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ON K, (C*(SL(Z)))
(APPENDIX TO “K-THEORY FOR CERTAIN GROUP
C*-ALGEBRAS” by E. C. LANCE)

TOSHIKAZU NATSUME

The purpose of this note is to generalize the result obtained in [4]. By
J. Cuntz’s approach to KK-theory, the structure of the proof becomes much
clearer. In particular, we calculate the K-groups K,(C*(SLy(Z))) of the group
C*-algebra of SLy(Z).

1. PROLOGUE

Let G be a countable discrete group, and let H be a subgroup of G. Let Py
denote the unitary representation of G on ¢%(G/H) induced from the left multi-
plication.

DeriNITION. The pair (G, H) has property A if there exists a one-parameter
family (4,) of unitary representations of G on¢2?(G/H) such that

i) '10 = ):

ii) 1,(g)5. = 6. for every ge G,

iti) (4,) (considered as a one-parameter family of representations of C*(G))
is a K-homotopy, that is, for each x € C*(G), t— A(x) is a continuous path in
B(XG/H)), and ,(x) — X(x) € A (£(G/H)),

iv) A(h) = A(h) for every h e H.

In particular, G has property A4 if (G, {e}) has property A [4).

Our main result is the following:

THEOREM Al. Let I' = G g S be the amalgamated product of countable discrete
groups G and S along a subgroup H. Assume that (G, H) has property A. Then,
Jor every C*-dynamical system (A, a, I'), there exists a six-term cyclic exact
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sequence
1 2 1.2

KO(A Xdl’ ]I)-"':——""I‘—) I<O(A XVIG) @ KO(A X:zr S) = R KO(A err)
A

1 1 2

£, te, [ ) v
K4 X I) —2 K{A X G) ® KA Xor S) o K(A X e HD),

where x (resp. %) is a natural inclusion of 4 X, Hinto A X G (resp. A ¥,- S),
and &' (resp. &%) is a natwral inclusion of A X4 G (resp. A X S) inio A X T

In the case H = {e}, Theorem Al coincides with Lance’s resulc ({4, Theo-
rem 5.4)).

It is easy to see that if A is a normal subgroup of G, and the quotient group
G/H has property A, then (G, H) has property 4. Since any countabie amenable
group has property A ({4, Theorem 2.1]), if /¥ is a normal subgroup of G, and
G/H is amenable, then (G, H) has property A.

It is well-known that SLZ) = Z, =, Z; Hence we can apply Theorem Al to
the group SLy(Z). Since SL,(Z) is K—amenzable ([1D, the natural map C*(SL,(Z)}—
—> C¥(SL,(Z)) induces isomorphisms of K-groups. Thus we get:

COROLLARY A2. Ko(C*(SLy(Z))) = Z3,

K,(C*(SLy(Z)) = 0.

Another example is the following: Let F, be a free group with n gencrators
8. .., &, and let H be the subgroup generated by g,,..., 2., kK < n. Then (G, )
has property A. So that Theorem Al applies.

In what follows, we give an outline of the proof of Theorem Al for the case
A =: C. By the arguments used in [6], we can then prove the theorem for a reduced
crossed product when A4 is unital. For non-unital 4, let A+ denote the C*-algebra
obtained by adjoining a unit to A. Consider the reduced crossed product 4% X T,
where a is the extended action of ' on A+. Then 4 X, I" is an ideal of A+ XTI
Constructing first various homomorphisms for A+ x . I', and then restricting them
to suitable subalgebras, Theorem Al for the general case can be proved.

In this note, by tensor product of C*-algebras we mean the minimal tensor
product.

2. TOEPLITZ EXTENSION
Let I' = G#y S be an amalgamated product. Write G* == G\ H, S* : - S\ H,

G = G/H, G* = G/H\{H}, G= H\G and G*= H\G — {H}. We assume
that G # H, S # H.
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Let I'f be the set of all non-empty words in I which end in G*, and let Iy ==
= I'f y H. Similarly define I'} as the set of all non-empty words ending in S%,
and let I'y — I'f U H. The left regular representation A(g) preserves Z*(I';) for
g€ G, and A(s) (s € S) preserves £2(I'¥). For g € G, denote by u(g) the restriction
of A(g) on/*(I')). For s € S, denote by v(s) the operator v(s) = A(s)g(I'¥), where
g(I{) is the orthogonal projection corresponding to I'f < I',. pand v are extend-
ed to representations of A = CHG) and B = C¥(S) respectively. Let F be the
C#-algebra generated by p(g), v(s) (g € G, s € S). Notice that v is non-unital, and
that g, = u(l) — v(1) € 7 is the orthogonal projection of £%(I";) onto £%(H). Let #
be the two-sided closed ideal generated by g in . Then:

Lemma A3. ([6, Lemma 1.1], [4, Lemma 3.11). There is a homowmorphism n
Sfrom T onto CHI) such that n(u(g)) = A(g) (g€ G), n(v(s)) = As) (s € S), and
Kern = .#£.

The proof is similar to that of [4, Lemma 3.1].

We claim that £ is isomorphic to CX(H) ® A ((X(I'y)), where I, = I',/H.
Let {g;}, {s;} be representatives of G, S respectively. By convention g, = e,
so == e. Then each element w of I'| is uniquely written in the form

W= 5,858 ...58
1,81,55,81, s’n"’nh’

where i #0,..., i, #0, j, #0,..., j,#0 and /e H The mapping
w = (s; & ...5;8,h) induces an isometric isomorphism

Vi) - 00 X H) ~ (3 @ (H).
It is not difficult to see that
ad(v) (F) = H(F*(I')) ® CHH).
In pérticular, the map p: H (X)) @ CHH)— T is given by
ple(w’, w) ® Ah)) = a(w") (ugy) o(w™1),
where, for w'’' = 5j 8y v 58
(W) = v(s; ) u(gs) - . . ¥(s; Vg,

and e(w’, w) are the natural matrix units.
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Thus we get an extension of C¥(I') by 4 @ C¥(H):

0 - H(£H(T) ® CHH) > T 5 CHI) - 0.

Therefore, to prove Theorem A2, we only have to study K.(7) and the maps p
and .

REMARK. So far, we have not used the assumption for (G, H).

3. CUNTZ'S APPROACH TO KK-THEORY

In this section we summarize the basic facts about Cuntz’s approach to
KK-theory that are used in the later section. We use the notations of {2].

For C#-algebras A, B, the group KK(4, B) is defined as the group consist-
ing of all homotopy classes of prequasihomomorphisms from A4 into % ® B,
where A is the C*-algebra of all compact operators on a Hilbert space of coun-
tably infinite dimension.

LEMMA A4. Let (2, %), (B, B): A—> ED> J > A ® B be prequasihomomor-
phisms. Assume that a(x)B(y) = 0, a(x)B(y) = 0 for arbitrary x,y € A. Then

1) (@ + B, @ + B) is a prequasihomomorphism A - E>J - A @ B,
2) [e+ B, @+ Bl =1 @+ [B, Bl in KK(4, B).

Proof. 1) is obvious. We show 2). First, notice that the class [0 + 8, @ -} Bl is
represented by the following prequasihomomorphism

a+p 0 E—{—[?O:A_)EODJO_’%'@B 0 cH @B
((o 0)’(0 0)) (0 E) (0 J) _(0 f@B)

On the other hand, [«, a} + [£, B] is represented by
* 0,(5"9 4 (F O)D(J O)ﬁ(va 0 )cx@;s.
0 B 0 B 0 E 0 J 0 A ®B
Put
o 0 C, S\(0 0\/C, —S,)
o, = +

. [« O C, S)\(0 O0\/C, —S§,
o, = + — ’
(0 0) (— St Ct) (0 B) (St Ct)

where C, == cos(n/2)t and S, = sin(m/2)t.

and
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We can show that «,, @, aré actually homomorphisms from A into M,(E),
and that (o,, @,) defines a prequasihomomorphism
A > MAE) > My(J) —» My(# ® B) ~ 4 ® B.

It is clear that (o, «,) is a homotopy connecting

(6" o 57 o)) o (6 5) 5 5))
0 0 0 0 0 B 0 g
Let (a,a): A - E > J be a prequasihomomorphism from A4 into J. Then
(¢, @) induces a homomorphism (a/a), : K,(4) — K, (J) as follows.
First, add units to 4 and E and extend (x, @) to a prequasihomomorphism
(&, @): A* - E* > J with &, @ being unital. For a unitary v € M,(4+*) the unitary
&(u)i(u*) is contained in M,(J), hence it defines an element of K (/). The corres-
pondence [u], — [é'c(u)??z’(u"-‘)]1 defines a well-defined homomorphism

(oi/), : Ki(4) - K (J).

(afa),, : Ko(A4) - Ky(J) is defined by taking suspension. It is not difficult to see that
(x¢/),, depends only on the homotopy class [a, ].

Let (x, @), (B, B) be prequasihomomorphisms from A into 2 ® B, and let
(o, @)+ (B, p) be represented by (7, 7). Then

e = @D, + (BIB), : Ky(4) — K (B).

For prequasihomomorphisms (o, @): 4 —» E, D> J, =+ A ® B, (B, f): B~ E, >
> J, - A ® C, the Kasparov product [B, ] [, &] is defined (cf. [2]). Assume that
(8, B [«, ®] is represented by (y,7): 4 — E3 > J; » A ® C. Then we have that

(BIB)+ (/@) = (77D -

As we have seen above, an element [«, ] € KK(4, B) induces a homomorphism
(/). : K, (4) —» K, (B). We say that [o, &) € KK(4, B) is invertible if there exists
(8, Bl € KK(B, A) such that [B, B} [&, &] = 1, [@ @] [B, B] = 15, where 1, (resp. 1)
is the unit of the ring KK(4, 4) (resp. KK(B, B)). If this is the case, (x/a),, is an iso-
morphism with the inverse (8/B), .

4. VARIOUS HOMOMORPHISMS

In what follows, we assume that (G, H) has property A with a homotopy
(A, . ite & for A (£X(Ty)).
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Notice that {g;"'}, {57} are regarded as representatives of G, S, respecii-
vely. Using these fixed representaiives, we may regard every quotient space by [/
(e.g. T',) as a subset of I

Each element of I' is uniquely written in the form wg with we I',: s H
and g € G. Each clement of I'f is uniquely written in the form wh with w ¢ I, and
h € G*. Thus we get identificasions I' ~ ', X G and J'§ ~ I'y %X G* Notice that
G, G% are identified with H X @, G* X H, respectively.

Let {d(w,g,g")} be the canonical orthonormal basis, where (w, g, &')e
€l X G X G*~T x G* Similarly, for (w,h,l') el X G* X G ~ I'¥ % G,
{dw, h, h')} denotes the canonical orthonormal basis.

Put

(8w, 8,80 == %, (aleg)o(g™™), 8(k)) o(w, k, k~'gg),

kGG

where (w, k, k=1gg") e I'; X G* X G.
Using property ii) of Definition, we see that u extends to an isometry {rom
¢ X G::‘) onto £¥(I'§ x :G—), and that its adjoint is given by

w o(w, b, 1)) ==Y, CO(h), A(hR')S(k)) O(w, hh'k, k-1).
€G

k

Since £3(T'F % E) is a closed subspace of /%I, ><5_G‘), we regard u as an isomeiry
into /%I, X G).

Forxe 7, na(x) ® 1 € BN ® B((¥G™)). Let Y be the representation o
g on £ X G) defined by

Y(x) = u(n(x) ® Nu*.
Define also a representation y by
Y(x) =x ® 1 € B(X(I',)) ® BUXG)) for xe 7.
Making use of property iv), we see that
Y(x) = P(x) for x = w(s) (s € S).

LemMMA AS. ([4, Lemma 4.2]). For xe J,
(1) ¥(x) e Mt ® W),
@ ¥ — P ex @ A
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Proof. A routine computation shows that xp_(x) e M{( ® ). Using property
iv) for A,, it follows that

@ \G) ® 1) (Y (u(g)) — P(u(@)) =

for g € G, where q(fl\a) denotes the orthogonal projection corresponding to
I \G c TI,. Since ¢-® 1 € & ® ¥, it suffices to show that

(@G ® D)Y(u(g)—¥(u@)) e # @ AU

Define a unitary U on £%G* x G) by U(S(h, I')) = 8(h, ki), and notice that Ue
€ M(J# ® ). By direct computation on ¢(G*) ® 1,

US((0)—(g)) ® AU = Ylu(g)) — Y((e)).-

Hence, by property iii),

(@G ® 1) W) — Ylu@) e # @ A %

Each element of I is uniquely written in the form ws with w € Iy, s € S. There-
forc we get an identification v:/%(I") = /%, X S). The latter space is identitied
with 73", % S) Define 6 and 0 by 0(x) = v(z(x))v* and 0(x)=x @ 1 € BLA) ®
® B/ ?(Ti)) (x € I) respectively. Then, by elementary calculations, we get that

0(u(9)) = 0(u(g)) for ge G,

and

O(V(s) — 0(v(s) = g; ® Ms) e ® B.

Ii is easy to see that 6(x) e M(A# ® B).
Thus we get prequasihomomorphisms

W9 T - MA @M D>A QN
and

0,0: T - M(AH @B) > # @B,
REMARK. In the construction of {, we used property iv)"

() = Ah) for he H.
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5. PROOF OF THEOREM Al

Let j denote the homomorphism x — ¢. ® x from  into # ® 7. The

homomorphisms u and v are considered as homomorphisms from U @ B into 7,
hence they define prequasihomomorphisms

Gu, 0), (v, 0): ADB->MA RIT)D>A QT
Notice that
(.”‘l/o)_ = I’l::: : K*(Q[ (’9 %) d K:::(g_)i

and
(Jv[0), = v. . K (U @ B) - K.(T).

To show that u,, + v,. is an isomorphism, it suffices to show that & = [ju, 0] 4
+ [jv, 0] is an invertible element of KK(A @ B, 7). We claim that 5¢ = lyga,

and that ¢&n = 15, where n = [6, 6] — [V, ¥].
PRroPOSITION A6. #¢ = lygs.
Proof. Notice that lygy is represented by the class
[lla 0] + [12’ O]y

where 1,: W > 4 ® U (resp. 1,: B > A ® B) is defined by 1,(x) = g; ® x (resp.
L) =g; ® y).

né =10, 61 [jv, 0] — [y, ¥1 Lju, 0),

because Ou = @u and Yv.= Y.
By the definition of product,

nc = [0v, Ov] — [Yu, Yul = —[0v, 6v] — [Yu, Yul.

Therefore, to see that n¢€ = lygw, it suffices to show that

[0v, 0v] 4 [, 0] =0 in KK(B, B),

and

[Wi, Yl + [12, 0] =0 in KK(, ).

It is easy to see that (Yu) (x)1,(¥) =0 for x,y € A, and that (év) (x)1,(») =0
for x’, ' € B. Then, by Lemnia A4,

(Bv, 8v] + [15, 0] = [6v + 1,, O],
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and

Wi, Y] + [, 01 = g + 1, Yul.
By direct computation, 0v + 1, = @v, hence

[6v + 15, 0v] =0 in KK(B, B).

Then Proposition A6 follows from the next lemma.

LemMa A7. ([4, Lemma 5.1]). Yyu + 1, and Yu are A ® A-homotopic.

Proof. For (h,h') e G X G, put

Uo(h, 1)) = 3, <A(hR)S(R' Y, k) 8(kks, ki),

keG

where (k,, k,) is the decomposition of k~14h' corresponding to G ~ H X G. For
(w, h, i) € T¥ X G* X G, put

U (6w, h, h')) = 6(w, h, ).
Then U, extends to a unitary from £%(I"; X 5) onto itself. Put
P x) = Uu(x) @ DUF for x e A.

¢, is a representation of W on 31", X G) ~ ¢%Ty X G). By direct computation, we
get that

¢ =y +1, and @, =y
By the argument used in the proof of Lemma AS,

PLx) — po(x) X @ A for every 1€[0,1], x e A

N

REMARK. In the proof of Lemma A7, we do not need property iv) of (4).
PROPOSITION A8. {n = 1.

Proof. First, notice that 1, is represented by
UGL0:T - MHARINDA ®RT.
&n = (Lju, 01 + [/v, 0D (16, 6] — ¥, ¥) =

= —[up, Wbl — [V, W] - [0, u6] + [v6, ¥4),
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where u (resp. v) is the homomorphism from M @ %) (resp. M(# ® B)) into
M(# ® ) which extends the homomorphism

lQu:AUA-AHA RT
(resp. 1@ v @B -4 ®T).
Note that here we need the fact that % and B are unital.
Since Vi = v and [0 = pb,
&n = — [ww, wp] + [v6, »0l.

For xe 7, define k: 9 — BT ) ® B(/z(fl)) by k(x) = x ® g;, where ¢; is
the orthogonal projection corresponding to {€} c T‘l = HAN\TI,. Then k() e
e M(#" ® ), hence it defines a prequasihomomorphism

kY. T - MA @T) DA RT,

which represents 0 € KK(7, 7). Therefore

& = [0, v0] + [k, k] — [y, u].
Since uy = vd + k,

&7 = [0 + &, ] — [y, pdl.

Thus, to get the conclusion, it suffices to show that

[, 1l + 1. 0] = [0 + k, wh].
By Lemma A4, the left hand side is equal to

(G ~+ J, wl

Therefore the conclusion follows from the next lemma.

Lemma A9. ({4, Lemma 521}, p¥ 4+ is & ® T -homotapic to v6 +- k.

Proof. We give only a sketch of the proof modelled on that of {4, Lemima 5.2].
For g € G, define ¢,g) € BT, X TI})) by

SGry, gy if we IEN\G,

oew, w) =4 . ) .
odg)ot ) S Glgs 8wy, 8(k)y 8k, k—gww’) if we G,
keG
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where (wl, gs) is the decomposition of gw corresponding to I'; ~ I'; X H. Then
(o) is a homotopy of representations of A on £%(T, 1><F 1. Moreover ¢/(g) €
EMUA ® ), and ¢(8) — @ EX ® T

For s € S, define ¢(s) by

lé(wl~,'s2-w’) ifws'e
@5) 6(w, W) = -‘5(?, sw') ‘if w='e, w #e

0 ifw=7¢€, w =e,

where (wy, s,) is the decomposition of sw. ¢, extends to a representation of B on
(U, Ty and ofs) € M(A ® T).
Notice that

(V0 + k) (u(@) = 04(g), (VO 4 k) (v(5)) = @os),
WY) -+ ) (1) = @.(g) and (@ -+ j) (v(s)) = @y(s).

Forwe I'f withw= ... S &1,5i8i, -+ Put

oW) = ... odgi) dss) - - - -

Notice that each element of I'¥ is uniquely written in the form siw’ with
seS, he G* and w e I} = H\I?, where I'? is the set of all elements of I,
beginning in S*. Define m, € BXT, X Iy)) on bas1s vectors by

m((€, e)) = d(e, e),

m(3(2, shw)) = ¥ Gulh)8(h~Y), 8(k)D 5(5'1,52 ~hw'y +

keG*
+ (A 8(h=1), 8(2)> 8(e, shw'),

where (sy, §p) is the decomposition of sk, and
m(o(w, w') = @(w)m[5(e, w)) ifwe I:_;F

Using the fact that 2,(h)5(€) = 6(€) for h € H, we can check that m,@(g) =
= @g)my, and that m,@y(s) = @,(s)m,.
. By the argument in the proof of [4, Lemma 5.2,] and property iv), it follows
that (m,) is 2 homotopy of unitaries.

8 -2495
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&, = m(v0 -+ k)m} is a homomorphism from J into M(# ® ), and
PD(x) — Py(x)e A ® . It is clear that (P,) is a homotopy connecting P, =
=0+ k to &, =uy +j.

This completes the proof of Proposition AS. %

REMARK. Since p is a unital homomorphism, it is easy to obtain y. As for v,
we have to be more careful, because v is not unital. By the action of S on I'f from
the left, I'¥ is decomposed into equivalence classes. This decomposition gives us

the extension ¥: B(£%(S)) — B(¢¥Iy)) of v: B> . Then 1 @ ¥ extends to a homo-
morphism V: B(/A(I,) ® ¢4 S)) - B(AI,) ® ¢A(I'y). Since B is unital, an element
x € B(tUI,) ®£%(S)) belongs to M(A @ B) iff x(e(w, w) ® 1), (e(w, w) ® 1) x €
€ ® B for arbitrary matrix units e(w, w") of A",

We claim that if x € M(# ® B), then v(x) e M(A ® ). As J is unital,
it suffices to show that

V(x) (ew, W) ® 1), (ew, W) @ N V(x) e @ 7.
Put v(1) = p. Since v(x) (e(w, w') ® (1—p)) = 0, and (e(w, w') ® (1—p))V(x) = 0,
V(x) (e(w, w) @ 1) = V(x) (e(w, W) ® p) = V(x(e(w, W) @ 1) eX ® .

Similarly we get
ew, W)@ DVv(x)e X @ 7.

We know that K,.(7) is isomorphic to K.(U @ B). It is clear that n, u, =
= £}, W, v, = £2. We have to show that the composition of the maps:

K (CHH) = K (o @ CHH)) » K (7)) S K (U D B),

coincides with sl — »2.
As we have seen above, the isomorphism K (7)) —» K (W & B) is given by
6/0)., — (W), Let 1: CX(H) > A @ CXH) be defined by 1(x) = ¢; ® x.
PROPOSITION A10. (Y/¥h).p.t, = —xk, (8/0).p.1, = —3x2.
Proof. It is sufficient to show that
W, ¥1[p, O] [1, 0] = [11, 0] %, 0]  in KK(CHH), ),
and
[0, 61 [p, 01 [1, 0] = [15, 0] [%, 0] in KK(CH(H), B).

By direct computation we see that yp1 =0, Ypr = 1,x}, Op1 = 0 ard Opr = 192
This completes the proof of Theorem Al. %
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6. K, (C*SLy(Z)))

Let m, n, k be integers, and let k divide m and »#. Consider the group Z,, *z, Y/

Recall that K(C*Z))~Z' and K (C*(Z;)) =0. The homomorphism K, (C*(Z,)) -
— K (C*Z,)) is given by the following m X k matrix

1 0
0 1]:2F>zm
0 0
0 0

By Theorem Al, we have
Ko(CHZy %5 Z) = 2",
and
Ki(CHZ,, +5 Z) = 0.
In particular, since SLy(Z) = Z, *, Zj,
2

Ko(CH(SLx(2))) ~ Z5,
K(CF(SLy(Z))) = 0.

REMARK. As Z,*, Z, are K-amenable ([1]), K,(C*Z, *z, 7)) ~
k
~ K. (CHZ,, *z, 7).

Next we calculate the K-groups for a certain crossed product C*-algebra
by SLy(Z).

SLx(Z) acts faithfully on R? and on the space of oriented lines through O,
which we identify with S*. This gives a natural action ¢ of SLy(Z) on S which
preserves antipodal pointé. By Theorem Al, we have an exact sequence:

Ko(4 X 5 Zy) - Ko(4 X5 Zy) @ Ko(4 X, Zg) = Ko(4d X, SLy(Z))

Ki(4 X 4, SLy(Z)) « Ky(4 X Zy) @ Ki(4 X, Zg) « K (4 X, Zy),

where A4 = C(SY).
It is not difficult to see that the map
Ko(A X4 Z3) = Ko(4 X0 2Zy) @ Ko(4 X, Zy)
is given by the matrix

[ §]:Z-—>Z®Z.
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Similarly, Ki(4 X, Zs) = K(4 X, Zy) @ K(A X, Zg) is given by

[ i];zqz&;z.

Therefore we get
Ko((S?) x4 SLo(Z)) = Z,

Ki((81) X SLy(Z)) = 22

Since o(a) (¢ € SLy(Z)) preserves antipodal points, ¢ induces an action ¢
of SLx(Z) on RP! ~ S1 We can show that

Ko(C(SY) x;, SLAZ) = Z%,
K,(C(SY X, SLy(Z)) =~ Z2.

The computation is left to the reader.

7. EPILOGUE

In this section, certain interesting examples, which led the author to the study
of the results in [4], are presented.

i) It is well-known that the fundamental group I', of an orientable closed
surface M, of genus g >2 is expressed as an amalgamated product of free groups
alorig a cyclic group.

Let «;, By, ..., 051, Bg—1 and a, f be free generators of S =: F,,_, and
G == F, respectively. Let H be the subgroup of G generated by [«, f]. 7 is identi-
fied with the subgroup of § generated by [0, Bi] ... [0,—;, B,-,] Via

[0(, ﬂ] nd [ala Bl] e [g(g-—ﬂ Bg—ll-
Then we have I'y = G *, S.

The author is interested in the study of reduced crossed product by I',, which
is related to the C*-algebra of foliation ([5]). Although, for the moment, the
author does not know whether (G, H) or (S, H) has property A, it seems
most likely that neither of them does so. Thus Theorem Al can probably not
be applied to the group I',. However, we have examples which suggest the
existeace of a six-term exact sequence.

First, notice that on M, there exists a Riemann metric of constant cuivature
—1. Let D? be the hyperbolic plane with the Poincaré metric

ds? = 4{dz|%/(1 — |z[2)?
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of constant curvature —1. The group PSLy(R) == SLo(R)/Z, is identified with the
group of all isometries of (D2, ds?).

It is well-known that I', is realized as a discrete subgroup of P_SLZ(R), and
that D*TI", is equivalent to M

Let T,D? be the unit tangent bundle of D% The geodesic flow on 7,D? deﬁnes
a Ce-foliation & whose leaf is a weakly stable manifold of the flow. The unit tan-
gent bundle T, M, has the form 7'M~ T,D*T , . Since & is invariant under the action
of I', on T, D% it descends to a codimension one C-foliation # 4 of T\M,, a so-cal-
led Anosov foliation. _

By [5], we know that the C*-algebra CHT\M,, F,) is isomiorphic to
(C(SY X, I'y) ® A, where 1 is a natural action of F on S, which  we view as the
boundary of the hyperbolic plane, and ¢ is the elementary C*-algebra.

On the other hand, the foliation %, comes from an action = of the croup

pP— (S t)eSLg(R);s,reR,s>0
0 s-? .

on the space T\M,, and C¥(T\M,, #,) ~ C(T\M ) X, P. Then, by the Thom
isomorphism, we have

K{(CHT\M,, F,) = K(T1My)  (j=0,1),

where the right hand side is the topological K-theory. Thus we get

‘ K (C(SY) X Ty = KHTM,).
We can see. that o
KT M) ~ 2%+ @ Z/(2g—2),
KYT,M,) ~ Zee+,
Note that, for C(Sl) X I’y we have maps
1
K.(C(SY) %, H)—-——>K AC(SH X ..0) ® K, (C(Sl)x,,S)—eK (C(Sl)xﬂfg)
The maps ) :
Ko(C(SY) X . H) = Ky(C(SY) X G) ® Ko(C(SY) X« S) . S
and L .
K(C(8Y) X, H) —» Ky(C(SY) X G) @ Ky(C(SY) X o SY
are given by the following matrices ’
t _—
(1 00 ! 0. 0) 22 - 22 @ 2751 for some me Z
m 0 0 2+42¢—m 0...0

and
‘(I 0 0 —1 O...O)‘

122 » 72 @ Z*%1 respectively.
0 00 0 0...0) . o
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The computations of these maps are very interesting in themselves, but

these are omitted here.
Assume the existence of a six-term exact sequence given in Theorem Al, for

C(SY) X I, . Then from the above calculation, it follows that
Ko(C(8Y) X [y) = 238+ @ Z|2g — 2,
K(C(SY) XoT,) = Z2+1,
This result coincides with the one above.

PrOBLEM. Prove Theorem Al for the group I', (g > 2).

ii) Finally we give examples having property A. Let X, be a closed non-orien-
table surface with & > 2 cross-caps. Topologically Z, is the Klein bottle. Then
7,(Z,) is a group with k generators oy, ..., o, and the single relation o ... af =1
(cf. [7, p. 149)).

Let G and S be the free groups with generators «, and a,, . .., a, respectively.
Let H be the subgroup of G generated by of, and identify it with the subgroup of
S generated by of ... of via of - (o ... af)~1. We have that

m(Z) =~ G4 S.

Since G is abelian, (G, H) has property A. Therefore, applying Theorem Al,

we get
Ko(CH(m(ZY) =~ Z,

Ky(C¥n(Z))) = ZF1 @ Z,.
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