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ON THE REDUCTION AND TRIANGULARIZATION OF
SEMIGROUPS OF OPERATORS

HEYDAR RADIJAVI

1. INTRODUCTION

Let & be a multiplicative semigroup of operators on a complex Hilbert space
S¥. We shall be interested in sufficient conditions under which % can be “‘reduced”,
i.e. there exists a (closed) subspace .# of #, other than {0} and 5, which is invariant
for every member of &#. Some of these conditions are strong enough to give (simul-
taneous) triangularizability. This means the existence of a chain ¥ of subspaces
of # such that

(a) ¢ is maximal, and

(b) every member of ¥ is invariant for &.

The maximality requirement for % implies that if .# is in €&, and if /Z_ is the
closed linear span of {#" € €: A" < M}, then 4 © 4 . has dimension 0 or 1.

Kaplansky [4] gives triangularizability results for semigroups of operators
on finite-dimensional spaces. One of his results is that if all the members of & have
the same trace, then & is triangularizable. It was conjectured in [7] that this should
hold for trace-class operators on #. We prove it in Section 3 along with the infinite-di-
mensional analog of its companion in {4]: if the spectrum, a(A4), of every 4 in &
is a subset of {0,1} and the algebraic multiplicity of 1 in 6(A4) is r, where r is a fixed
nonnegative integer, then & is triangularizable. (It should be noted here that
Kaplansky’s results are valid for very general fields.) We also show the triangulariza-
bility of a semigroup of compact (not necessarily orthogonal) projections. Other
triangularizablity results for semigroups are given in [7]. In Section 2 stronger
results on reducibility are given. In particular, it is proved that if & is a semigroup
of trace-class operators and if 1 is the unique element of maximal modulus in o(4)
for every 4 in &, then &% has an invariant subspace. The algebraic multiplicity of
1 as an eigenvalue of 4 is allowed to vary, even without bound.

In what follows, “operator’’ means bounded linear operator on #. The nota-
tion %, is used for trace-class operators, |A4| denotes the trace norm of 4 in %,
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ie., |A] = tr ((4*A)Y/*). For properties of the trace, trace norm, and the Banach
algebra €, see, e.g., [1, pp. 1088 —1119]. The operator norm of A will be denoted by
i|4]] as usual. We shall denote by YV & the (not necessarily closed) linear span
of the set & of operators.

2. EXISTENCE OF INVARIANT SUBSPACES

It is convenient to begin with some simple lemmas.

LeEMMA 1. Let N be a nilpotent operator on a finite-dimensional space with
Nt£0, N+1=0. Then
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LemMA 2. Let & be a semigroup in €, and B a nonzero operator. If tr(AB) = - 0
for all A in ¥, then & has a nontrivial invariant subspace.

Proof. By linearity and continuity, the equation tr(4B) = 0 holds for every 4
belonging to the closed linear span A of & in ¢,. If & had only trivial invariant
subspaces, then so would 2, and since  is a closed subalgebra of %, it would fol-
low that U —= &,. This is a consequence of Lomonosov’s result [6], given in [9].
Thus tr(AB) would vanish for all 4 in %,, contradicting the hypothesis B#0.

LEMMA 3. Let & be any semigroup of operators on #, and let &, be a non-
zero ideal in &, i.e. ¥y # {0}, S, & &, %S < . If &, has a nontrivial inva-
riant subspace, so does .

Proof. The linear span, V &, of & is an algebra on s, and the condition on
&, implies that V &, is a nonzero (two-sided) ideal in this algebra. The lemma then
follows from the well-known fact that if .# is an nonzero ideal of the algebra W of oper-
ators on g, and if # has a nontrivial invariant subspace, so does 2. (Short proof:
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let 4 be such an invariant subspace for .#, and let A" be the intersection of the

null spaces of all the members of .#. Then V £.# and A are both invariant under ¥,
and at least one of them has to be nontrivial.)

THEOREM 1. Let & be a semigroup of trace-class operators. For each A in &

assume 1 € 6(A) and || <1 for 1 # L e o(d). Then & has a nontrivial invariant
subspace.

Proof. For each 4 in &, let r(A4) denote the algebraic multiplicity of the eigen-
value 1 of 4. We distinguish two cases.

1) Assume for each A4 in &, r(A4) equals the nullity of 4—1. Pick 4, with mini-
mal r, ry = r(d,). We can clearly assume that r, is less than the dimension of the
space. Letting P be the Riesz projection [8, p. 31] of 4, corresponding to the eigen-
value 1, we write 4q = P + C, where C has spectral radius less than 1. We can
assume, by transforming every member of & by a similarity, that P is self-adjoint

and that PC == CP = 0. Also, using Rota’s Theorem [3, p. 81], we assume ||C|| < 1.
Now

n—oco n-+ 00

lim |44 — P| = lim [C" < lim |C|P"-1.|C| = 0,

and for arbitrary A4 in &,

lim [AjAA; — PAP| = 0.

n—co

Thus the finite-rank operator PAP is the limit of -operators each of which has an
eigenspace corresponding to 1 of dimension at least r,; it follows that PAP has
this property. Since the rank of PAP is at most r,, we must have PAP = P. The
proof can be finished here if ry > 2. (Just pick unit vectors x and y in the range of
P with x | y and observe that PAP = P implies Ax ] y for all 4 in &. Thus the

closed span of &x is a proper invariant subspace.) However, since ry = 1 is a pos-
sibility, we proceed as follows.

If P# 1s invariant for &, we are done; otherwise there is B in & with
(1 — P)BP # 0. It follows from the above paragraph that for every 4 in &,

P = PABP = (PAP) (PBP) + PA(l — P)BP=
= P + PA(l — P)BP,
or PA(l — P)BP =0. Thus
tr(A(l — P)BP) = tr(PA(l — P)BP) =0

for all 4 in &. Since (1 — P)BP # 0, & has a nontrivial invariant subspace by
Lemma 2.

5-2495
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2) We can now assume the existence of an A4, in & with ry == r(4,) greater
than the nullity of 4, — I. We argue as in (1) to assume a decomposition

where C and P are as before, N* = 0, N¥+1 = 0 for some k, and PN = NP =: N.
Then for arbitrary 4 in &

A34 = (P + NY'A + C"4,
so that |44 — (P -+ N)Y'A| = [C"A4| < ||C"||-|4], and thus

(=) lim 424 — (P + N)'d] = 0.

nR—CO

The remainder of the proof consists in showing that tr(N*4) =0 for all
A in &. Lemma 2 would then imply the existence of a nontrivial invariant subspace.
Pick 4 in &. If tr(43A) is bounded, then so is

n

tr((P -+ N)'4) = tr(PA) + *’2 ( ;

) tr(N/ A),

because lim |tr(424) — tr((P + N)"A4)| = 0. Thus the dominant term on the right

n—co
side is zero: tr(N*4) = 0.
We can now assume tr(43A) is unbounded ; then there is a sequence n(i) of
intergers such that |45V 4] — oo as i — oo. It follows that

lim |(P + NY©4) == co.

i-o0

Since A is fixed and P has finite rank r,, by passing to a subsequence we can assume

ino (P + N)'A|

nii)
m P N4

in the ¢, norm, where F = PF, |F| = 1. 1t follows from (=) that

. A4
lim = = =
o 1450 4]

also. Since the spectral radius of 47% A is always 1, and since lim [ 45" 4! == oo, the

is00

operator F has to be nilpotent: F° = 0.
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Now the inequality
j ( (P + N4 )’o

(e

(P + NY"|.-14] (P + N)'4]
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) n(i) ro
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e \ |2+ N
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by Lemma 1, we conclude that (N¥4)™ = 0, i.e., N*4 is nilpotent. Thus tr(N*4) = 0
for every 4 in &.

COROLLARY 1. Let & be a semigroup in €,. If 6(A4) = {0,1} for every A in &,
then & has a nontrivial invariant subspace.

Note that the condition o(4)= {0,1} can be.weakened to 1€ o(4) < {0,1},
which would amount to the same thing in infinite dimensions. In the finite-
-dimensional case, however, this allows (4) to be {1} for some members of &.

COROLLARY 2. Let & be a semigroup of operators on a finite-dimensional space.
If 1eo(4) < {0,1} for every A in &, then & has a nontrivial invariant subspace.

This corollary weakens both the hypothesis and the conclusion of the result
in [4]. Simpe 3 X 3 examples of & can be constructed which satisfy the above condition
(and hence have invariant subspaces), but are not triangularizable. Also, as shown
in [4], the above condition cannot be weakened to 6(4) < {0,1} in general. Here is
a case in which it can.

THEOREM 2. A semigroup & of compact idempotents has a nontrivial invariant
subspace.

Proof. We can assume &  {0}. If 1 € o(4) for all 4 in &, the assertion fol-
lows from Theorem 1. Thus assume 0 € &. Again, if the nonzero members of &
form a semigroup, we are done by Corollary 1. So assume the existence of a non-
zero left divisor A, of zero. Note that for 4 and B in & we have AB = 0 if and
only if BA = 0, because AB and BA are idempotents with equal trace.

Consider &, = {Be ¥: 4,B=0}. Then AY, < &¥; and ¥4 = &, for all
Ain &, and &, is a nonzero semigroup, which has a nontrivial invariant subspace
by Lemma 2. So does &, by Lemma 3.

This result can be strengthened. (See also Theorem 6 below.)
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THEOREM 3. Let & be a semigroup of idempotents. If & contains a nonzero
compact operator, then it has a nontrivial invariant subspace.

Proof. Let &, be the semigroup of compact operators in &. Then &, has a
nontrivial invariant subspace by Theorem 2, and &, # {0} by hypothesis. The asser-
tion then follows from Lemma 3.

3. TRIANGULARIZABILITY

We start with the generalization of Kaplansky’s result [4] in the case where
the spectrum of every operator in the semigroup is contained in {0,1}.

THEOREM 4. Let & be a semigroup in ¢, and r a fixed nonnegative integer.
Assume that, for every A in &, 6(4) < {0,1} and the algebraic multiplicity of 1 in
o(A) is r. Then & is triangularizable.

The proof is an adaptation of Kaplansky’s method to the infinite-dimen-
sional case, but, as may be expected, it is complicated by topological considerations.
We start with a lemma.

LEMMA 4. Let & and v be as in the statement of Theorem 4. Let % be an
invariant subspace of &, and &, the restriction of & to J/:

Py ={Aldl - A e}

There exists an integer ry < r such that, for every B in %, , the algebraic multiplicity
of 1 in 6(B) is r, (and o(B) < {0,1}).

Proof. The assertion is clearly true if r == 0. Thus assume r > 1. Let E denote
the orthogonal projection on .. Let A and B be arbitrary members of &, and denote
by s and ¢ the multiplicities of 1 in 6(EAE) and in o(EBE) respectively. We must
show that s==f. Assume, with no loss of generality, that s<¢. Denote by p,
the multiplicity of 1 in 6(EA"B"E). We first prove that p, < s for sufficiently large #.

Let Ay = FAE, B, = EBE, and let P be the Riesz projection of 4; corres-
ponding to the eigenvalue 1. Denoting PA,P by F, we write 4, = F -- Q, where F
has rank s, Q is quasinilpotent, and FQ = QF == 0. Let n be so large that

Ne"ll-1BfI” < 1 and  {IQ"[I2NiBili- IFI)™ < 1.

If, for any n, p, = 0, there is nothing to prove. Otherwise, there is an ortho-
gonal projection P, of rank p, whose range is invariant under 4%B? == E4”B"E and
such that the restriction of A{B} to P 3# has determinant 1. We restrict both sides
of the equation

PHAT'B’{P" = P" F"'B'{P" + PHQ”'BSTPII
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to P,o and rewrite it, for computational purposes, as
T=S-+R,

viewing the operators as p, X p, matrices. Note that the rank of S cannot exceed s,
because F”B? has rank < s.

Now assume, contrary to our claim, that s < p,. Applying a unitary trans-
formation, we can assume that S has at least one zero column. Let S; and R;
denote the columns of S and R respectively, where S; = 0. By Hadamard’s in-
equality [2, p. 202]

pn
1 =detT = |det T| < [[IIS: + Rill <

i=1

< IRJ-T S+ R,
and, since || S;ll < || "By} and ||R| < || Q"B{]| for every i,

1< Q- 1B (NEI" 4 1@ D=~

If || F|| = 0, this implies 1 < ||Q"|| ||B,|I"; if ||F]| % O, then
L < [|@"[[- 1By |I" - IFIMT <
< [lQ"[l- @Bl IIFID™.

This contradicts the assumption on n. Thus we have shown p, < s for sufficiently
large n.

Next letting A, = (1 — E)A(1 — E)and B, = (1 — E)B(1 — E), we observe
that the multiplicity of 1 is r—s in 0(4,), r — ¢ in o(B,), and r — p,, in 6(43B%) for
every n. Now r — t < r — s, and an argument similar to the one given above proves
r— p, < r—t for large enough »n. Hence

r=p,,—|—(r——p,,)<s+(r—t),

or t € 5. It follows that s = ¢, as asserted.

Proof of Theorem 4. The existence of a nontrivial invariant subspace for &
is proved by Corollary 1 if r > 1 and by [5] if r = 0. By Zorn’s lemma there is a
maximal chain ¢ of invariant subspaces for &, and we claim that it is a maximal sub-
space chain, i.e., for every 4 in € with J# # ./ _, the subspace ./# © J/_ has
dimension 1. Let &, and &, be the restrictions of & to .# and to .# _ respectively.
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Let r, and r, be the respective constant multiplicities corresponding to &) and &,
given by Lemma 4. Let P denote the orthogonal projection on .# © .#_. Then,
considering &, as a restriction of &, it is easily seen that r, < r,, and that P¥P - -
= {PAP: A e ¥} is a semigroup on .# © .#_ with the corresponding multiplicity
g — ry. This would imply the existence of a nontrivial invariant subspace A" for P¥P
if % © ./ _ had dimension greater than 1, giving an invariant subspace % _@ .1"
for &, strictly between .#/_. and .#. This contradicts the assumption on &.

THEOREM 5. Every semigroup in €, with constant trace is triangularizable.

Proof. As in [4], we reduce this to Theorem 4 by showing that if 4 is any ope-
rator in ¢, and if tr(4") = ¢ for all n, then o(4) < {0,1} and ¢ is the multi-
plicity of 1 in a(4). Thus let {a;} be an enumeration of the eigenvalues of A (repeat-
ed according to multiplicty) such that lg,' > las,} > ... . We must verify that

1

[

co
Y di = ¢ for all n implies that ¢ is a nonnegative integer, a;, = ... =a,:
]

and a; == 0 for i > ¢ -+ 1. Elementary calculus and algebra can be used to prove
this, as follows.

() First show that if {z,, .. ., z} is any set of complex numbers of modulus
1, and if lim(z{ + ... +zf) = b, then b =k. To see this just take a sub-

N0
sequence n; of integers so that the sequence {zi/} is convergent, say to b;, for

i=1,...,k. Since, for every m, z"J converges to b7, we have by’ 4 ... 4-b7 : -

i

= b for all m. As in [4], this implies b; = ... =b, =1, b =k.

=]
(ii) Next we do the special case ¢ = 0: we must show that if Y ai=0 for
i1
all n, then a; = 0 for every i. Assume, on the contrary, that a; # 0. Dividing each

a; by a; we can assume | = |a| =...=|a) > |ay4y] = ... . Thus } la} < o0
o0
implies that lim }: &} = 0. It follows that lim(a] + ... 4 a}) = 0, which is a
mofaksl u

contradiction by (i).

(iii) Finally, assume ¢ # 0,sothata|>1. Letp = |ay| =...=|a] > ‘@, ,; >

=... . Then
k o\
Iim(—c——— y (—“—) ): 0.
i pn i=1 p

Now if p exceeded 1, this equation would give k = 0 by (i), which is a contradiction.

k
Thus p = 1 and lim Y ai=c It follows from (i) that ¢ = k. We must show that

noj=1

a; = ... =a;, = 1. Assume, on the contrary, that a, # 1 for some r < k. Pick
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a subsequence {nfj)} of integers such that lim !> = b s 1. Then
j

lim Y, a9 =k —b,
J l<igk
i£Er

which is a contradiction, because the left hand side has modulus < k& — 1, and
k—1<|k—b.

THEOREM 6. A semigroup & of compact idempotents is triangularizable.

Proof. Use Theorem 2 and Zorn’s lemma to get a maximal chain of invariant
subspaces. If .# and .# _ are subspaces as in the proof of Theorem 4, and P the or-
thogonal projection on .Z © .#/_ , then P& P is a semigroup of compact idempotents.
Theorem 2 would apply again if P had rank greater than 1. This completes the proof.

The author gratefully acknowledges support from NSERC of Canada.
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