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ON THE TOPOLOGICAL STABLE RANK OF IRRATIONAL
ROTATION ALGEBRAS

NORBERT RIEDEL

INTRODUCTION

In this paper we are concerned ‘with the question whether the invertible ele-
ments in the irrational rotation algebras are dense or not, or to speak in the termi-
nology of Rieffel’s theory of the topological stable rank of C*-algebras [3], is the
topological stable rank of the irrational rotation algebras equal to 1 or 2 (cf. [3],
7.4). Using an elementary fact in continued fraction theory, namely there are irra-
tional numbers o admitting an arbitrarily high order of approximation by rationals
(in the sense of diophantine approximations), we shall show that there are irrational
rotation algebras having a dense set of invertible elements. Actually, we shall show
that for these irrational rotation algebras &, the invertible polynomials in the two
canonical generators U and V of &, and their adjoints U* and V'* are dense in the set
of all polynomials. Since the spectra of those polynomials turn out to be very un-
stable depending on the rotation number «, we cannot expect the proof will provide
us with explicit formulas for the spectra of polynomials, As an example for this insta-
bility we want to mention Hofstadter’s empirical investigation of the spectrum of
U4V 4 U* 4 V*in [1]. Therefore, our method of proof will be based on general
arguments and very rough estimates.

§1

For each n e N we define inductively a function ¢, on N as follows:
(1) = n2";
k—1
Yutk) = n2"+ n* YY), k> 2
i=1

Moreover, we define a function ¢ on N by

() = (25 ()
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Continued fraction theory shows that there are irrational numbers « > 0 such that

(ll) [0( _pn/qn[ < Q(qn)a

where p, /g, (p, and g, are relatively prime integers) denotes the convergent of order
n of a (cf. [2], proof of Theorem 22). Our main purpose is to prove the following
theorem.

1.2. THEOREM. For any irrational number o > 0 satisfying (1.1), the invertible
elements in the corresponding irrational rotation algebra of, are dense in 57, with
respect to the norm-topology.

§ 2

Let > 0 be an irrational number. We set 2 = e?7i=, and we fix two canonical
generators U, V of &7, ,i.e. Uand V are unitaries in &7, satisfying UV == AV U. A poly-
nomial (in Uand V) is an element in &/, of the form Y] a,;U'V/, where a;; vanishes

i,jeZ

for all (i, ) in the complement of a finite subset of Z2. Since the set of all polynomials

is dense in o7, , Theorem 1.2 is an immediate consequence of the following propo-

sition, which tells us how to approximate arbitrary polynomials by invertible poly-

nomials. (If 2(x, y)) is a rational function of the form Y, @;;x'y/ and 4, Bare inver-

iJjeZ
" tible, not necessarily commuting operators, then we shall write £(4, B) for
Z a,'inB'i-)

iJjeZ

2.1. PROPOSITION. Assume that o has the property (1.1) and let (U, V) be a

polyaomial in U and V. Then for any 0 < € < 1 there exist numbers s, t e[l - g,

1 + €] such that the element P(sU, tV) is invertible.
The proof of Proposition 2.1 is preceded by a short sequence of lemmas.

NotATION 1. For any rational function in the variables x and y of the form
Px, )= Y, a jx‘ » with complex coefficients a;;, we call the finite subset
{(i,j)|ai ;i ;él(’)j}e%)f 7.2 the support of 2(x, y), and we denote it by S(£). By an extremal
point of S(#) we mean an element in the plane which is an extremal point in the
convex hull of S(#). Actually, such an extremal point belongs to S{#). We denote
by §(9) the intersection of Z2 and the convex hull of S(#).

2. For any positive integers p, ¢ which are relatively prime, we denote by

i(p.q’ — e2=iplq

cio1 e s
Sy L 1=
Upo = (u.‘(fm)léi,jéq , where u:'?'q) = |
0 elsewhere

1if j=i+1lori=mn,j=1

V, = @M1« where ©{? =
q if SUYASUE ij
0 elsewhere.



IRRATIONAL ROTATION ALGEBRAS 145

Thus, U, , and V, satisfy the following relations.
U&.» = Vi =1, (= identity matrix)
UpVa = S VaUipay -

2.2. LeMMA. Let p,q € N be relatively prime. Then for any polym')\mial
0# Px,yy =3, a;x'y/ there exists a polynomial Z(x,y) with S(%) = S(P),
i,jz0

such that for all x, ye C
det(Z(xU,,., , YV ) = R(x9, y9).

Proof. For a given polynomial 2(x, y) we consider the set K which is equal
to the intersection of Z? and the convex hull of the set {(g/, q/) [ (i, j) € S(#)}. By
definition of the determinant as a homogeneous polynomial in the entries of the
the underlying matrix, we get the following representation,

det(P(xU g, YWY = % cyxy,

(i, ))EK

’

with properly chosen cosfficients ¢;;.. Now, conjugating the matrix 2(xU,, ., yV,)
by all matrices of the form U, V%, 0 < k, I < g — 1, yields for any pair of g-th
roots of unity &, » the identity

Y cxy = 'ch,.j(fx)"(ny)f; x, yeC,

,.HeEK G.ne
hence ¢;; = &'n’c;; . This shows that ¢;; # 0 only if i, j € gN.

REMARK. It is easy to see that if (/,j) is an extremal point of S(#) then
Cigj = = afj .

2.3. LemMMA. Let p, g € N be relatively prime, and let P(x, y) be a polynomial
so that P(xU,,,, , yV,) is invertible for all x, y e T (={z e C | |z| = 1}). Then there
exists a (unique) polynomial Q(x,y) such that

g(xU{p,q) » qu)Q(XU(puq) B qu) = det('@(xU(p,q) H qu)Iq >
Jor each x,y e T.

Proof. An application of Cramer’s rule shows us that for each (7,5) € (Z¥)+
there exists a complex g X g-matrix M;; such that

P(xUpgy » YV Y, M x'yl) == det(P(xU,,,, , YV, .

ihJjz0

Since the matrices Ui, , Vi, 0<i,j<q—1, form a linear basis for all g xg-
-matrices, we can represent the A;; as linear combinations of these matrices, thus
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getting complex polynomials ;{x,y) (0 < i, j < g — 1) with

g -1 . .
Q4 PaU,,, V) ( Y Q6 i V;) = del P,y g, YV,

i,j-0

for all x,y e T. Moreover, the polynomials Q;; are uniquely determined by the
equation (2.4). Next, we conjugate both sides of (2.4) by all matrices of the form
UboVE, 0 <k, 1< g—1, thus getting

g-1 PN .
P(ExU gy » V) ( Y QxS Upg Vs ) = det(P(xUygy » ¥V,

iyj-i0

for x, y € T, and for any pair £,  of g-th roots of unity. By Lemma 2.2 we have
det(Z(ExU,,,, , nyV,) = det(P(xU,,, , ¥V,)). Therefore, as the polynomials Q;; are
uniquely determined by (2.4) we obtain

Qij(éxa ny) = fiﬂjQij(x, », x,yeT,

for any pair of g-th roots of unity &, 5. It follows from this condition that there
exist polynomials Q;;(x, y) such that

Qij(x, 3) = XpIQ (%, ).

g—1

We set Q(x, y) = ¥, Qij(x, y). Because of the last condition, and since Uf,q ~=
i,j-=0

=2 V@ = I, holds, we get

q-1 i )
Z Ql'j(x’ y)U(‘p,q)Vé = Q(XU{p,q) > qu)’

ij.-0

thus accomplishing the proof.

2.5. LEMMA. Let p,, ps ... and q,, g5, ... be sequences of positive integers
such that p, and q, are relatively prime, and let P(x,y) =Y, a;;x'y’ be a non-
i,jz0

-zero polynomial. For each neN we choose a polynomial R, q5(X,y) =

=2 Y, cg.'"‘q")x"y" with det(P(xUg a0, ¥Vq)) = Ay
. HES()

2.2). Then there is a subsequence of (py, 1), (P2, gs), - .. which, for convenience, we

denote by (py, q1), (Ps, 9o, ... again, such that

2 )(x%, ") (cf. Lemma

n-n

A
lim jcw? M = ¢,; <00 for (i, j) € S@);
H— 00
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and there is an element (k, 1) E?S(.@) such that for each 0 < g <1 there are
numbers s, t € [l — ¢, 1 4+ &] with

Cus*t! > ¢t i (4 )) # (K, D).

Proof. Each time, when we choose a subsequence of (py, qy), (P2, o), ... We
shall denote it by (p;, ¢1), (ps, ¢2), ... again. First we choose a subsequence such
that for some (g, 1) € §(9’),

) > |9 for all (i, ) € $(2).
Since by our assumption £ is non-zero, lc(” win| s strictly positive. We set
Z,Efn,qn) - C'{/.z,,,q,,)/cg)l,,,q,,) .
Next, we choose a subsequence such tha.t
lim lc(”"’qn)l Yin _ ¢;; exists for all (i, j) e §(37’).

n—o0

Let I' = {(i,j) | ¢;j = 1}, and let (k,/) be an extremal point in the convex hull
of I'. Then for any given 0 < ¢ < 1 wecanfind s, € [l — &, 1 + &] such that

skt > s’ for (i,j) € I\{(k, D)},

Cijs't) > ¢,.s™"  for (i,j)YeT, (mn)e §(9’)\F.

Now we get
1/q 1/q
'c:-,;"'q”)l / nsktl‘s(p",qn) = ldet(ﬂ(SU(p,,.a“) > th"))l ln <
< H.@(SU(,,"_,,") > thn)” < ZA Iaijlsitj’
(,j)ES(2)
where
(, ) 2p,5a,) 2 -H) a,G—1) 19
5(,,",,]',) =1 4 . Y P, /c”" 9, (Inli=K 4a, [

(L, ) eS@\(k,n}

However, since limé, 45 =1, we get
n-»oo

1/g
hm suplc(”""’")l "kl < oo,

hence also,

Yq
(Il "9, )l n < 0o,

limsuplc,

n— 00
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Therefore we can choose a subsequence such that

) 1/4,
llmlc(” 9|

o

=y < 00,

If we set ¢;; = ¢;jcy » then all the other conditions listed in 2.5 are also satisfied.
Now we turn to the proof of Proposition 2.1.

Let o be a positive irrational number satisfying (1.1). In order to prove 2.1
it suffices to show that the statement of 2.1 is true for polynomials in U and V of
the form Y, a;;U'V’. For, if (U, V) is an arbitrary polynomial in U and ¥, then
there exis’t’jlj,o ! = 0 such that the support of the function x*y/2(x, y) is contained in
(Z3*, and if U*V'9(U, V) is approximable by invertible elements, then the same
is true for 2(U, V). So, let us consider an arbitrary complex polynomial 2(x, y) ==
= Y] a,;x'y/. Let p,/q, (p, and g, relatively prime) be the convergent of order n of a.

i,jz0

By Lemma 2.2 and by Lemma 2.5 there exists for each 0 < ¢ < 1 a subsequence

of (p1, qu), (Ps> Go)s - - -, Which we shall denote by (py, g1), (P2, ¢a), - .. again, and
numbers s, ¢ € [l —¢, 14¢] such that (we set 2(x, »)= Z a;x'y’, where a;;-s't/a;;)
there exist polynomials e
By ot ) = %, oy
) ES(P)
with
det(@P(xUqp,ay « ¥V )) = Py q (5", y'),

lim {7, Hn ;<00 (i) e S@);

and there exists an element (k, /) € §(?>) such that
cu> ey for GG, j) € SIN{k, D).

We assume the polynomiaj % to be normalized, so that ¢, = 1. By Lemma 2.3
there are polynomials

Qe )06 3 = 3 bty

nin
i,j>0

so that for each ne N

(2.6) PxUepap » YVa 0,0 ) U a) > ¥V} = %(p",qn)(xq”’ yq")lq"§ xyeTl

For notational reasons we sst %, i‘q")(x"n, _v"l:) == } Eg’"’qn)x" yf . For each ne N
! s 47
i,j>0

the equation (2.6) is equivalent to the following linear system of scalar equations,

@.7) Y a, b gl g)/ = ¢, g h =0

U g- lh -iz(p . gh
() )
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(For convenience we set bg.’"’q") == 0 for (i,)) € ZX\(Z®*.) Now, there is an integer
m > 0 such that for each n 2 m the number ¢, dominates the following numbers,
la;;l, |a;;*| for (i,j) € S(2); moreover S(#?) < [0, ¢,]X[0, ¢,), and

AZ i(;?j’n’qn)/czn‘qn)\ < 1/2’ 279 < |c¥;n‘qn)l.
(i, ) ESBIN (.}

We shall show that @(U, V)Q(,,",qn)(U, V) is invertible for n > m. We denote by
S, )% ¥) = Y, aPnWxiy/ the polynomial satisfying

y
ijz0

L1 )(U, V) = P(U, V), V).
We get

(r,.q,) __ ~ 3(p,a,) (-8
dgh" n o= ZA~ aijbg_nl.’;;_jll .
(U, /)ES(2)

We shall estimate the sum Y, lEf}’,’"’q") — df}'.’"’q")l. In order to do this, we need an
i,j>0

estimate for the coefficients bf.fn’qu’ . Therefore we consider (2.7) as a system of linear
equations in the variables b{}»%’. Since S(%(, q,) S S(#), we get that SQp,.0)) €
< convex hull of {(g,i, g./) | (i, )) € §(97)} < [0, g2 %[0, ¢3). Thus we know from
the beginning that bg.'""'") = 0 for (i, ) ¢ [0, ¢2] X [0, ¢Z]. Now we can solve the system
(2.7) by at most g2-gZ = q* steps, where in each step we compute another of the
variables bg’n“’n) by resolving a properly chosen equation of the system (2.7). So,
basically what we do, is solving a system of linear equations whose underlying
coefficient matrix is triangular. There are some equations left over, which we don’t
use for the resolution of (2.7). The absolute value of the variable we compute in the
k-th step will be dominated by lpq"(k) (cf. Section 1; of course, this is a very rough
estimate). Since the functions x//,,’l are monotone increasing, we get

B < g (gh).

Next,
D (pea,) (r..q,)
ghz>0 ‘cghn [ g dghn nl <
~ (r,.q,) (i—8)j (i—-g)j
< XN aglirlig o) — AT <

P A~
g.helbq,] (i,))€8(2)

< XX Ol (Gn)2nli — 811pugn — ol <

ghe[0,g2) hiEI0a,

< 8q7(gh)®(q,) (by (1.1)),
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whence,
P, V)Q,ap(U> V) =
= ci_’;n’qn)(qu,,qu,, + AZ cf;”’q”)/cg”'q")Uiq"qu") +ZWU, V),
(i, HeS(?)\(k,h}
where
12, V)l < X675 — a7 < 8qip(at)olan) =
i)
—(g,+2) (r..4.)
= 27TV < (1/4)e .
Since Yy i@ e} < 1/2, we conclude that P(U, V), 0 (U, V)

(i,j)e§(§)\{(k.n3
is invertible, thus 2(U, V) is invertible, and this completes the proof of Proposi-
tion 2.1. Hence Theorem 1.2 is also proved.

REeMARK. We haven’t used the diophantine condition (1.1) uatil the very end
of the proof of Proposition 2.1. Actually, all of the intermediate steps go through
for an arbitrary rotation number also. For instance, let « = 1. Then the rotation
algebra associated with « is nothing but the commutative C*-algebra of all conti-
nuous functions on T2, i.e. &7, = C(T?). As an approximating sequence of rationals
for a we could choose {(n — 1)/n},en. However, since the dimension of T2 is two,
the topological stable rank of C(T?) is also two ([3], 1.7), in particular the invertible
elements of C(T?) are not dense in C(T?).
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