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DISSIPATIONS, DERIVATIONS, DYNAMICAL SYSTEMS,
AND ASYMPTOTIC ABELIANNESS

AKITAKA KISHIMOTO and DEREK W. ROBINSON

1. INTRODUCTION

Let (AU, G, o) be a C*-dynamical system where U is a simple C*-algebra with
identity and G is compact and abelian. Next let § be a linear operator from the G-finite
elements AU of A into A. There have been many recent investigations of this situa-
tion with the extra assumption that § commutes with « (see, for example, [1] and the
references therein). The principal aim of these investigations was to characterize
those 6 which generate Cy-groups of *-automorphisms of U, or Cy-semigroups of
completely positive maps. In this paper we study the same questions without the
assumption that 6 and o commute. Instead we assume that U is asymptotically abe-
lian with respect to an automorphism 7 and that « and § commute with 7. Some-
what surprisingly this latter assumption Jeads to similar but even stronger conclu-
sions. (Related results have previously been given by Takesaki [8] and Longo and
Peligrad [9].) For example if 6 is a *-derivation then § automatically vanishes on
the fixed point algebra ¢ of «, d is closable, and its closure & generates a group of
*-automorphisms f which commutes with «. Similarly if ¢ is a *-dissipation for
which 6(2¢) = {0} then § is closable and & generates a C,-semigroup of completely
positive contractions § which commutes with «. In both cases f§ acts by multipli-
cation on the spectral subspaces A*(y) of ¥, i.e.,

Bx) —emvx, x e U(y)

If 5 is a *-derivation then ip(y) = A(y) is a homomorphism of é, the dual of G,
into R. If § is a *-dissipation then ¢ is a negative definite function.

The key point in deriving these results is the observation that asymptotic abelian-
ness defines a natural topology on the multiple tensor products of 2 with itself.
This structure is analyzed in Section 2 and is exploited in Section 3 to obtain the
generator results. In Section 3 we also examine almost periodic actions « of the real
line R in place of the action a of G.
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2. ASYMPTOTICALLY ABELIAN SYSTEMS

In this section we consider a C*-algebra A which is asymptotically abelian
with respect to an automorphism t. By this we mean

lim |[x, T"(»)}i| = 0

n—o00

for all pairs x, y € . This concept expresses a certain independence of x and 7"())
for large values of n. Another expression of independence is through a tensor pro-
duct structure and our aim is to relate these two notions. Specifically we show that
asymptotic abelianness defines a natural topology on the algebraic tensor products
A, = AOU, AU, = AQAOY, etc. of A with itself. This topology is introduced
by a family of C*-crossnorms which are defined in the following proposition. Note
that it is not essential for this result that 2 is simple and we discuss possible genera-
lizations at the end of the section.

ProrosiTIiON 2.1. Let W be a simple C*-algebra with identity which is asymp-
totically abelian with respect to a *-automorphism t, i.e.,

lim||[x, "I =0, xyed.

n=>00

For each k = 1,2,3, ... there exists a C*-norm || ||, on the algebraic tensor
product A, = AQUQO...OU of k copies of W such that

NYxPxP ... ®xP|, = llir[nsupllZt"l(xﬁl’)t"ﬁ(x,@)) oo TR
nl=->00

for any ¥ xP @ xP? @ ... @ x{¥ in W, where |n| =min{|n; —n;|; i # j}. More-
over if x € W, and y € N, one has the cross-norm property

Ix @ pllcsr = lIxlll Xl
Proof. We begin by arguing that |||, defines a C*-seminorm. First define,

for each k-tuple n = (ny, ..., n) of positive integers, a map T, from the direct
product of k copies of U into A by

T,,(x(l’, x(zx’ e, x(’") — .c",_(x(l)) ‘c"'z(x(”) . ‘l:"k(x"").
Since T, is linear in each coordinate it extends to a linear map, also denoted by T,

from U, into A. Thus a € A, > [|T,a| defines a seminorm on the linear space A, .
Since ||T,,a|| is uniformly bounded in n, for each a € A, one concludes that

lally = limsup||T,all

n| -+ 00



DYNAMICAL SYSTEMS 239

also defines a seminorm on the linear space. Next we examine the algebraic proper-
ties of the norm.

Ifa=Yx®P® ... ®x{" then ||T,a* — (T,a)*| is bounded by a finite linear
combination of terms
k

I [l ax @), e
e
Hence ||T,a* — (T,@)*|| - 0 as |n]| - co and
lla*lle = llall
Similarly for a, b € U, one finds that [[(T,ab) — (T,a) (T,b)|} -+ 0 as |n| - co and

consequently

llablli < flalllbll.

But since
(Tna*a) - (Tna)*(Tna) = (Tna*a) - (Tna*)(.Tna) + ((Tna*) - (T,,a)*)(T,,a)
one concludes from the previous observations that ||(T,a%e) — (T,a)*(T,a)|| —» 0
as |n| - co and hence
la*all == llall;.-
This completes the proof that ||- ||, is a C*-seminorm.

The proof that ||- i, is in fact a C*-norm depends upon the crossnorm pro-
perty. The crucial step in deriving this latter property is the following.

LEMMA 2.2, For each pair x,y € N

lim [zl = fix[liy]l

Proof. Since
llx*x 2"y ) < Hlxll- Tl - Iyl < [l []] - [lyy*]]
jt suffices to prove the statement for positive x, y € .
Let x, y € U be positive with {|x|]| =1 = ||y|| and assume there is a positive

a € Awith [la]] = 1 such that ax = a. Since U is simple and has an identity 1 there
exist by, by, ..., b, € Wsuch that

2= ¥ b¥ab, > 1.

i=1

Setting ¢; = a'®p,z=¥* one has xc; = ¢; and
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But
IS 70 e~ v < 3 lled- 09, el 0.
Moreover e L
3, cF (e = ¥, cFxe (e < x|,
Therefore - -
1= c.f‘*r"(y)cifh) < I )] < lim ()] < 1

where Iim denotes the limit over any convergent subsequence. Consequently

lim [|xz"(y)|| = 1.
Finally for each ¢ > 0 one can choose a positive x; € U with ||x;]} = 1 and

a positive @ € U such that [[x — x;]] < ¢ and ax, = x,. Then

12 x"W 2 Wi — e
and one deduces from the special case above that
lim |lxr"(y)[| = 1.
r—» 00
Now we return to the proof of Proposition 2.1.
Let ae U, and beN,. Write n=(n,, ...,n,,) as n= (@', n'’) where
n =y, ....,m) and #"' = (H4q, ..., Miyy). Then Ta ® b) = T(@)T,(b) and

hence
fla ® blly+, = liﬂsupllTn(a ® b)| <

< limsup ||T,all{|T,-b|l = llalllib],.
=]

|n'|—sco |0}

But if one considers k - Ituples for which »"' = (m + m,, ..., m -+ m,;) then
T.(a ® b) = T, (a):™(T,(b)) where m’ = (my, ..., m,). Therefore

lim |T(a @ b)||= |Tw(a) || T (D)l
by Lemma 2.2. Hence
le ® bllk+:r = lilnll sup(|T,(a ® b)|| >
= limsup lim ||T,(a ® b)|| =

||, |’} 0 m—c0

= limsup [I7,/@)| |-}l =llalllibl:

']y {m’| >
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Combination of these two estimates establishes the general cross-norm pro-
perty.

It remains to prove that the ||- |l; are in fact norms. The proof is based upon
the following observation.

LeMMA 2.3, Let W, i = 1,2, ..., k be C*-algebras with identity and B = W, O
OWO ... QW the algebraic tensor product of the W;. If o is a C*-seminorm on
B and J = {x € B; ax) = 0} then J#{0} if, and only if, I contains a non-zero
elementary product x, ® X, ® ... ® x;.

Proof. First note that as « is a C*-seminorm J is a two-sided ideal of B. Next
assume that J is non-zero and let n, be the largest positive integer such that

Y X ® ... xP e I\0}
i=1

implies # = ny. Then choose

o

a=Y¥ xP® ... ®x¥ e I\{0}.

i=1

In particular each term x{¥ ® ... ® x{¥ s 0. Therefore, by multiplying with
xP @ ... ® x{P* if necessary, we may suppose that x{’ > 0 for all j. Let y € U;
with [y, x{’] = 0 then setting p=1® ... ® y® ... ® 1, with y in the j-th
position, one has

[6,a]l = Zn V..., X® ... x" el
i==2

Hence each term of the sum must be zero, by definition of n,, i.e., [y, x¥’] = 0 for
i=2,...,n Thus the x{, i = 1,2, ..., n,, belong to a maximal abelian C*-sub-
algebra €; of U;. Hence

InC0O...0C # {0}

Thus we have reduced the proof to the case that the 2; are abelian.

Let ® be the completion of B/JF with respect to the «-seminorm and II the
canonical quotient map of B into D. If y is a character of ® then xY e
€W »y(IA1® ... ® x® ... ® 1)) defines a character yx; of U,. Thus there is a
map ¢ of the spectrum Q of Dinto £, X ... X @, where €, is the spectrum of ;.
This map ¢ is continuous and hence ¢(£2) is compact.

If op(Q)=0Q,%X ... X &, and

n
a=Y¥x®...0x"eJ
i=1
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then II(a) = 0 and x(I1(a)) = O for all characters y. But then by a simple inductive
argument beginning with & = 2 one deduces that @ = 0 and hence J = {0} which
is a contradiction.

If, however, @(Q) # Q,X ... X &, there are non-zero x’ € A, such that
(supp x'P) X (suppx®)x ... X {suppx®) n (@)=, i.e., y(Ix" ® ... ® x®)=0
forally e 2. Thus x* ® ... ® xP e 3.

REMARK. An alternative proof of this lemma can be based on Exercise 3 of
Section 1V.4 in [3].

Now let us return to the proof of Proposition 2.1.

Let 3, be the two-sided ideal of 2, associated with the C*-seminorm ||- ||, i.e.,
3 = {ae U ; |lall; = 0}.

Then ii- [, is @ norm if, and only if, J, = {0}. But if J; # {0} there is a non-zero
producta = xV' ® ... ® x** € 3, by Lemma 2.3. Then

k
0= ¥ @ .. @ ¥l = Xx® ® ... ® x¥l,y = [T Ix®
i=1

by iteration of the cross-norm property and the identification ||-||; = ||-||. There-
fore a = 0, which is a contradiction, and hence |- ||, is @ norm.
This completes the proof of Proposition 2.1.

For applications it is also essential to have continuity properties of product
states. In the simplest case, & = 2, the continuity follows from the existence of a
minimal C*-norm on ¥, (see, for example, [2], Section 1.22 or [3], Section 1V.4).
But a similar reasoning is valid in the general case [7].

PropPoSITION 2.4. Let B,, B,, ..., B, be C*-algebras and let o, be the C*-tensor
product norm on M, = B, 0B, O ... OB, defined by

%(a@) = supji(m @ m ® ... @ M) @)l

Jor a € M, where 7, runs over all representations of B;.
It follows that o is the minimum C¥-norm among all C*-norms o. on M, .

The proof of this proposition for the case n = 2 can be found in [2], Theorem
1.22.6, or in [3], Theorem 4.19. The general case is covered by Li, [7], Theorem 1.7.

Note that if w,, w,, ..., w, are states on B,, B,, ..., B,, then the product
state 0, @ 0w, ® ... ® w, on M, satisfies

(@ ® 0, ® ... ® @)@ < o(a) < (a).
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The first inequality follows from the definition of &, and the second is valid for any

C*-porm « on I, by the minimality of &,. Thus in the setting of Proposition 2.1
one has

lw®*@)l < liall
for all states w on A and all @ € A, . This will be used in the next section.
We conclude this section with three remarks on extensions of Proposition 2.1,

REMARKS 1. Simplicity of 2 is not essential in Proposition 2.1; it suffices

that 2 is t-simple. The only change in the proof occurs for Lemma 2.2 which must
be replaced by

limsup|lxt"(M) || = ||x}} - I¥|l.

n—o0

This can be proved along the previous lines but an alternative proof is as follows.
Let @ be an extremal t-invariant state, choose bW, b® . . p% such that
w(b#bPy # 0, and set b = bV @ b¥ ® ... ® b . Then

(*) (T (T,aXT,0))| < | Tallo((T,b)"(T,b)

for all @ € A, . But since w is extremal t-invariant, and (2, t) is asymptotic abelian
the mean value of

(%) n e Z¥ — o((T,b)*(T ,a)(T,b))
exists and is given by (0@ ® 0® ® ... ® ¢™)a) where o is the linear func-

tional over U defined by ¢(x) = w(b¥*xb"). Therefore it follows from (x)
that

o® ® 0? ® ... ® 0¥ (a)| < 1}n|1 sup||T,all

where @) denotes the state over U defined by w¥(x) = ¢ (x)/p®(1).
Now consider the case k = 2 with a = x*x ® y*y. One has

0P (x*x)®(y*y) < lilnj sup|ix*xt"(y*)|| < lilrllli sup|xe® (M) < [Py (e

III—POO

But if A is r-simple the bY can be chosen such that @®(x*x) ~ |Ix||? and
o®(y*y) ~ ||y||&. Consequently

limfiPIIXT"(y)ll = [lx{|- lIyll.

Finally remark that by weak *-approximation (see, for example, [6], Lemme 11.2.1)
the above estimates give an independent proof that products of states w,, w,, ..., @,
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over U satisfy the continuity property

(0 @ w; ® ... ® w)@) < llal.
This proof does not involve the minimal C*-norm.

2. If Wis t-simple and if in addition there exists a t-invariant factor state w
over U the foregoing conclusion can be strengthened. Tn this case the function (=x)
converges pointwise as jn| — oo (see, for example, [4], Example 4.3.24) and one
deduces from (+) that

(oD ® 0 ® ... ® w¥)a)| < liminf]|T,all.
|

n|-oo

Therefore by specializing again to the case k =2 withe=x® y and x, » =2 0
one concludes that

lxll - Nyl < lliminf]lxr"(y)ll < limsuplixr”(»)]] < {lx[i- ivll

n|—-oo |n]> 00

This estimate together with the first remark in the proof of Lemma 2.2 allows one
to conclude that

llliglwllﬂ"(y)ll = [l Iyll,

i.e., Lemma 2.2 remains valid.

Finally a simple elaboration of the above argument gives the estimate

@O @0O® ... ® aWNetatac) _ iy g
(0N ® ¥? ® ... ® o®(c*c) fal e

for all ¢ € A, Therefore

a(a¥a) < liminf)\T a2

|nj s o0

where «; denotes the minimal C*-norm on A, . Note that this estimate does not
follow automatically from minimality of «, because the limit inferior does not neces-
sarily define a norm on U, .

3. An alternative version of Proposition 2.1 can be proved assuming U is
H-simple where H is an amenable group of *-automorphisms of which contains 7.
Arguing as in Remark 1 above one finds that

sup limsup||xt” o A(Y)I| = ||x[|- ||l
h€eH |n|-co
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and then Proposition 2.1 is valid with the norm ||- || on U, defined by

1Y ® ... @ x{lle = sup limsup[| 3,7 o by(x{) ... 7% o (x|,
hiE

|n] —»c0

3. GENERATION THEOREMS

After these preliminaries on asymptotic abelianness we turn to the discussion
of derivations and dissipations. The following theorem concerns the action « of a
compact abelian group G as *-automorphisms of the C*-algebra 2. Since G is

compact its dual G is discrete and we use A%(y) to denote the spectral subspaces of

a corresponding to y € 6’, ie.,
A(y) = {x; a,(x) = (7, &), g € G}.
We also use A* to denote the fixed point algebra A*(0).

THEOREM 3.1. Let W be a simple C*-algebra with identity which is asympto-
tically abelian with respect to a *-automorphism © and let o be a continuous action
of a compact abelian group G as *-automdrplzisms of W which satisfies o, c T=To00,,
g € G. Further let D be a t-invariant dense *-subalgebra such that A* < D and D
is the linear span of the subspaces D n A*(y), y € G. Finall 'y let 6 : D +— W be a linear
operator satisfying 5(x*) = 6(x)* and 6 o 1(x) = t 0 6(x) for all x € D.

The following conditions are equivalent:

1. 0 is a derivation,

2. & is closable and its closure & generates a Cy-group B of *-automorphisms of
A,

If these conditions are satisfied then there exists a homomorphism 2 of G into
R such that 5(x) = iX(y)x, for x € W*(y), and f is a one-parameter subgroup of ag.

If further 5(A*) = {0} then the following conditions are equivalent:

1'. & is a dissipation, i.e., 0(x*x) < x*6(x) + o(x)*x for all x € D,

2'. 8 is closable and its closure & generates a Cy-semigroup B of completely
positive contractions.

A

If these conditions are satisfied there exists a negative definite function ¢ on G

such that 8(x) = @(y)x, for x € UXy), and a convolution semigroup y, on C(G) such
that

Bix) = ﬂdu,(g)agcv)
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and

w(f)= X e " j(y)

yeG

for all fe Cy(G).

Proof. First consider the derivation statement. The implication 2 = 1 is stan
dard and we concentrate on the converse 1 = 2. Since D(5) > U< it follows that
61U is bounded (see, for example, [4], Corollary 3.2.23). Next since A* is
7-invariant it follows that

(0(T"1(uy)e"2(uy) . . . ()| < |10 ]|
for any unitaries u; € A*. Therefore in the limit |n| — oo

ik

i
(Y ®...0w® ... ®uki! <161 e

| =1 '3
and hence
)k .
'Y1® ... ®@utsu)® ... ®1] < [5]UAc.
1i-1 ik
Therefore setting u, == u, = ... = u, = u one finds

klo@*o)i < {0 A=l

for any k and any state w of U, by the remark following Proposition 2.4. Conse-

quently w(u*6(u)) == 0 for any state w of A, which implies » = 0. But any element

of 9% can be written as a linear combination of four unitaries and hence § | %¢ = 0.
Now if x, ye A*(y)n D then xt"(y*)e A* and

oGt (y* N = 0 = 1l6(x)"(y*) + xt"(G(y M-

Therefore in the limit n — oo one finds

() [6(x) ® y* + x @ 0(y*)l = 0.
It readily follows that
I(x) = 1A(y)x

for all x € A(y) n D where A(y) € R.

Next for non-zero x e A*(y,)n D and ye A*(y,)nD one has xt"(y) e
€ N(y, -+ y2) N D. But since ||xt"(y)|| — ||Ix|llly}i as n — oo the element xt"(¥) is
non-zero for large n. Therefore A(y, + 7,)=4A(y,) -+ 4(y,) by the derivation property
of 6. Thus 4 is a group homomorphism of G into R.
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For each 7 € R let g(t) be the function on G defined by g()(y) = exp{irA(y)}

fory e G. Then ¢ g(t) is a continuous group of characters of G and hence it is a
continuous one-parameter subgroup of G. Let 8, == «,, and J; the generator of B.
It follows that § = d; on D. But D is p-invariant and hence a core for d;. Thus o

is closable and 6 — 5. This completes the proof of the derivation statement.
Now consider the dissipation statement. Since a completely positive semigroup
B is strongly positive, ie.,

Bx*x) = Bi(x)*B(x),

its generator is a dissipation. Hence 2’ = 1’ and it remains to prove the converse.
I'=2" Let x;eW*(y)nD be non-zero. Then x;7"(x¥) e A* and
7"2(x¥)t"(x,) € A* and

o(x;T 2(x2 )14 3()‘73)) = \1'5 23" 3(0(xy)) = 5(A1)T 2()‘2;)T "(Xa)
oy Lemma 1.1 of [1]. Therefore, by taking a limit |n| — co, one concludes that

X; ® xF ® 0(xg) = 6(x;) @ xF ® X3,

Xy ® 0(x3) = 9(x1) ® x3.
It immediately follows that
o(x) = @(y)x

for all x € A2(y) n D where ¢(y) € C.
Next for x; e A(y)n D, i=1,2, ...,k set x = ¥ x; then

O(x*)x + x*9(x) — O(x*x) = Z Mxtx; 20

iy j-:1

where M = {M;;} is the matrix with coefficients

M;; = Wj + o(y;) — (P(')’j - i)

This demonstrates that ¢ satisfies 2-valued inequalities analogous to the C-valued
inequalities which characterize negative definite functions. Our next aim is to prove
that the former imply the latter and then the existence of the convolution semigroup
4 follows from the standard results of harmonic analysis [5]. Similar arguments have
been used in [1} and [10].
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LEMMA 3.2. Adopt the assumptions of Proposition 3.1. If a,= ¥ 7" (xDt"(x3) ...
. Tkx%) > 0 for all (large) n=(n, , n,, . .., n,) then a=Yx}®@x}® ... ®xk> 0.
Proof. Define T, as in the proof of Proposition 2.1. Then
T(a — a*) = T,a — T,a* = (T,a)* — T,a*

converges to zero as |l — oo. Thus @ = a* and hence a is positive if, and only if,

il

-] <

L Tl b
But since T,a is positive

o Te e

. IToall |

and the desired result follows by taking an appropriate limit.

Now if one replaces x; by t"i(x;) in the inequality preceding the lemma one
obtains
k
Y, M7i(x)*ci(x;) = 0.
L=

j—=1

1

Hence it follows from Lemma 3.2 that

k
(%) Y M XiX; >0

J
i, j=1
in A, where X; =1Q®1® ... ® x; ® ... ® 1 with the x; occurring in the i-th
position.
Now if y; € U*(y;) n D is non-zero one can choose states w; over A such that
w;(3) # 0. Then if /; € C and one sets x; = 4,y;/w,(y;) and evaluates (%) in the
state 0; ® W, ® ... ® w, on A, one obtains

k _ k (v¥y.
Y Miid;+ Y, Mul).il‘“’('q)"(y' yi) _ 1) =0
e =1

i j=1 o (y)R
Therefore
k —
Z M;;li2; 20
i, j=1

by application of the subsequent lemma. But this last family of inequalities is equi-
valent to negative-definiteness of ¢.
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LeMMmA 3.3. Ler y be a non-zero element of the C*-algebra W. If 0 < ¢ < 1
there exists a state o over A such that

e _,

0<1 <
o(y*y)

Proof. The positivity follows from the Schwarz inequality for any state w.
To obtain the other estimate let U, denote the set

U,={ze C; (1 — zy) is invertible}.

Since (1 — zy) is invertible for |z| sufficiently small it follows by a standard argu-
ment that U, is an open subset of C. We first claim that z € U, — ||(1 — zy)~?||
is unbounded. If U, = C this is the case since ze U, (1 — zy)~? is analytic
and non-constant. To deduce this when U, € C suppose the contrary and then choose
z, € U, converging to a z ¢ U,. Thus (1 — z,y) converges to (1 — zy). But since

(1 - Zny)_l - (1 - Zmy)—l = (1 - Z"y)_l(Z" - Zm)y(l - ""'m.y)——1

it follows from the boundedness hypothesis that (1 — z,y)~* also converges to a

limit R, as n — co. Then R. must be the inverse of (1 — zy) which gives the con-
tradiction Z e U,.

Next choose z € U, such that [|(1 — zy)~*||-2 = ¢ and a state w such that

(@ — zp)*(1 — zy)) = [[A — zy)~H|~=.
Then
1 — 2Rezw(y) + |z|?Pw(y*y) = &.

Now if w(y*y) = 0 then w(y) = 0, by the Schwarz inequality, and one has the con~
tradiction ¢ = 1. Therefore w(y*y) # 0 and

0<1 - ek Rezal)?
o(y*y) |zPPw(»*y)

<1 (Rezo(y))*? ( Reza(y)

— 1z w4 \1/2 2= .
[z|?(y*y) |zlw(p*y)H2 [Zlo(y*y) ) P

Now we return to the proof of Theorem 3.1.

At this point we have established that the dissipation ¢ satisfies

o(x) = o(y)x

4 -+ 2650
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for all x € A(y) n D where ¢(7) is a negative definite function over G. But since
6(A%) = {0} one also has ¢(0) = 0. Therefore ¢ determines a convolution semi-
group u,, of probability measures on G, such that

w(f) =Y e fiy), feC@G),

vEG

where f denotes the Fourier transform of f {5]. Thus one can define a Cy-semigroup
B of contractions on ¥ by

r

ﬁt(x) = Sd#,(g)“g(x)

and if x € A(y) N D one has

Bi(x) = e,

It follows that 6 = &, the generator of §, on D. But D is f-invariant and] hence

a core for ;. Therefore J is closable and é = d.

Finally it follows from the definition of § in terms of the positive measures p,
and the action o that the §, are completely positive, and consequently é is a complete
dissipation.

There is a result comparable to Theorem 3.1 for G = R if the action « is
almost periodic and one makes an additional spectral assumption on D(J).

THEOREM 3.4. Let W be a simple C*-algebra with identity which is asympto-
tically abelian with respect to a *-automorphism © and let o. be an almost periodic,
but non-periodic, action of R as *-automorphism of W which commutes with t. Fur-
ther let D be the linear span of the a-cigenelements and 6 : D — U a closable linear
operator with closure & satisfying 5(x*) = 5(x)* and & o 1(x) = 10 6(x) for all x € D.

The following conditions are equivalent:

1. 8 is a derivation and D(0) = N«([— &, €]) for some ¢ > 0,

2. there exists a . € R such that 6 = A5, where 8, is the generator of 2.

Moreover the following conditions are equivalent:

V. 8 is a dissipation, D(3) = W([—s, £]) for some ¢ > 0, and
lim{||A*([—e, eD|| = O,
£-0

2'. there exists a continuous negative definite function ¢ on R such that ¢(0)=0
and 6(x) = o(p)x for x € W{p}).
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If these conditions are satisfied & generates a Cy-semigroup of completely posi-
tive contractions f and D(8) = N%(K) for any compact subset K of R.

Proof. Let ' be the set of a-eigenvalues. Since %07 = Too and 7 is asympto-
tically abelian I forms a subgroup of R. Since o is not periodic I' is dense in R.
Now let G be the dual group of I', as a discrete group. For each g € G define a linear
mdp a, from D into D by

o (x) = (g, pdx, x e A{p}).

It follows that o, extends to a *-automorphism of 2, denoted again by «,, and that
g >, is a continuous action of G. Since G is compact we may now apply
Theorem 3.1.

1 = 2. It foilows from Theorem 3.1 and Condition 1 that é(x) = iA(p)x for
x € A*({p}) where 2 is a homomorphism of I into R. Since /. is linear and bounded
on [—e, ¢] for some ¢ > 0 it must be continuous. Thus A(p) = Ap for some 2 € R and
Condition 2 is satisfied.

2 = 1. This is obvious.

1’ = 2'. The existence of a negative definite function ¢ on I" such that o(x) =
== p(p)x for x € U({p}) follows from Theorem 3.1. Obviously

lI01*([—e, Dl > suple(p)l.

pl<e

Thus Condition 1’ implies that ¢ is continuous at the origin when I' is regarded as
a subset of R. It then follows from the negative definiteness that ¢ is in fact locally
uniformly continuous on I'. (This can be deduced from the continuity properties of
positive definite functions and Schoenberg’s theorem [5]. A direct proof is given in
the Appendix.) Therefore ¢ extends by continuity to a negative definite function on R,
also denoted by ¢.

2’ = 1". It follows from the Levy-Khinchin formula [5], and the assumption
that ¢(0) = 0, that ¢ has a representation

ixy jIl—l—x2
1+ x2

x2

o) =ily + q¢% + S du(x) [1 — el —

where /e R, g € R, and u is a positive finite measure on R\{0}. Therefore one
can define an operator ¢(J,) on D by

(o)

o * x6 1 4 x2
0,) = —10, + qb. — du(x) |1 — "% — e ] .
@(0,) q S u(x) [ € ] . 5

-
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Then 6 = ¢ (6,) on D and ¢(0,) generates a semigroup B as in Theorem 3.1. Again
0 == ¢(d,). But if [{d]|x denotes the norm of 3, restricted to %K) then by splitting
the foregoing integral into two parts, |x, < T and 'xj = T, one estimates that

[l0(0,) | UK} < [1]-]]0llx + qlld6lix +
Tiis v
HHR{Tllk + (1 + T3lke X} + u({xl > TH2 + 6]/ T)
for any 7 > 0. This establishes that A%(K) = D(5) and it easily follows that

lim|| 3|20 —¢, €]} = 0.
£-0

APPENDIX : NEGATIVE DEFINITE FUNCTIONS

In this appendix we give a direct proof of the continuity properties of nega-
tive definite functions used in the proof of Theorem 3.4.

Let T be a topological abelian group and ¢ a negative definite function on T.
If ¢ is continuous at 0 then it is continuous on I'. Moreover for any open neighbour-
hood U of 0 in I for which @|U is bounded ¢ is uniformly continuous on U + p for
any pel.

Proof. By definition ¢(0) = 0, Reo(x) = ¢(0), ¢(x) = ¢(—x), and

@(0) »(0) ¢(0)
»(0) 2Re ¢(x) — @(0) o(x) + @) — @(x — »)
@(0) 9(x) + ¢(») — o(y — x) 2Re ¢(y) — ¢(0)

is non-negative. Evaluating this matrix with the vector (¢;, —¢;, ¢5) one obtains

2{e,*(Re p(x) — @(0)) -- lcol* 2Re @(y) — 9(0)) +
+ 2Re £6(0(0) — 9(x) — @(») + 9(x —3)) > 0.
Hence
19(0) — ¢(x) — @(y) + @(x — Y)I2 < 2(Rep(x) — @(0))2Re 9(y) — ¥ (0)).
Replacing x by y — z and using the triangle inequality one then finds

[o(y) — @(2)] < 2lp(y — 2) — e(O)I'*(2Re ¢(¥) — @(0))*? 4+ |o(y — 2) — @(0)!

which implies the continuity of ¢ at y. Moreover if ¢!U is bounded then it also fol-
lows that @]U + y is bounded and ¢ is uniformly continuous on U -} y.
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