® ¢+ Gk, ® 1), where 2y, 25, . .., 2, are distinct complex numbers and g, is the
j-1 :

k Xk Jordan cell in £(CF).

Proof. Assume that T is similar to a very nice Jordan operator. By Proposi-
tion 16, 9(T) is homotopy equivalent to the product of m copies of %(s#); therefore
it is contractible. By substituting %(#°) for %(#) in the proof of Theorem 4, we
obtain that #¥(s#)/%(T) is weakly homotopy equivalent to a contractible space. By
Lemma 5, (9(oF), 9(T)) is a relative CW-complex, whence 4(o#)/%4(T) is a CW-com-
plex. Therefore ¥(#)/%(T)is actually contractible [14]. As in the proof of Theorem 4,
it follows that p has a global cross section.

i=1

If T is similar to a nice Jordan operator J = @ (/1 + @ q(“ )) with some

o;; < oo (i.e., J is not very nice), then Corollary 16 states that 1, (F(T)) = 1B,

n
where B == Y card{j:a;; < oo} > |
i.-1
If we substitute (o) for %(s#) and § for m in the proof of Theorem 7, we
obtain that p does not have a global cross section.

In the finite dimensional case, we have the following result:

THEOREM 18. Let Te £(C"). The fibre bundle

Y(T) > 9(C") 5 9(C)/Y(T),

where 9(T) == 9(C"yn &' (T), has a global cross section if and only if T is a
multiple of the identity.

Proof. Let us assume that 7 is similar to J = _(—B [ylll + G—) qk ] where

i=1

s Ags.... A, are distinct complex numbers and 1 < k; < oo < ki, IE
there are two or more terms of the form q;:’.j) then 7,(%(T)) = n,(%(J)) has at least
! i

two direct summands isomorphic with Z. Therefore the exact homotopy sequence

- o m(G(T)) S 7(H(CY) = 225 7 (G(CH(T)) — 0

cannot split. This implies that p does not have a global cross section.

Now assume that T'is similar to A1,,, + g, Let ¥(g™) denote the intersection
G(C"y A" (A oy + gi™) = G(C™) 0 #'(gf™). By Corollary 15, m,(9(gi™)) =~
~n,(%(C™) ~ Z.
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Let {y,] be the generator of n,(U(m)) = n,(%(C™)) defined in Lemma 8, and
let d:%(C™) - %(q/™) be the mapping defined in Lemma 14. Since d(y,(t)) —
= diag(p,(t)s. . . ,yu(t)) is homotopic with (y,,(t)®, we have i d.[y,] == kly.] A
repetition of the argument in the proof of Lemma 8 (with g replaced by k) shows
that p does not have a global cross section unless k£ = 1. 7

4

9. SIMILARITY CROSS SECTIONS IN THE CALKIN ALGEBRA

With the same notation as in Section 5, let (/) denote the group of inver-
tible elements of &7 and let %,(27) be the pathwise connected component of 1in
YG(L). Let

S(T) = {W-1TW : W e ()}

and let s: 9(a/) > S(T) be defined by s(W) = W-1TW, We %).

The mapping s: 9() —».S”(.’i") has a local cross section if and only if T is
similar to a compact perturbation of a nice Jordan operator [6]. As in Section 5,
we have a commutative diagram

Y(st) —> G()%(t) 0 '(T)

#(T)
where ¢ 1s continuous and bijective.
When 7 = 11, s and p obviously have global cross sections (¥(%/) n &f'(f):

- @), and F(T) = {f‘}). We will prove that p does not have a global cross sec-

tion if T is not a multiple of the identity. It will follow that s does not have one

either, as in Section 5.
Consider the fibre bundle

Go(A) 1 AL(T) > Go( )5S Gol )|t 0 ' (T).

An argument completely analogous to the one employed in Section 5 shows
that p has a global cross section only if the exact homotopy sequence of

Do Go(A) = Go(t)|F () 0 2'(T),
D @y styn (), D — nGolst), ) —

25 1 Gl )|Fo( ) 1 (D), po(D)~ ..
splits.
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Since %y() is isomorphic with 4(#)/9(o#) n (1 + "), we have that

1(Go( L)) = 1 (G G(H) 0 (I + X)) = n,(BU)= {; ’; 0::; nz1

[15, p. 215] and 7y (%o(F)) = 0.
Let 9%T) be the component of 1 in %y(#)n & (T). For the computation
of m(Go() n L' (T), 1) = 1 (@*T), 1) (n > 1) we need the following:

LEMMA 19. Let n: L(H#) —» o = L(H)A be the canonical projection of
L(H) onto L. If Je L(H) is a nice Jordan operator, then ﬂ’(f)= (' (J)) and
9 = (@A) n L' (J)).

PROPOSITION 20. Let T'e o be similar to (Al 4+ ¢, k > 2. Thenp,: Go( ) —
- Go(L)G(L) N A ’(]~") does not have a global cross section.

~ Proof. By Lemmas 13 and 19, if W belongs to %%T') then it can be represented
as a matrix

(Vo Vy Vs ..V,
Vi Ve
4
W=
0 . .
Va7
2

with ¥, € %o(Z(#,)). As in Lemma 14, it follows that %(7) is homotopy equivalent
to Fy(/(H1)); the map W - V. is a homotopy equivalence and its homotopy inverse
is the map 171 - T/{"). This implies thatthe inclusion map iy: %,() N & '(T) — Go(A)
induces the homomorphism “multiplication by k> in the second homotopy group.

The same argument as in Case 1 of Theorem 11 leads to the conclusion that p,

does not have a global cross section unless k = 1. 7

PROPOSITION 21. Let Te of be similar to J, where J =@ (4,1; + g is a
i=1

very nice Jordan operator andn >2. Then py: Go(&) — Go(2)|%o( &) n ' (T) does
not have a global cross section.
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Proof. Let J = J, @ Jy ® Jy, where J, == 4yly + g5, Jy = igly 4 ¢ and
1 3

Jy= @ (Al; + ¢€). Then
i=23 {
GoJ) = (We () n ') : W =W, ® W, ® W,, W;e 9o, j =123}

(see Lemma 19 and the proof of Proposition 20). Thus,
~ o~ 3 ~ -
no(Go() N Z'(T), 1) ~ _@1 (%)) ~ Z@ ZO7(Y(J,)).
Je

Since the latter group cannot be a direct summand of m,(%, (7)) =~ Z, it follows that
the exact homotopy sequence

. = (G A) N LD, 1) = 1y @A), 1) = 1 Go( )G o() 1 (1), po(1)) —
-0-50-

cannot split. Therefore p, does not have a global cross section. N

The results of this section can be summarized in the following.

THEOREM 22. p: 4(H) = 9(H)]%9 (L) n .s?i'(’;") has a global cross section if

and only if T = 21 for some A€ C.

As a consequence, we deduce that if an operator T has a global similarity cross
section ¢: P (T) — 9(5#), then ¢ cannot preserve compact differences unless 7' is
a multiple of the identity.
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