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HYPONORMAL OPERATORS ARE SUBSCALAR

MIHAI PUTINAR

INTRODUCTION

In this paper we construct a universal functional model for hyponormal oper-
ators. This shows in particular that every hyponormal operator is subscalar,
i.e. is similar to the restriction to an invariant subspace of a (generalized) scalar
operator (in the sense of Colojoara-Foias [5]).

Let H be a complex (separable) Hilbert space and let #(H)denote the linear
bounded operators on H. Recall that T'e £ (H)is called subnormal if thereis a Hilbert
space K, containing H isometrically, and a normal operator N on KX, such that
Nh == Th, he H, in other words H is a closed invariant subspace for N and the
restriction N ]H coincides with 7. Interest in subnormal and related classes of oper-
ators has risen considerably since S. Brown [3] proved that every subnormal operator
has a nontrivial invariant subspace. A larger class of operators related to subnormals
is the following: T € Z(H) is called hyponormal if TT* < T*T, or equivalently,
if |T*h)} < ||Th|| for every he H. There are classical examples of hyponormal
non-subnormal operators, see [7, Chapter 16].

As we shall prove below the distinction between hyponormal and subnormal
operators lies only in two degrees of differentiability added to the admissible functio-
nal calculus of an extension. More precisely,

THEOREM 1. Any hyponormal operator is subscalar of order 2.

A linear bounded operator .S on H is called in [5] scalar of order m if it possesses
a spectral distribution of order m, i.e. if there is a continuous unital morphism of
topological algebras
U: C(C) - L(H),

such that U(z)==S, where as usual z stands for the identical function on C and C§(C)
for the space of compactly supported functions on C, continuously differentiable of
order m, 0 < m < oo. An operator is subscalar if it is the restriction of a scalar
operator to an invariant subspace. It is necessary to point out the distinction between
scalar and Dunford scalar operators, which are characterized by an integral repre-
sentation with respect to a spectral measure, [6].
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As a matter of fact, the proof of Theorem 1 is constructive and it offers some
additional information concerning hyponormal operators and a canonical scalar
extension. Let us sketch below this construction.

Let 7 be a linear bounded operator on H. The starting point is the investi-
gation of the operator z — T on various spaces of H-valued functions. The study of
the o;gerator z — T on the space O(U, H) of analytic H-valued functions on U,

U= U < C, led E. Bishop [2] to fundamental results in spectral theory. Among
other things he isolated in [2] the single valued extension property, which means by
definition that the operator z — T acts one to one on O(U, H) for an arbitrary open
subset U of C, and the property (), which requires that z — T should be one to
one and with closed range on @(U, H) for every open set U. The operators with
a rich functional calculus, e.g. the scalar operators, as well as their restrictions to
invariant subspaces have property (f8). The importance of property (f) lies in assuring
the natural framework for localizing the analytic functional calculus and the spectrum
with respect to each vector i1 € H, separately, see {12, Chapter 4]. This can be explained
as follows.

Let us assume that the operator T has property (). Let U be an open subset
of C and consider the Fréchet space

FU) = O(U, K}z — T)OU, H).

When U runs over the open subsets of C, %, with the natural restriction maps,
becomes an analytic Fréchet sheaf on C, which caries all the information, local or
global, concerning T. For example, the global sections space #(C) corresponds to
H because of the existence of the analytic functional calculus for T, the operator
induced by the multiplication with z on @(U, H) corresponding in this identification
to T. Moreover, it turns out that the local spectrum o(h) is the support of the
corresponding section s € #(C), and so on. This sheaf model appeared in [9] in con-
nection with some decomposability phenomena.

What happens when the opsrator T satisfies () or the single valued extension
property with respect to some other functions space &/ instead of @? Of course,
the above procedure still works, but it becomes effective only when the initial space
H and the operator T can be recuperated in the corresponding quotient space. If
this is the case, then the bigger space and the multiplication operator M. on it will
provide an extension of T (i.e. H will be invariant for M. and M:]H == T) with a
functional calculus as rich as allowed by &7.

H— (C, H)/(z — T)/(C, H)

T Mz

H— o(C, H)/(z — T)#(C, H) .

This construction is functorial in T and H and has some minimality properties.
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For hyponormal operators a L*-estimate involving z — T and J-derivatives up
to the degree 2 (see Proposition 2.1 below) insures that a Sobolev space with respect
only to the d derivatives has all the required properties for s in the above general
scheme.

The paper has two sections:

§1 deals with the preliminaries concerning vector valued function spaces.
Some facts from local spectral theory are also recalled.

In §2 the construction of the functional model for hyponormal operators is
performed. The properties of this canonical functional model appear in Propo-
sition 2.5.

The paper concludes with some remarks on the applications of the functional
model.

1. VECTOR VALUED FUNCTION SPACES

Let z be the coordinate in the complex plane C and let du(z), or simply dg,
denote the planar Lebesgue measure. Fix a complex (separable) Hilbert space H
and a bounded (connected) open subset U of C.

We shall denote as usually by L¥ U, H) the Hilbert space of measurable fun-
ctions f: U - H, such that

12
1l = (Sllf(Z)szu(z)) < oo
U

The functions f € L% U, H) which are in addition analytic functions in U, i.e. 9f = 0,
form a closed subspace denoted

AU, H) = L¥U, H) 0 0(U, H).

The orthogonal projection onto this space will be denoted by P.

Similarly L®(U, H) is the Banach space of essentially bounded H-valued
functions on U. There is a continuous natural imbedding L*(U, H) < LU, H).

Let U be the closure in C of the open set U and let CP(U, H) denote the space
of germs on U of continuously differentiable functions of order p, 0 < p < oo.

The integral representation formula with potentials of the (elliptic) operator
0 has a remarkable simpler form, known as the Cauchy-Pompeiu formula (see for
instance [12, Theorem I1.3.2] for its vector valued version). We shall use this formula
in the case of a bounded disk D:

ey J@)= ——l—. Sf(C) df/( —2) — —I—S IO/ — 2 du(),
2nmi T
oD b

where z € D and fe C¥D, H).
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Let us also recall some elementary facts concerning the Cauchy kernel (see
for example the introductory chapter to [10]). The function 1/z is summable in the
neighbourhood of 0,

du/iz} = 2m,

zj<1

and the function

g() = Sf(C)/(C —2)d¢

oD

appearing in (1) is analytic in D and continuous on D, in particular g € A*(D, H)

for fe C¥D, H).
We shall also use the following well known fact.

LeMMA 1.1. If U, V are bounded connected open sets in C, and if V is rela-
tively compact in U, then there is a constant ¢ > 0, such that

(flloov < clifllew
Jor every fe A¥U, H).

Let us define now a special Sobolev type space. U will be again a bounded
open subset of C and m will be a fixed non-negative integer. We have already used
the notation 8 for the operator 8/9z.

The vector valued Sobolev space W™(U, H) with respect to d and of order m
will be the space of those functions f € L¥U, H) whose derivatives df, 3%, ..., 8"f
in the sense of distributions still belong to L*U, H). Endowed with the norm

Il = % 171

WU, H) becomes a Hilbert space contained continuously in LU, H). Let us
mention that the notation W™ above differs from the usual one, which involves all
the derivatives. The associated sheaf of locally W™-functions will be denoted W%,

If the open set U has in addition a smooth boundary, then a standard approxi-
mation procedure shows that C*(U, H) is a dense subspace of W™(U, H), [8, §1.2.6].

We next discuss some facts concerning the local spectral theory of the multi-
plication operator by z on W”(U, H). For the beginning let us recall some termi-
nology and facts from [5].

Let X be a complex Banach space and let us denote by*T a linear bounded
operator on X. Assuming property (f) holds for T there exists for every xe€ X a
compact set op(x) « C, called the local spectrum of T at x, which is minimal with
respect to the following property: there is an analytic function fe O(C\or(x), X),
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such that
(z — T)f(z) = x, for ze C\op(x).

One associates then to an arbitrary closed subset F of C the maximal spectral space
Xi(F) = {xeX|oy(x) = F}.

This is a closed invariant subspace for T and, denoting by T | Xp(F) the restricted
operator, the following spectral inclusion
a(TIXT(F)) c F
holds.
If T is a scalar operator, i.e. it admits a spectral distribution U, then it has
property (f) and the maximal spectral spaces can be computed as follows

(2 Xo(F) = {xe X | U(p)x =0, ¢ € CX(C), supp(p) N F = @}.

The maximal spectral spaces of a scalar operator have the following global
decomposition property, inherited from the existence of partitions of unity with
smooth functions: for an arbitrary finite open covering (U,)!_; of C,

Y, Xu(U) = X.

An operator T with property (8) and which satisfies the above condition is said to
be decomposable, [5], [12].

A more technical notion which appears in [1] is the following. The operator
T e £(X) is called unconditionally decomposable if it is decomposable and if for any
system (F,)i ., of disjoint closed subsets in C we have

1
sun|

where x, € X;(F,) and a; < oo depends only on 7.

Let us come back now to concrete function spaces. Let U be a (connected)
bounded open subset of C and let m be a non-negative integer.

The linear operator M of multiplication by z on W™(U, H) is continuous and
it has a spectral distribution of order m, defined by the relation

1Y %

i ]

n o, |
Y ek, | :
Kea |

g

U = of, @< CHC), feW™(U, H).
The maximal spectral spaces of M are by (2):
©)) WU, H)u(F) = {fe W™ | supp(f) = F}.
Instead of supp(f) = F we shall write a]sofl UN\F = 0.

13—~ 2204
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Let V :W"(U, H) - é’)lﬁ(v, H) be the operator V(f) = (f, df, ..., 8"f).
0

n

Then V is.an isometry which intertwines M and the normal operator @ M., therefore
0

M is a subnormal operator.

Because of (3) the maximal spectral spaces of M corresponding to disjoint
closed sets are orthogonal, hence M is unconditionally decomposable.

Let us remark finally that M is not a Dunford spectral operator [6], because
the estimate

4 1 — 2)"llym < Ifllym/dist(2, supp(f), 4 ¢ supp(f),

would imply by Theorem XV.6.7 of [6] that M is a Dunford scalar operator, which
contradicts the fact that M is subnormal but non-normal.

2. THE FUNCTIONAL MODEL

This first part of §2 deals with the basic inequality for the proof of Theorem 1.
Let T be a linear bounded operator on the Hilbert space H. Then, for a given open
bounded subset U of C, z — T acts (linearly and) continuously on the space W*(U, H).
For afixed z € C, the adjoint on H will be denoted as usually by (z — T)* == Z — T<.
On the other hand the adjoint in W2(U, H) will be denoted by (z — T)* .

PROPOSITION 2.1. For every bounded disk D in C there is a constant Cp, sich
that for an arbitrary operator T € ¥(H) and fe W¥D, H) we have

I — P)flleup < Colll@ — T)¥0f lleup + Iz — T)* 0 lhp) -

Let us recall that P denotes the orthogonal projection of LD, H) onto the
Bergman space A*D, H). :

Proof. Let f, € C®(D, H) be a sequence which approximates f in the norm
W2. Then for a fixed n we have

M) — (2 = T)*Of2) = —(z — T)T(2).
By the Cauchy-Pompeiu formula (1) one gets
/@) — @ — 1) 3f(2) — %S(ﬁ.(C) — ({ = DN — 2)72d =
™ aD
-}S«c — T RO — D7 du(O.

D
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“Let us denote by g,, the first integral in the above formula. Then g, € A%(D, H),
hence

llfn g.,llz, H(Z - T)'Bf,.llzp + 4R||(z — T)*0*,llen

where the second mtegral was majorized as a convolution with a L!-function and
R is the radius of D. ' '
Finally we obtain the inequalities

1= Pfle < If — gl < I — full+ 1 — &all <
< 1f = flle + Iz — TYThle + 4R)G — Tl
which prove the proposition when passing to the limit.
COROLLARY 2.2. If T is hyponormal, then
I = Py < Collc — T laip + [z = Do)

Proof. This follows from ||(z — T)*hll, < |z — Dhlly -

Proof of Theorem 1. Let T be a hyponormal operator on the Hilbert space H.
Let us consider an arbitrary bounded open subset U of C and the quotient space

#(U) WU, H))(z = TYWXU, H)

endowed with the Hilbert space norm which identifies it with Ker(z — T. ¥, The
class of a vector f or an operator 4 on this quotient will be denoted by f, respectively
A. Note that M, the multiplication operator with z on WU, H), leaves invariant
the range of z — T, hence M is well defined. Moreover, the spectral distribution
U of M commutes with z — T, therefore M is still a scalar operator of order 2,

with U as spectral distribution.
—

Let V be the operator V(h) = 1 ® h, from H into #(U), denoting by 1 @ 5
the constant function /s. Then

(5) S VT = MV.
Indeed, VTh = I®le =z ® h = M(l ® /1) = MVh. In particular the range of ¥V
is an invariant subspace for M.

LEMMA 2.3. Let D be a bounded disk which contains a(T). Then the operator
V : H —» H# (D) is one to one and has closed range.

Proof. We have to prove the following assertion: if /, e H and f, e WD, H)
are sequences such that

® Jimliz — T, + 1 ® hally2 = 0

then lim A, == 0.



392 MIHAI PUTINAR

The assumption (6) implies lim (||(z — T)df,|ls -+ [|(z — T)3%,|ls) = O, which,
in view of Corollary 2.2, shows that lim{|(f — P)f, |, == 0. Then by (5)
llln”(Z - T)Pf;l + 1 ® hn”&D == 0’

which by Lemma 1.1 insures that
llm”(z - T)Pf;x +1® hn“w,D' =0,

where D’ is a relatively compact domain in D, still containing ¢(T).
Let us denote by
» &:0D,H) - H

the analytic functional calculus map associated to 7. Then by the continuity of
& (see for instance 12, Proposition II1.8.13] for this form of the functional calculus)
there is a constant ¢ > 0, such that

2all == 1|19z — TIPS, + 1 @ h)ll < aliz — TIPS, 4 1 @ hylico, o -

Consequently lim ||4,]} = 0 and this concludes the proof of Lemma 2.3.

This also concludes the proof of Theorem 1, because the range of ¥ is, in the
conditions of Lemma 2.3, by (5), a closed invariant subspace for the scalar operator /.

The next result establishes an analogue of the single valued extension property
for the space W? and the hyponormal operator 7.

LemMa 2.4. Let D be an arbitrary bounded disk in C. Then the operator
z— T :W¥D, H) > W¥D, H)
1s one to one.

Proof. Let fe W¥D, H) be such that (z — T)f = 0. Then f=: Pfe A¥D, H)
by Corollary 2.2. Because T has the single valued extension property, e.g. as a sub-
scalar operator, then we infer from (z — T)f = O that Pf = 0, thatis f = 0. Q.E.D.

Let us remark that if lim|j(z — T)f,llwe = 0, then we cannot obtain by the

same method more than limj|f,|l, = 0.
A reformulation of Lemma 2.4 above is the following:

supp((z — T)f) = supp(f)

for every fe WD, H).
Indeed one computes the support of £, respectively of (z — T)f, by restricting
these functions to small disks contained in D.
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Let us return to the functional model. If U, and U, are two bounded open
sets in C which contain o(T), then the corresponding spaces #(U,) and s#(U,)
coincide, because z — T is invertible for ze U, \a(T), respectively z € U,\o(T).
In fact they are both isomorphic with the universal Fréchet space

%‘(H) = Wl20C(C’ H)/(Z - T)Wﬁ,c(C, H)

which depends only on T and H.
Let us fix a bounded disk D which contains ¢(T) and let us endow Wi(H) with
the corresponding Hilbert space structure. Because the operators induced by M,

respectively I® T on Wi(H) coincide, we shall denote M also by T, depending on
the context.

PROPOSITION 2.5. Let T be a hyponormal operator on the Hilbert space H.
Let Wi(H) denote the above Hilbert quotient space, with the induced operator T on
it and the natural embedding V : H — Wi(H). Then

a) T is a scalar operator of order 2 with 0(7“) < o(T).

b) The linear span of the vectors {ﬁ(go) Vh : ¢ € CP(C), h e H} is dense in WE(H).

c) If Ac #(H) and T, S is a pair of hyponormal operators on H, such that
AT == SA, then A induces an operator A € LWHH), WiH)) with the property
AT = SA.

d) If f is an analytic function in a neighbourhood of o(T), then

VAT) = fT)V,

where f > f(T) is the functional calculus morphism.

Proof. a) follows from the fact that WZ(H) can be represented as a quotient
of WU, H), with U an arbitrary open neighbourhood of ¢(T), and consequently
o(M)  o(MWXU, H)) = U.

b) is a consequence of the density of C®(D) in W2(D).

¢) is derived directly from the definitions.

d) is a general property of the analytic functional calculus, [12, Corollary
111.9.11].

COROLLARY 2.6. With the notations of the above proposition
80(T) = o(T) < o(T).

Proof. Since do(T) is in the approximate point spectrum of T, it is also con-
tained in the spectrum of the extension T.

In particular this corollary shows that, exactly as for subnormal operators,
the spectrum o(T) is obtained from o(7") by filling some bounded connected com-
ponents of C\o(T).
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REeMARKS. 1) The problem of scalar extensions of operators is treated in
its full generality in [11], in analogy with the theory of subnormal operators. The
major distinction between the two cases is the following: while the minimal normal
extension of a subnormal operator is unique, the minimality, as it is stated in Pro-
position 2.5.b) above, does not insure the uniqueness of the scalar extension of a
subscalar operator. ’

2) Though f(T) is not necessarily a hyponormal operator, when f is an analytic
function in some neighbourhood of ¢(T), the assertion d) in the above proposition
shows that f(7) is still a subscalar operator. _

3) The operator T is normal whenever T is normal. Indeed, in this case /® T*
commutes with z — 7, hence T+ is well defined and T% = T*.

4) Because the main facts of the local spectral theory of a hyponormal operator
(for instance property (f), the estimates for the local resolvents, and so on, see
{4, Chapter I}) are hereditary, they can be derived directly from the same pro-
pertles of the scalar extension 7. The verification of these properties for the operator
T is completely analogous with that for normal operators and uses the fact that 7
has a continuous functional calculus with second order continuous differentiable
functions with respect only to the operator 0.

5) An intriguing question is whether S. Brown’s techniques [3] can produce,
via the above Theorem 1, invariant subspaces for hyponormal operators. The closest
result in this direction is Proposition 2.5 in [1], but which requires that the scalar
extension should be unconditionally decomposable. We ignore if T = M has this
property when 7 is hyponormal.

Acknowledgement. The author expresses his gratitude to Dan Voiculescu for
many helpful and stimulating discussions.
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