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GENERALIZED DIRAC-OPERATORS WITH SEVERAL
SINGULARITIES

BERTEL KARNARSKI

1. INTRODUCTION AND NOTATIONS

Jorgens generalizes in [6] the concept of Dirac-operators. But there he only
allows singularities at infinity. For physical reasons — e.g. an electron possesses
an anomalous magnetic moment [2; 3; 4; 8] — we have also to allow singula-
rities localized at compact sets of measure zero [8, § 9]. In generalizing this concept
one can also study multicenter operators of Jorgens-type (see [9; 12] for a physical
nterpretation). Using a general decomposition principle we show in the following
that the multicenter case can be reduced to the case of a single center.

In the second and the third section of our paper we determine a formula for the
deficiency indices and the essential spectral kernel. Further, in all cases important
for physical applications we also construct selfadjoint extensions and determine
their essential spectrum. The techniques used are similar to those of Behncke [4].
Especially we generalize Theorem 1 in [4] in many ways.

Finally, we apply the results of the previous sections to Dirac-operators with
several Coulomb-singularities. In particular, we generalize the results of Landgren
and Rejto [12], Arai [1] and Klaus [9].

At the end we also discuss the problem of determining a physically distinguished
selfadjoint extension and generalize some results of Klaus [9] and Nenciu [13]. The
notation will be mostly standard. Especially T denotes the closure of the operator
T, while 2(T), #(T) and #(T) denote its domain, kernel and range respectively.
For a closed symmetric operator T we denote the deficiency indices, the spectral
kernel and the essential spectral kernel by def. T, S(T)and S.(T) respectively (for a
definition of these notions see {19, Chapter 8]). The spectrum and the essential spec-
trum of a selfadjoint operator T are denoted by o(T) and o (T) respectively.

In the following, all operators are defined in the Hilbert space

H=2LRHQC" (mpeN);
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the scalar product and the norm in $ are given by

{u, vy ::S i u;v;dx  and  [jull® = {u, u).

j=1

Finally, we write 2,(Q) for €3(2) ® C? and 2, for 2,(R™) where Q@ =« R™
is a non-void open set.

2. DEFICIENCY INDICES OF GENERALIZED DIRAC-OPERATORS

Let N; (i=1, ..., n) be non-void disjoint compact subsets of R” with measure
zero. Then there exists a positive number 6 such that N;= B;(6):= {y : d(y, N}} < d}
and B;(0)n Byd) =D (i #/) where d(x, M) denotes the distance between the
point x and the set M. In a manner analogous to Jorgens [6] let T, be an essentially
seldfadjoint operator defined on D (N§) with

N0:= U Ni
i=s1

and its closure T which satisfies the following conditions:

(1) For every ¢ € €(R™) the operator A,(¢) defined by A,(@)u == To(eu)—
— @Tou for u € Zy(N§) is bounded; let A(¢p) be the uniquely determined bounded
extension of Ay(p) to all of $.

(2) lim supjl 4,(,) || <1; the sequence (i) is defined by ,(x):=¢@(x/n) where

@ Is a ¢P(R™)-function such that ¢(x) =1 for ix] < 1, ¢(x) =0 for 'x, > 2 and
0<op<l.

3) DN @(T) forallj=1,...,n

Further let V; (i=1, ..., #n) be a formally symmetric pXp matrix poten-
tial with 'V, € Z7..(N?) having one of the following two properties ({4’ denotes the
operator norm of the matrix A).

(4) For every non-void open bounded set Qc Q< N¥ there are non-negative

constants a; and b; with by:= Y] b; < 1/2 such that
i-:1

|Vl < b || Tull + a; lull  for all ue Do(Q) (i =1, ..., n)
or

(5) @(T) < @(V,) and ‘ (1 - Xi)Vi| € ag?gc(Rm) ([ = ]: MR n) with Xir= XBi((V?) .
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Frequently, we replace condition (5) by the stronger condition
(59 I(T)c2V)and |(1 — x)Viie L2R™) (i=1,...,n).
Finally, let 5#; (j=1, ...,n) be defined by
Hi:=T-+V, with §(H#)):= QO(N,-“).

The conditions (1), (3), (4) or (5) imply that Dy(N§) is a core of #; (j=1, ...,n),
The operator o, is defined by

Hoi=Ty+ Vo  with D(H) = De(N§) and V=Y V;.
j=1

Operators of this type possess well localized properties. Especially, condition (1)
implies for all u € 2(H#7), ¢ € €X(R™):

(6) pue D(H7) and Hi(ou) = eHiu+ Al (j=0,1,...,n).

The conclusion of (4) remains valid if one replaces #°; by ffj.
In all applications (see Section 4) T, will be the Dirac-operator for a free
electron. This means m == 3, p = 4 and

Ty=a-(—i V) + 5,

where o; (j = 1,2,3) and o,:=p are 4 by 4 Hermitean matrices satisfying the follow-
ing anticommutation relations

oy 4 oy = 26,0 (j, k=0,1,2,3).

Especially, T, is essentially selfadjoint with 2(T) = WY(R?) ® C* (W(R?) denotes
the Sobolev space of order 1) and satisfies condition (3) if N; (j=1,...,n)
is a point or a compact part of a line (see [16] for more general results). T, also satis-
fies the conditions (1) and (2) with A(p)u =a-(—iV @)u for all uc H and ¢ € CP(R3).
Furtherlet V; (j== 1, ..., n) be a 4 by 4 matrix potential with [Vl € Lioc(N5) then
the potentials ¥; (j =1, ..., n) satisfy condition (4) for all b; > 0 with a suitable
a; > 0. Clearly, we can allow more general potentials, ¢.g. Stummel-potentials (see
{6} and [8, §9)).

Finally, choosing N; == {a;} with a; # a, (j # k), the Coulomb-potentials ¥;
localized in a; satisfy the conditions (5) and (5') (see Section 4).

To comntinue our abstract considerations we need the following perturbation
lemma:
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LEMMA 1. Let Ty and V; (j=1, ...,n) satisfy the above assumptions ther

def. #; = def. Ty + 1,¥; (i=0,1,...,n)

with yg:= Y -
j=1

Proof. (i) First, we assume that the potentials V; (j = 1, ..., n) satisfy condi-
tion (4). For a fixed ¢’ € (6/2, 8) we decompose V; (j = 0,1, ...,n) by V;: : V; -+
+ Vet Vis with Vi, :=yV; and V,,:= Lcw Vi with Ci(d) == {3:8,2<

J

< d(y, N;) < 8'}. Then there exist €5(N5)-functions §; and «; with ;¥ ;.
o;f; = ; and 0 < o;, ¥; < | and bounded open sets Q; with suppy;, suppx; =
< Q;c Q; < B(d)n N;.

Further, we define the operators 5 and 5" by

Hyi=THa (Vi + Vi) and HY =T 4V +V,;q, with D)) = DAY ) G (H ).

Because of #j(Yu) = ot (Yu) + (I — a)AWu for all ue G(3¢;) we get
with suitable nonnegative constants a; and a’ for all u € 2(#)):

HVj,z ufl = | Vj,z l//ju;H < bj”T(WjU)” + aj”u” <
< b;(1 = by~ Wt j( )| + ajilull < b(1 — b)~Y| 5 ui| - aj{u.

Therefore, without loss of generality we may assume V;, = 0 (see Coroliary 2
in [S)).

(ii) Arguing as in the proof of Theorem 4 in [2] or Satz 3 in [8, § 9] we can
finish the proof.

ReMARK. Without difficulty one can show that the stronger condition
lim supl| 4o(¥,) || < 1/2, which we assumed in Satz 3 in (8, § 9], can be replaced by
n—00

Condition (2). Condition (2) corresponds to Condition (5.4) in [6] and can be
omitted if the potentials V; satisfy Condition (5').

In the following we frequently use functions ¢;, y; and o; (j—1,...,1)
defined by the properties:

() @;, %€ 5(B;(0), 0 < ; < 1, p(x) =1 for xe By(35/4) and ¢;y; ~-
(i) o; € €5(B;(36/4)), 0 < o; < 1 and %(x) =1 for x e B;(5/8).

n n
Further we define «, and @, by a5:= Y] o; and ¢@o:= Y] ¢;.
= i1
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THEOREM 1. (a) Under the above assumptions we have:

(b) If the potentials V; (j =1, ..., n) satisfy condition (5') then we have:

T © D(H,) = span{D(H}): j=1,...,n}
and

DA = span{D(H]): j=1,...,n}

Proof. Because of Lemma 1 we may assume V; = x,;V; (j=1, ..., n). Using
induction we may also assume n = 2.

(a) We denote the deficiency indices of é?j (j=0,1, ...,n) by def. .;7fj =
= (pj»q;) = (dim ./V'(Jff — 1), dim ./V'(,}fj -+ 1)).

STATEMENT 1. Let (w;,) (j=1,2; k=1, ...,p; + q;) be a maximal set of
vectors in D(H'F) which are independent modulo D(H ). Then all vectors w; :=
1wy, are in D(HE), independent modulo D(Hy) and we have H¥w;, = H§W; .

Proof. Using Condition (1) and Property (6) we get for all u € D(H#,):
<ﬁ)j.k’ Hou) = Wiy, yfo(%u)) — Wi, Ao((Pj)u> =

= <Wj,kae}fj((/)ju)> + <A((Pj)wj.k, uy = <'}lf;!<wj,ka uy.
This means w;,, € 2(#5) and H#Fw; . = Hgw;,. Now let n; < p; + ¢; (j = 1,2) be

arbitrary but finite and let 4;, (j=1,2; k == 1, .. .,n;) be complex numbers such
that

LI — A
2 fl € 9(%0) Wlthfj ::kz Aj’kw.j’k .
J=1 =1

Multiplication with y, (/ = 1,2) yields: f; € 9(#o)n D(H;) (j=1,2). If f;:=

t= }j 2;uW; then we get for all u € Zy(N§)
k=1

TN — ) i, ) = {f;, # (L — @u + Afud = (1 — @) f;, Toup

and therefore (I — @;)f; € 2(T¢) = 2(T) with T(1 — @) f; =H#T( — ¢))f;
(j==1,2). Let (u,) = Z,(N§) be a sequence with u, - (1 — ¢;)f; in the graph
norm of 7. Then we get (I —au, —» (1 — @)f; and (A - au,) =
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= To((l — a))u,) » T(l — @,)f; and therefore (1 — @,)f; € 2(#,) n AT). Al
together we get f; € @(,7?]) (j=1,2)and hence 7;;, = 0 (j=1,2; k=1, ...,m).

STATEMENT 2. def.#, -+ def. #, < def. #,.

Proof. Let (uj,,.,),’jf_1 respectively (vj,k)Zi; , (= 1,2) be an orthogonal basis of
N(HF — i) respectively A(AHF 1) and u;, 1= @u;x, V), 1= @;v. Now we
want to compute I:= Im{Hfa, u) for all# e span{ai;;:j=1,2;k==1,...,p;}.

o n.
PR A o .
Foru =Y, Y, %t (n; < p; and finite, %;, € C) we obtain
j 1k-1

I= Z Im Ij,k ;~j,m<°yfj'<(‘pjuj,k): (pjuj,m> -+

i, k,m

n.
J

2 2 7
* Z 2 Z Z Im 2z 24m CAQUG s @Y =11+ Do
j=1k: 1 Ii 1 m=1
J#

Because of A(py) = A(ply + ¢AW) (¢, ¥ € CP(R™)) and A(0) = 0 we get I,:0.
As we have (1 — @))u; € Q(y?j) (proof of Statement 1) we obtain:

I=1++ % ImI 2 (g, — (1 — @), i — (1 — @) =

RN

hIRV LY

ik

= Zk P 2IM{F e, 0> = -
Js

But this means span{u;,:j=1,2; k—1,...,p;} = I'_u {0} with
I == {ue Q) :sign(Im{HFgu, uy) = -1}

Similarly we can prove that span{v;,:j=1,2; k=1,...,9;} < T, u {0}

Application of Statement ! and Satz IV in [15, §14.6] yields the above
conclusion.

STATEMENT 3. def. Jf; -}~ def. ,7{2 > def. Jfo

Proof. The proof is completed if we can show that p, -+ gy < p; -4 ¢y -
-t~ p2 -+ g5. Therefore, without loss of generality we can assume p;, q; < oo for
J:+1,2. Now, in contrary, let us assume py - ¢o > py 4+ ¢; + pa -}- g Let (w; )
(j = 1,2; k==1,...,p; + gq;) be chosen as in Statement 1. Then there cxists
we D(H§) such that the vectors w,i=o@w;,, (j=12; k=1,....,p; g
and u are independent modulo @(#,). Because of dimuQ(J’[’}*)/Q(_%}) = p; -1 q;
the procf of Statement 1 shows the existence of ;, € C and u; € a(# n D(H )
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such that

pj+qj

pu= Y, ApaWige =+ u; (j=1,2).
K=1

Further arguing as in the proof of Statement 1 we can prove (1 — @y u € 2(T) N
N D(#,). Altogether we get u == v + w with vespan{w;,:j=1,2; k=1,...
.pj-+¢q;} and we D(#,). But this is a contradiction.

(b) By the closed-graph theorem the conditions Z(T) = Z(V) (i = 1,2)
imply 9(T) = D(#;) (j=0,1,2). Let u = u; + u, such that u; € XH}) (i = 1,2)
Then the proof of part (a) shows that we have (1 — @) u; € X(T) < D(H#,) and
@;u; € D(HF). This means span{D(AY), D(H3)} < D(HT).

On the contrary let ue Z(#¢). Again using the proof of Part (a) we get
(1 —oue HT)c AH) (j=1,2) and @ue DHT) (j=1,2) and hence
u € span{D(H¥), D(#F)}. The second conclusion can be proved analogously.

REMARK. In many ways Theorem 1(a) generalizes the first part of Theorem 1
in [4]. First Behncke only allows Dirac-operators such that each s#; possesses self-
adjoint extensions. Further he only allows potentials which satisfy Condition (4). As
Behncke uses in his proof the explicit representation of #7 it does not work if
the potentials satisfy Condition (5).

Proceeding from the description of 2(2#,) in Theorem 1(b), we finally construct
closed symmetric extensions of 5.

THEOREM 2. Assume that the potentials V(i = 1, .. .,n) satisfy Condition (5').
Further assume that each #; (j =1, ...,n) possesses a closed symmetric extension

2, with 9;D(H;) = DH,). Then Ho:= K DHo) with D(Hy) := span{D(H)) :
j=1,...,n} is a closed symmetric extension of #, with (pj@(:‘/?o) c @(s?j),

def. #y= ¥, def. #,

J=1

and
DHE) = span{D(H?) 1 j == 1, ..., n}.

Proof. Without loss of generality we can assume V; = 1V (j=1,...,n)

and n -= 2. Theorem 1(b) implies 5, = 3?0 < ¥ . Further we note the following
simple implications:

l.ue EZ(.;?’O) = QU € .@(.9?3-) and .}fj((pju) = 9?’0((/5-1,1) (j=1,2);
2. ue WA (j=12) = oue DA DAY) and HXou) = Ha(pu);

11-2495
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3. ue YHY) = gu e HHX)NDHT) and #Hou) = o) (j = 1,2),
which one can prove analogously to the corresponding conclusions in the proof
of Theorem 1.

STATEMENT 1. 3, is a symmetric operator.

Proof. Let ui=1; + us € (@(,ffo) with u; € 9(9%,) (j=1,2) then we get

2 2 —
u=Y% ou+w with w=Y (I — @) e T) < 2(H,).
s =

j=1
Using the symmetry of c}_f’o and %k (k =1, 2) we obtain:

Imw, 9&)”) = Zk Im(‘!’jllj, eyzao(‘l’kuk» = Zk Im<(pjuj’ «;%;k((l’k“k» =5
ik J»

= X Imou;, Hpan)y = X Imoyu;, Alpuy =0
T3k T¥i
and hence 9’?’0 is a symmetric operator.
STATEMENT 2. 35”0 is a closed operator.

Proof. Let (u,) < Q(y;”ﬂ) be a sequence such that u, — u, Ji;’f,u,, — v. Because
of the first implication we obtain (¢;u,) « 2(#,) (j=1,2) and @u, = @,
:f,;’fj(qaju,,) - @;v’ -+ A(p)u. Further we get

(1 — o)) = ATy < UH,y) and (I — gou, = (I — @),

Ho(l — oy, = (1 — @o)v — A(@o)u. But the operators o, and #, (k = 1,2)
are closed and hence u € @(ﬁo) with J?ou =t

Using the above mentioned implication we can repeat the proof of Theorem
1 and hence the remaining conclusions follow.

REMARK. If even p@(#)) =« D(#,)(j= 1, ..., n) for all p € G(R™) then
also

PD(H ) = D(H,) for all ¢ € CL(R™).

3. THE ESSENTIAL SPECTRAL KERNEL OF GENERALIZED DIRAC-OPERATORS

In the following we need a characterization of the essential spectral kernel
S(T) = {LeC: BT — 2A)isclosed and dim A (T — 1) < oo} of a closed symmetric
operator T by singular sequences.
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LeMMA 2. Let T be a closed symmetric operator then the following statements
are equivalent :

(@) Ae S(T),

(b) there exists a sequence (u,) < D, where 9D is a core of T, such that u, — 0
liminflju,|| > 0 and (T — A)u, — 0.
n-»00

A sequence (4,) = 2(T) with the properties in (b) will be called a A-singular
sequence.

Proof. See [20, § 1] and [7, Theorem 1]. .

In this section we want to determine the essential spectral kernel of #, by the
essential spectral kernels of the operators #° ;- To do this, we have to sharpen the condi-
tions of Section 2. Let T, be an essentially selfadjoint operator defined on Z,(N§)

which satisfies Conditions (1) and (3) (we do not need Condition (2)). Further, we
suppose:

(7) The operators u > @u, ur A(plu (e ) are Ty-compact for all
@ € CPR™).

(8) A(pWu =0 (ue 9) for all o, ¥ € ¥(R™) such that ¢ islconsta‘nt’ on
all connected components of {x:y(x) # 0} (it suffices only asking A(e)uu =
== 0 (HE 53) for J= l,. P 7 k:.]70)

Note, that the. Dirac-operator for a free electron fulfils these properties (see
[6, §7D.

Mainly, the conditions (7) and (8) will allow us to localize a singular sequence
near one N; or near infinity. Finally, we suppose:

(9) The potentials ¥; (i =1, ..., n) satisfy condition (4) for all b; >-0 with
a suitable a; > 0. Further, V;(x) — 0 (jx| - oo).

LEMMA 3. Under the above assumptions the operator u > ou (u€ ) is K-
-compact for all @ € €Q(NS) (i=0,1,...,n). .

Proof. Let g, € 6F(NS) (j=0,1, ..., n) with oy = ¢. Let (v,) < D(#?)
be a sequence with u, — 0, #'Fu, — 0. Using Lemma 10 in [8, § 9.1] (see also
Lemma 5.2 in [6]) we obtain (Yu,) = D(#,), Yu, — 0 and #;(Yu,) — 0.-But the

operator u > Qu is .7/ -compact (see Lemma 11 in [8, §9.2] or Lemma 1:in [4]).
Hence ou, = @yu, —» 0.

REMARK. Lemma 3 remains true if the potentials V; (i=1, ..., n) satisfy
Condition (4) with a;, b, > 0 and b, < 1. :

COROLLARY. Under the above assumptions W;:= V(l ——XJ) is .;?*
-compact (j=0,1,...,n). .
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Proof. Let K = N§ be a compact set; then we obtain, in a way similar to the
proof of Lemma 3, that y W, is # F-compact (see Lemma 13 in [8, §9.2]). But for
all & > 0O there exists a compact set K, = N with |W,(x)| < ¢ forall x ¢ K,. Now
let (u,) = 2(H’}) be a sequence with u, — 0, #Fu, — O then we get for all ¢ >0
(Wil < ellu,ll + [lxx Wu,ll and hence limsup|| Wu,|| < & limsupllu,!!. But this

i n-+c0 n-+00

means Wu, — 0.

THEOREM 3. Under the above assumptions we have
@  SL#) = S(H#); o(TNcSHF) (i=01,...,n).
j=1
If all operators # ; possess equal and finite deficiency indices then

6. (Ho) = o.(5F)).
j=1

Hereby, 96”,' (j=0,1, ...,n) denotes an arbitrary selfadjoint extension of # ;.

(b) In addition assume that also the conditions of Theorem 2 are fulfilled with
(p@(.}?j) < @(Jé’j) (j=1,...,n) for all ¢ € 4FR™). Then the conclusions of
Part (a) remain true if one replaces #; by H S (=0,1,...,n).

Proof. Because relative compact perturbations do not change the essential spec-
tral kernel (see [20, § 1] and Theorem 2 in [7]) we can assume V;=Vy; (j=0,1,...,n)
using the Corollary to Lemma 3. By induction we may also assume n == 2.

(a) StatEMENT 1. 0 (T) = S(#)) (j=0,1,2).

Proof. Let Ae o (T) and let (u,) = Dy(N§) be a A-singular sequence. Using
condition (7) we get for j == 0,1,2: ;u, » 0, (1 — ¢;) u, — 0 and
;= D (= @y = (To — D (1 — @)ty = (L — 0) Ty — Dty — Agf@)tt, = O
and hence 1 e S,(#)).

STATEMENT 2. S.(#)) < S,(#0) (j=1,2).

Proof. let Xe Se(J?’ ;) and let (u,) = Do(N5) be a A-singular sequence.
Then we get (1 — a)u, =0 and To(1 — au, =H;(1 —aju, — 0. Using the
conditions (7) and (8) we obtain A,(¢;)u, — 0. Therefore, we get

@ity = 0, (Ho — Doy = (; — Dou, - 0
and

(T — A — ‘Pj)"n = ('yfj — (- (”j)"n -0
and hence 1€ S,(#,) U o (T)= S(#,).
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— 2 —
STATEMENT 3. S, () = | S.(oF)).
j=1
Proof. Let 1 € Se(J?o) and let (u,) = 2,(N§) be a A-singular sequence. With
the same arguments as in the proof of Statement 2 (replace a; by ®,) we obtain
Ao(@)u, - 0 and hence @;u, — 0,

(‘#j - l)(pjun = (”0 - )“)(Pjun -0 (.] = l; 2)
and
(Tﬂ - A‘) (l - ‘Po)“m = ('#0 - A‘) (1 - (Po)un —+ 0.

But this means

LeJ S.08) ualn) = U SGF).

j=1

The other conclusion follows at once by Theorem 8.17 and Theorem 8.18
in [19].

(b) Using the techniques of Theorem 2 we can now completely copy the proof
of Part (a).

REMARK |. With a similar method Behncke [4, Theorem 1] proves Theorem
3 (a) for Dirac-operators where all operators #; (j=1, ...,n) possess finite and
equal deficiency indices.

REMARK 2. With the methods of J6rgens [6, §7] the condition V(x) — 0
(Ix] — o0) can be replaced in Theorem 3(a) by the following weaker condition:
For alle > 0 and all je {1, ..., n} there exists a bounded open set Q. ; > N; with

—C
| Vull < e} Tull 4 ||ul)) for all u € 24(2,,;).
Therefore, in the case of Dirac-operators, we can also allow potentials V;
with |V;] € LE(N5) n L*825) where 2, is a bounded open set with N; < ;.

4. DIRAC-OPERATORS WITH SEVERAL COULOMB-SINGULARITIES

In this section we apply the results of the previous sections to multicenter
Dirac-operators with singularities localized at N;:= {a;} with. a; # a, (j # k).
Especially, T, is the Dirac-operator for a free electron defined on Zy(N§) with
Ny:=={a,, ..., a,}. In addition we also define the operator T4y by Tyy:== T [ D,
and hence Ty, = Ty = T. Further let ¥; (i =1, ..., n) be a formally symmetric 4
by 4 matrix potential which satisfies Condition (5). Then we define the operator
K (J=1,...,n) on G, by #;,:= Ty, 4 V;. Using Condition (5'), we obtain
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H; = ,/t’ Finally, let V., bea formally symmetric 4 by 4 matrix potential which
satisfies the following condition:

(10) For all non-void open bounded sets Q and for all ¢ > 0 there exists a
positive number M = M(g, Q) with

W Vasaull < € Togull + M|ul]

for all u € 2,(Q).

Then we define the operators #°, and #gy by #y := Ty -+ V, -+ V,,+1 with
D(H o) = Do(N§) and H oo by Hoo 1= Too + Vo + V,iy With D(Hyg) = Z,. Using
Conditions (1), (5') and (10) we obtain #y, == #,.

Studying the essential spectrum of #, we also need the following condition:

(11) For all ¢ > O there exists a non-void compact set K, such that
| Viull < e(| Togull + Hull)

G=1,...,n+1) for all ue Z,(K?).

THEOREM 4. Suppose that the potentials V; (j=1, ...,n 4 1) satisfy the
above conditions except Condition (11). Suppose further, that each operator
H; (j=1, ..., n) is essentially selfadjoint with @(.;fj) = 9(T). Then one obtains:

(@) #y, and Hy; are essentially selfadjoint with

- n-+l
D(Hy) = {ue WeRY®C'nH:a-(—iVu) + Z Viue 5}
J=
and

n+1l

Hogu = - (—iV)u + pu +- Y, Viu forallue D(Hy).

(b) If Condition (10) is also valid for Q:= R3 then
n+1

D(Ho) = NT) and Hou= Tu + Z Viu for all ue DA ).

Jj=

(c) Suppose that the potentials V; (j=1, ...,n+ 1) satisfy Condition (11).
Then we have in addition to the conclusions of Parts (a) and (b) that

o (Ho) = 0 (T)=(—1,1).

Proof. First we assume V, ., = 0. Then the conclusions in Parts (a) and (b) are
trivial consequences of Theorem 1.
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(a) This is an evident consequence of Theorem 5.3, Theorem 5.6 in [6] and
the closed graph theorem if one chooses T,y -+ V, defined on &, as the unperturb-
ed operator.

(b) This conclusion is a trivial consequence of the closed graph theorem.

(c) If V,.; = 0 the conclusion follows by application of Theorem 2.9 in [17]
and Theorem 9.13 in [19]. In the general case V,,; is T-compact (see Theorem
7.3.in [6]) and hence T -+ V -compact.

ReMaArk 1. In [6, § 6 and § 7] the conditions on V, ., are verified for various
classes of perturbations. As usual we choose the potential V; (j=1,...,n) to
be of the form Vi(x) = Q;(x — a;) with |Q;(x)|<c,/|x|. Then the Hardy-inequality
(see Auxiliary Theorem 10.15 in [19]) and the translation invariance of T imply
9(T) <« @(V;). Especially, the potentials V; (j =1, ...,n) satisfy the conditions
of Theorem 4 if 0 < ¢; < 1/2 or Qj(x) = g;(x)] where g; is a real function with
[g,()] < ¢;/lx] and 0 < ¢; < |/3/2 (see [1; 6]).

REMARK 2. Theorem 4 (b) corresponds to Theorem 2.1 and its Corollary 2.1
in [12]. Theorem 4 (a) generalizes Corollary 3.3 (2) in [1]. Further, Klaus handles the
special case V,(x)=c¢;flx —a| (j=1,...,n) with ¢ <3/2 and V,4; =0
[9, Theorem 4.1]. The proofs in these papers are all based upon resolvent methods
in connection with localization of the singularities.

More generally, we even can handle multicenter Dirac-operators with arbitrary
Coulomb-potentials,

THEOREM 5. Assume that V;=c¢/\x —a;| (j=1,...,n) with c;e R and
Vysr=:0. Then one obtains: '

(@) Let I; be the uniquely determined nonnegative integer with I} < ¢ + 1/4<
< (I; + 1)2 Then

def. # = (p,p) with p:=Y, 2l,(/; + D).
j=1

(b) #, is essentially selfadjoint (with B(Ho) = D(T)) iff lejl < V32
(ic/t <V312) for all j=1,...,n. If |c;|<V3/2 for all j=1,....n and\¢c;|=Y3/2
Jor at least one j then D(T) is properly contained in D (3 ).

(c) Let .9%’0 be an arbitrary selfadjoint extension of H#, then
o (o) = (—1, 1)

Proof. (a) Using the formula for def.s# i (see Theorem 1(d) in [2] or Satz 4
in {8, §10]) the conclusion follows by application of Theorem 1 (a).’

-
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(b) Because of Remark 1 concerning Theorem 4 we only have to discuss the
case |¢;] < V?/Z (G=1,...,nand|¢| = l/372 for at least one j. Assuming Z(T)
= 9(,9?0) we get by Theorem 1(b) 9(,%’3) =9T) (j=1, ...,n). Thus we may
reduce the problem to the case of a single singularity localized at 0. Then the appli-
cation of a well-known perturbation result [19, Theorem 5.29] yields the existence
of a ¢ with |c| > 11'5/2 such that o := Ty, -+ ¢/lx| is essentially selfadjoint.

(¢) Because of V; € #}.({a;}°) we can apply Theorem 3(a). But in the case
of a single singularity the conclusion follows by Satz 11 in [8, § 11].

Finally, we discuss in analogy to the case of one center [1; 10; 11; 14; 21; 22] the
problem of determining a distinguished selfadjoint extension of 5, .

THEOREM 6. Assume that V== Qx — a;) with sup|x]|Q(x)i = ¢; € (0,1)
xeR® -~
forj=1,...,n and V,,, = 0. Then #y possesses a selfadjoint extension H#,

with the following properties:
0] Hy=HE + DH)
with

D Ho) = D(HT) N DT =
= D(HE)NDWY) and W := i Ix — aji—1~
j=1

(ii) 9%0 is the uniquely determined selfadjoint extension with
DAy = DWW or D(H,) = B(TP).
(i) 0 H ) = (—1, 1.

Proof. Using the translation invariance of T, Theorem (4.1} in [1] yields that
the operators #; (j=1, ..., n) possess a selfadjoint extension with J.f’,- = AT}
P DUH), D)) = DAY 0 D(x — a;| %) and () == (—1, ). It is a trivial
fact that ¢2(ix — a;~"*) < D(x — a|~"®) and @D(H?¥) <« D(x]) for all
¢ € P(R?). Let # be the Fourier transformation in § then we get using the
spectral theorem

IT[R = (TR = (T9 = (— A+ ) = F3(1 -+ GP1F

and therefore D(|T1?) = W**R? ® C*. Hence it follows by Theorem 1.1 in [18]
that @2( T < 2(|TIV?) for all ¢ € €F(R3). Especially, all conditions of Theorem
2 are fulfilled and we have

span{D(# ) j = 1, ..., n} = D) 1 DATI™) = DAHE) 0 DW™).
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Property (ii) is a trivial consequence of the first one. Finally, Property (iii)
follows by Theorem 3(b).

Especially the conditions of Theorem 6 are fulfilled if Q;(x) = ¢;(x)I with a
scalar function g; € Z{,(R% with

SuPa lxg;(x)| =¢; € (0, 1)

xeR+

forall j=1, ..., n Following the notation of [11] we introduce the potential
classes

M = {q e L(R%: sup |xg;(x)] = ¢ with ¢ € 0,1)}

xeR¥,
M (M):={qe M:q >0 (g <0)}.

For potentials of this type we want to show that #, can also be constructed
by means of a cut-off procedure. To do this we need a probably well-known pertur-
bation result.

LemMMA 4. Let A,, B,, A and B (b e N) be selfadjoint operators in a Hilbert
space $ such that B, (n € N) and B are bounded with |B, — B|| > 0. If A,—» A4 in
the norm resolvent sense then also A, + B, - A -+ B in the norm resolvent sense.

THEOREM 7. Assume V(x) = q;(x — a)I with q;e AL+ VM~ (j=1,...,n)
and V,.1=0. Let V, (V_) be the sum of all V; with q; € Mi* (M~). Let H#,,, =
=T+ V,, -+ V_, defined on 2(T) (e N) where V, ;:=min(V ,and V_ :=

:=max (V_,—1). Then 5#,,, converges in the norm resolvent sense to 3.

Proof. First, we define the potentials ¥V} for q; € 4+ (4~) by

Vi@ (Vo() Iy — <8
0 Ix —al <6, k#j and goedd~ (M)
Vix): =3
Vix) Ix —a|<6, k£ j and g, € A~ (M)
Vi(x) else.

For 6 > 0 sufficiently small we see that ¢j(x):= Vi(x + @) e 4+ (#~) for
g; € M+ (M~). Further, we get }, V; = V;.Let V};:=min(V;,1) (max(¥V;, —1)

Jj=1 Jj=1

for g; e M+ (M) (le N). Then 3¢;,:=T + V;,, defined on 2(T), converges
in the norm resolvent sense to J# ;> where H ; is the uniquely determined selfad-

n
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joint extension of #;:= T -- ¥, defined on J({e;}*) with
QH) = AN D(x — @)~ 2) = D7) 0 (T )

(Theorem 1I1.2 in [11]). Further, there exists N e N with Z Vii=: Ve -+
i

+4- V_ ,for all I 2 N. Because of Lemma 4 we may assume, without loss of
generality, V= Viy; (j==1, ...,n). Now we fix a real c#0 with 'c.>2 ¥ I 4(g))".
Jl

Then we get forallue ,j==1,...,n and / = N:

Ay — i)V u = (H; — i) Noju -+ Alp;) (Ho — ciy~u)
and

(55, — eyl = (yfj,l - Ci)“l(‘Pj“ + Aoy (o, — ci)~lu)
and hence

[ @)(H g = €)™Y = @(Hy — ci)~H]| < (5, — €)™t — (O — D)) +
Ny — e) Tt — @OF; — ci)Y) Aley) (o, — )M -+
4 1Ry — i) Algy) (o — €)= (By — )] <
S W5y — ci)™ — (5 — iy (1 -+ e =24 (i) +

A del T A(@ ] U (Hoo — ) — (0 — i) M.
Analogously we get for all / > N:
1(L — @) ((#o,, — ci)™* — (g — ci)™)| = (T — ci)~* Apy) (Ho,1 — €i) ™"~
— (#y — )| < lel Y| Aol [[(Ho,1 — €i)™* — (Hy = ).

Addition of these inequalities gives:

(o~ ci) =2 — (Hy — i)™ < ¥ (1 4 el Al@p!) 1 — e) ™ —
j 1

— (5 — ei) M 42 Y] A [y — )t — (Hg — ci) ]

i

and hence

[|(#o, — i)™ — (#y — cD) 2> 0 (I > o0).
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ReMARK. Theorem 6 generalizes Theorem 1 in [13]. Nenciu only shows the

existence of a uniquely determined selfadjoint extension ]Nfo of #, with Q(.ffo)c:

< 9(IT1*?) and ae(y?o) < 6.(T). Klaus [9, Theorem 4.2] proves Theorem 6 and
Theorem 7 only for the case V; = ¢;/lx — a;| with ¢; <0 for all j=1,...,na
Although Klaus and Nenciu localize the singularities they do not reduce the pro-
blem to the case of a single singularity but they carry over the methods of [10; 11;
14; 21; 22] to the general case.
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12.

13.

14.

15.
16.
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