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THE REGGE PROBLEM FOR STRINGS,
UNCONDITIONALLY CONVERGENT EIGENFUNCTION
EXPANSIONS, AND UNCONDITIONAL BASES
OF EXPONENTIALS IN L¥—T, T)

S. V. HRUSCEV

A string is the interval [0, +00) carrying a non-negative measure dm. The
X

function m(x) = S dm evaluates the mass of the string supported by [0, x]. The
0—

point x := 0 is assumed to be a point of growth of m, i.e. m(x) > 0 for x > 0. It is

supposed also that the string is obtained from the classical homogeneous string

(corresponding to Lebesgue measure dx) by a finite perturbation. The latter means

that dm = dx on (a, +o0) for some a < +oo. In what follows

a,, ¥ inf{a : dm = dx on (a, --00)}.

Given a > 0 let L¥(J0, 4], dm) denote the Hilbert space of all m-measurable
functions f" with

Iz = S FOORdm(x) < +oo.

0
Every string determines the formal differential operator

dzf__
dmdx

f-
defined on-the class D, of functions fon R = (—00, +c0) such that
fO)+f~(0)x for x <0

fx)=1 x ¢ ’
£0) + /- (O)x +S{ S g(n)dm(m}dc, x>0

0
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2

with g satisfying g € L%({0, a], dm) for every a > 0. Clearly —ad-g-»- = g for
mdx

such an f. The symbols f*(x) and f~(x) denote the right-hand and left-hand deri-
vatives of f respectively.
Fix a > e, and let o(sm) be the set of all complex numbers & such that the
equation
d?y o .
(V) == —k%, y=(0) =0, y*(a)+iky(a) =0
dmdx

has a non-zero solution y,(x, k). In fact the set o(m) does not depend on the
parameter @ when a > aq,, and coincides with the zero-set of an entire function.
It can be shown (and we will do it later) that o(m) is disposed in the open upper
half-plane C, . The spectrum o(m) is always symmetric with respect to the imagi-
nary axis because y,(x, ko) is a non-zero solution of (1) corresponding to & -- —750
provided k, € a(m).

The spectra which occur in the eigenfunction problem (1) are described by
Arov’s theorem [1]:

THEOREM 1. A closed countable subset o of C. symmetric with respect to
the imaginary axis coincides with the spectrum of a problem (1) if and only if o is
the zero-set for an entire function F of exponential type with

S(l + x| F(x)~2dx < oo, S(l + x%)-1log*|F(x)|dx < 4 0o0.

Given a = a,, the Regge problem [2], [3] is to determine whether the family
{7.(x, K)}eoqmy is complete in L%([0, 4], dm) or not. Let

T(x) = S[m'(s)]l/st,

i.e. 7(x) is the time required for a point perturbation of the end x == 0 to reach
the point x.

The following result solves the completeness problem which, of course, is
of most interest for the critical value @ = a,, + T(a,,). It is assumed that the spec-
trum o(m) is simple, i.e. the associated function F has only simple zeros.

THEOREM 2. The family {y,(x, k)}ieom) is complete in L*(0, a], dm) for
a, < a < a, -+ T(a,) and is not complete if a > a,, + T(a,,).

The next step is to investigate in more detail what is going on in the limit
case a = a,, + T(a,,). Although {y,(x, k)}; e q(m) is complete in L2([0, a], dm) this fact



THE REGGE PROBLEM FOR STRINGS 69

alone does not permit us, of course, to expand any given function fe L%({0, a], din)
in an unconditionally convergent series

fx) =% ay(xp), oeC

k€ a(m)

Recall that a family of non-zero vectors {e,} in a Hilbert space H is called
an unconditional basis in H if every element x € H can uniquely be decomposed
in an unconditionally convergent series x ==Y %,-e,, o, € C. The classical

n

n2

G. K6the—0. Teoplitz theorem says that a complete family {e,} in a Hilbert space
forms an unconditional basis iff the following “approximate Parseval identity’” holds

C‘y, |0(,,|2'”£’,,||2 < ||§:1 O(nennz < c_l'z ICn]2'|!€,,||2
H n n

for some ¢, 0 < ¢ < 1, and for every finite sequence of complex numbers {a,}.

The unconditional basis problem for {y,(x, k)}, oy is intimately connected
with the same problem for exponentials {e**}, c ¢y in L2(0, a). In few words the
relationship between the problems looks as follows. Given a string m and a = a,
one can associate with (1) a semigroup {Z,},,, of contractions in an auxiliary
Hilbert space K* so that the characteristic function of {Z,},,, is S = 0-B, where
0 : e"“ “w* and B is the Blaschke product in C, with the roots placed at the points
of o(m). The eigenfunctions %, of {Z,},,,, and % of the conjugate semigroup
{Z}} .50 can easily be expressed in terms of {y,(x, k)};co(m) (se€ (10) below). On the
other hand the semigroup {Z,},,, is unitarily equivalent to the so-called model semi-
group {9}, , whose eigenvectors are related to the exponentials via the usual
Fourier transform.

This new approach to the problem based on the Lax-Phillips scattering
theory for unitary groups and originating in earlier papers by B. S. Pavlov has
been developed in [4] (see Part 1V) to investigate the basis problem for a special
class of strings.

In the present paper we exploit the connection indicated above in the direction
inverse to one considered in [4]. This yields the following result.

THEOREM 3. Let A be a subset of C, invariant under z — —Z such that
inf{ImA : A€ A} > 0. Suppose that {€**},¢ 4 is an unconditional basis in L¥0, 2d)
for some d > 0. Then there exists a string m with c(m) = A such that fora =a, + d
the family {y,(x, k)}w comy forms an unconditional basis in L*([0, a], dm).

Notice that for strings obtained T(a,) > 0 because d = T(a,,).

The proof is based on a refinement of the technique of [4] coupled with
M. G. Krein’s solution of the inverse spectral problem for strings. We use here
the L. de Branges approach to the inverse spectral problem as it is exposed in [5].
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The paper is organized as follows. Section 1 contains preliminaries. It deals
mainly with the construction of the corresponding functional model. For reader’s
convenience we present the proof of Theorem 1 in §2. This section also deals with
the completeness problem, i.e. with the proof of Theorem 2. The most interesting
case here is the case a = a,, + T(a,,) with T(a,,) > 0. In § 3 the proof of Theorem 3
is given (see also Theorem 3.1 below).

Theorem 2 is closely related to similar results obtained by M. G. Krein and
A. A. Nudel’'man in [6], [7], [8]. The papers [6], [8], besides other things, deal with
the completeness problem of root elements of the dissipative operator associated
with a string which is constrained to satisfy slightly different boundary conditions.
The main technical tool used in [6], [8] to prove the corresponding completeness
theorem is the well-known criterion of M. S. Liviic, while in the present paper
the proof of Theorem 2 is based on the theory of entire functions.

Acknowledgements. 1 am grateful to the Institute INCREST in Bucharest,
Romania for the support of this investigation. I am indebted to L. de Branges for
valuable discussions concerning Hilbert spaces of entire functions during the fall
of 1982. It is my pleasure to express a gratitude to M. G. Krein and A. A. Nudel’man
who turned my attention to some inaccuracies of the preliminary manuscript.

1. THE CONSTRUCTION OF THE FUNCTIONAL MODEL

1.1. THE oPERATOR &. The string defines a self-adjoint operator in the Hilbert

space M = L2([0, +00), dm) which can be specified as the restriction of d%/dmdx
to the domain

D(G) = {fe Dy :/~(0) =0, [flim+ [I&flm < -+oo}.

. Lo dz4 R
Given k € C denote by A(x, k) the unique solution in D, of dmdxr': —k24

satisfying 4-(0, k) = 0, A(0, k) = 1. It can be obtained as a solution of the
following integral equation

X t
) Alx, k) =1 — kZS { S A(s, k) dm(s)} dr
0 —
A+ (x, k) .
which implies that both k — A(x, k) and k — B(x, k)= — —(k—— are entire

functions, in fact of exponential type. Let

)] E(x, k) = A(x, k) — iB(x, k).
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Clearly, (see (2)), E(x,0) =1, x € [0, +o0) and the set of zeros of E#(a, k)dezf'
def. o0 7

Y E(a, k) coincides with the spectrum o(m) of (l).
The functions 4, B, E, (the last is called a de Branges function), play an
essential role for the spectral representation of €.

Let 4 be a principal spectral function of & which is an increasing odd function
on R completely determined by & [5]. Consider the Hilbert space Z(4) consisting
of all functions on R with

111 = i—glf(Y)‘FdA(v) < 400

R

and two orthogonal subspaces Zeyen(4) and Zyq4(4) there, formed by even and odd
functions respectively.
The “even’ transform

+ 00

Peven(y) = S A(x, 7)) dm(x)

0—
defines a unitary mapping of M onto Zeyen(4). Accordingly the “odd’’ transform

(f Jodd(y) = S B(x, y)f(x)dx

0

is a unitary mapping of L%([0, +o0), dx) onto Zygq(4).

1.2. DE BRANGES FUNCTIONS. Any entire function E satisfying
|E@Z)| > |[E*(z)l, ze€C.
is called a de Branges function. We assume that E satisfies the reality condition
E#(z) = E(—z), zeC
and that E(0) = 1. Let us notice that this class of functions appeared for the first

time in 1938 in a paper by M. G. Krein (see the English translation [9], p. 214 —260).
A de Branges function of exponential type is called short if

S(l -+ y?)-YHE(y)|-2dy < +oo.

R
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Clearly, any short de Branges function is root free on C, UR and the trivial
inequality log=x < x—2 implies

g(l + 99)tlogE(3) dy < 400
R

which together with the assumption of finite exponential type of E yiclds by the
Carleman formula that

S(l + y) 7 ogtE(y)idy < +oo.
R

The class of all entirc functions of exponential type satisfying the last
condition is called Cartwright’s class €. The basic facts concerning ¢ can be found
in [10], [11].

Let A be the set of zeros of a short de Branges function E. Because of the
inclusion E e % the function E admits the following factorization

4 E(z) = e~*=.vp. [I (] — »z-) »
]_eA ;‘.
where ¢ € R and v.p. Hd_i_f lim TI . Let B(z) =TI (1 — z/A)(1 — z/7)~be the
A€A  R-+oo|A[<R A

Blaschke product corresponding to A. The function E# - E-1 being bounded in C, ,
it follows that ¢ = O:

) £7G)

- E(z‘)‘ =e?7. B(z).

There exists a nice correspondence between the class of strings under consideration
and the class of short de Branges functions. The proof of the following result can
be found in [5], Sections 6.3, 6.12.

THEOREM 1.1. Given a string m and a > 0 the function E(a, z) is a short de
Branges function of exponential type

T = S [m'(s)]/2ds.

e
The function A(y) = S|E(y’)|"2dy’ is the principal spectral function of the siring
0

with mass function

mO(x) = [ m(x) for x € a
B ]m(a) +(x —a) for x> a.
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The converse is also true. Given a short de Branges function E, E(0) =1,
satisfying the reality condition there exist precisely one number a > O and precisely
one mass function m with a,, < a such that

E(y) = Ea, y).

LEMMA 1.2. Given a string m and a > a,, we have

E(a, Z) — e—i(u—am)z v.p. I—I (I _— »i_) .

=

Proof. Straightforward computations show that E(a, z) = e~ "“~»*. E(a,,, z).
So we need to prove the equality only for a =a,,. Clearly (4) holds for £(z)=E(a,,, z)
with ¢ > 0. If ¢ > 0 we can consider an auxiliary short de Branges function E°(z) ==
== e“?E(a,,, z) which by Theorem 1.1 generates the same string m® because |E| ==
=:|E’|, and there exists a > a,, such that E*(z) == E(a,z) = ¢ “""?E(a,,, )
which obviously contradicts the assumption ¢ > 0. %

1.3. THE WAVE EQUATION. Let N denote the space of all functions on [0, 4-o0).
with
1R = S fdx < oo,

1}

Being factored by the subspace of constant functions and endowed with the corres-
ponding factor-norm, the space N becomes a Hilbert space.
The Cauchy problem for the wave equation is defined by

0% d2.

= ) ~(0,¢) == 0
ot? dmdx «(0.1)

w(x, 0) == 2o(x), a(x,0) = 2,(x)

and the space E == N @ M supplied with the norm

+ o0 + 0o
12| = () :g- S lrxél2dx+-~;— S oGOl dm(x)
P24
|E o

o

is a natural Hilbert space of all “data” ( ) with finite energy.

"y
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THEOREM 1.3. The operator

,?:i(_oe _()I)’ D(,‘?)={(a°):aoeD(G),«leMnN}

“1
ds self-adjoint in E.

The proof of the theorem is essentially the proof of self-adjointness of &
which can be found for example in [2], see also [1] for a partial case.
The operator . being self-adjoint generates the strongly continuous unitary

group U, =expi¥t. Given any data %(O)L—(ﬂ‘))e E this group defines

(51
U(t) = ({l°(x’ t))) = U Z(0) and «y(x, t) is the solution of the Cauchy problem.
(X, t
The spectral representation for U, can be obtained with the help of even and odd
transforms. Define an operator & : E — Z(4) by

FUY) = F (”"

7,

)(v) =i

ck_/ﬁ_é—

wyB(x, y)dx + S ey A(x, y)dm(x).
0—

‘Then

2% = L\ 1#21rdd
2n
R

and U = F-1e"FU, % € E.

1.4, THE SEMIGROUP OF CONTRACTIONS {Z},5,. Fixa > a,, and consider the
subspace K? (or briefly K) of all elements of E such that |«g(x)| + |e(x)] = 0 for
X > a.

Let 2k denote the orthogonal projection onto K. It is easy to check that
K=EOQ(Z- ®2.), where 2_ = {({m) teey = teg 5 wg(X) = 0 for x < a} and

2

t4 - “
Dy = {( 0) I —wy =g, 40(x) = 0 for x a} are the spaces of incoming and
7%y

-outgoing waves correspondingly. The family

Z, UK, 120

. . . , 32y
is a strongly continuous semigroup of contractions. Notice that Q’K( 0) =( )
(2 vy

With z4(x) = vo(x), e1(x) = 2,(x) for x < a and vy(x) = w,(a), v4(x) = 0 for x> a.
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THEOREM 1.4. The generator T of the semigroup z, = e'T is a maximal com-
pletely dissipative operator in K with

D(T) = { PeU - U = (“") e D(P), wi(a) + wr(a) = 0} ,

T(PxU) = P LU, for Px% € D(T).
The adjoint operator T* is defined on

D(T*) = {Q’K% DU = (”") € D(&), «¢(a) — wy(a) = 0} ,

721
THPRU) = Px LU for PxU € D(T*).
The proof can be found in [4] (see Theorem 2.1 of Part IV). Denote by

9, and %} the eigenvectors of T and T* : T%, — k%, , T*U}F = k%¥. An easy
computation (using Theorem 1.4) shows that

_{ Yalx, k) iy [ Yol K)
© %m'@mmﬂ%m)&mmﬁ

for 0 € x < a, where k ranges over the spectrum o(m).

1.5. THE MODEL SEMIGROUP {9} .. & transforms K® onto the class I7(4) of
entire functions f'€ Z(4) of type <T. The relationship between T and a is the
following: a is the biggest root of the equation

szm@ww&
0

which clearly has only one rootaifa > a,, .

The entire function E(a, z), being a short de Branges function, generates a
de Branges space of entire functions. This space B(E) consists precisely of entire
functions f satisfying

Ww=yﬂwammy<+w

R
0 If@| < Cp-(Imz)~W(E(z)|  if Imz > 0
(®) /@) < C;-(Imz)~Y2|E*(z)|  if Imz <O0.

It turns out that 77(4) and B(E(a, z)) are identical (see [5], Sections 6.3—6.4).
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Let now %, .# ¢f = f/E denote the map which maps Z(4) isometrically
onto LR, dx). It follows from (7) that .# ;. f € H? for any f € B(E) and (8) implies
A gfe SHE on R for such an f with S = E+#/E inner. Therefore .#  B(E) c Ky,
where K is a “model space’ defined as K = H? © SH?. In fact .# B(E): - K,
because every function from K has a pszudo-analytical (in our case usual analytical)
continuation in the lower half-plane C_ to a meromorphic function with simple
poles at zeros of E. Multiplied by E this function clearly turns into an entire function
belonging to B(E).

Let . = Mo :E - LXR) and define the norm in L2 by ’Ifi"ig 2

= _71— S [f12dx. Then obviously

T
R

VU= TN, UA~ T e TU

with 7K® == K, and § = E*/E. Summarizing we get
THEOREM 1.5. The mapping T defines a unitary equivalence of the semigroup
(Z),50 to the model semigroup
M, f = Peif, feK,, t>0,

where P, denotes the orthogonal projection of H onto K .

S(z)-J2Imk . .
1.6. EIGENVECTORS. It is well-known that {_(_Z;K_kﬂ__} is the family
- L €a(m)

[/ 2tm k

. } is the family of
z—k Jreatm

of eigenvectors of the generator A of {fI,},5, and {
eigenvectors of A*. Theorem 1.5 implies that

S(y)-V2Imk s TUF - —""—="s keo(im)

9 TU, =
©) b= e

with appropriate coefficients ¢, , y,(x, k) = ¢, A{x, k), where k € o(m) U o(m), in
(6). The following formula borrowed from [5], p. 234

S A(x, KA(x, y)dm(x) - SB(x, k)B(x, y)dx=
3

0-

CEF(KOE(y) — E(E*(y)
—2i(y — k)

yields ¢, = |/8Imk - (ikE(k))~*, ¢, =V/8Imk ik - E(k))~* for k € o(m). Therefore

o = (c_,) = V8TMk (—ikE(—R)~* = VBTmk (—ikE* (- k)=t == —¢
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as k € o(m), and we get

-k

U \(x) :( A, ) ), Y _ = (“CkA(X: k)).

ik -c, ACx, k) F ike A(x, k)
Finally
1 0 . Va(X, k)
a0 S qw ary = . {a, — :( a
4 2 { k —k} Kkya(,\', k) 2 { k —k} \ 0
for k € a(m).

LEMMA 1.6. 1) Let k # —k € o(m). Then U, L U%, and therefore
%, + UL = 2.
2) Let k = ib € a(m) with b > 0. Then

1, & | = 2{1 F 26i5'(b)}.

Proof. If k # —k € o(m) then

Uy, U* g = (T U, TU*D) gy = — | S& --—2—'"2 dy =0
- 2n Yy (y — k) y+k

R

because g(z) = S()-(z — k)~ € H? and g(——E) = 0.
Let now k = ib € o(m) with b > 0. Then

N + UBNP = 2{1 + Re(Wy,, U}
But
(Ui, UT) == ~'29f— ——S(V_) dy = —2hiS'(ib).
2mi J(y ~— ib)?
R
The spectrum o(m) being invariant under z - —Zz, we have S(z) == S(—z) which
implies —2biS’'(ib) € R. %
Set J,, = 0 if S does not have roots on the imaginary axis and let §,, =
= sup{26|S'(ib)| : ib € a(m), b > 0}. Clearly 0 < J,, < 1. In case S = ei*B(z),
where d > 0 and B is a Blaschke product we always have 6, < 1. Indeed,
S, = sup{2be~%-|B'(ib)| : ib € o(m), b > 0} < exp{—dinfb} < I.
ibeo

IONAL BASES OF EXPONENTIALS. A subset 4 = {1} of C, is
called a Carleson-Newman set if

(CN) inf JI

n m#¥£n

An—lm

—

>0
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and the last holds iff {4,} is an interpolating sequence for the Hardy algebra H® (see
for details [12], [13] or {14]).

Given a > 0 consider the class .#, of all entire functions of exponential type
with indicator diagram [0, —ia] and satisfying the Muckenhoupt condition (A,)
on the line:

(Az) sup(-l—g F]2dx)-(—l—S|F|-2dx) < +o00.
res \ |1| 17
7 7

Here J stands for the family of all intervals. It is well-known that any function F
satisfying (A,) satisfies also

S(l + )L EG)Rdy < +oo, S(l + )L IFG)|-2dy < oo

which implies /%, = €.

Let ¢ be a subset of C; 2 {z € C, : Imz > &} for some & > 0, let B be the
Blaschke product corresponding to ¢ with understanding that B, = 0 if ¢ is a
uniqueness set for H*®, and let S=0-B =¢%-B with d > 0. Then K =
== clos(Kj + Kp). It is easy to see that K¢ © K, = 0- K.

THEOREM 1.7. The following are equivalent :
1) {e*}1¢, is an unconditional basis in L¥(0, d);
2) o € (CN), the angle between Ky and 0K is positive and

Kg = Ky + 0Ky;

3) 6 € (CN) and there exists a function in 4, with simple zeros whose
zero-set is ©.

See the proof in [4] (Theorem 2, Corollary on p. 231, Theorem 7, Theorem 9,
Theorem 1.2 of Part III).

2. THE COMPLETENESS PROBLEM

2.1. PrRoOF oF THEOREM 1. The first implication is clear because o(m) is
the set of roots of E(a, z) satisfying [E*(y)| = |E(y)] on R, and E is a short
de Branges function.

The converse is a direct corollary of Theorem 1.1 provided it is known that F
is a short de Branges function. The function F being of exponential type and
satisfying
o S

J 1L+ [FO)P?
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it follows F € ¥. We can assume therefore that

F&) =vp II (1—i).

A€g(m j,

Denote by B the Blaschke product corresponding to o(m). Clearly F/F* = B
in C, . This implies that F* is a de Branges function which in fact is short because

of (11). Z

2.2. Proor oF THEOREM 2. The following lemma is borrowed from [4] (see
Part IV, Theorem 2.3 there). The proof is given for reader’s convenience.

LeMMA 2.1. The family {y(x, k)} cotmy is complete in L¥([0, a), dm), a > a,,
if and only if the joint family (U, , U}}caumy Of eigenvectors of T and T* is
complete in K%,

Proof. Identify K¢ with N* + M?, where
Ne={feN:f(x) =0, x >a}, M®= L0, ], dm).

Suppose span{#, , ¥ : k € o(m)} = K* and let g € M* with g 1 y,(x, k), k € a(m)

in M“. The function G = (0
£
G1lu,, G LU for k € o(m) and therefore g = 0.

Suppose now that span{y,(x, k) : k € o(m)} — M?, and pick any function
g € N g(a) = 0 with g 1 y,(x, k) for k € a(m) in N°. Then

) being orthogonal to N°%, we get from (10) that

a a

0-. Sy:<x, E+ () dx = Sy;:(x, k) dg(x) = —k? S Yol K)EE) dm(),

0 0 0~

which implies g = 0. It follows that span{y,(x, k) : k € 6(m)} = N and finally
span {%, , Uy : k € o(m)} = K? (see (10)). Z

Since semigroups {Z,},,0 and {1}, , are unitarily equivalent by Theorem 1.5,
the question of completeness of {#, , %} in K® reduces to that for the model semi-
group {M },,,, i.e. to the joint completeness problem in K, = H} © SHY of

1
o= L
z—k X € a(m) z—k Jieotm

S(z) = ¢"“"“m*B(z) = OB being the characteristic function of {,},,, .

In case @ = a,, we have S = B and it is well-known that eaeh of the above
families is complete in K (see, for example, [12]).

Suppose that a — a,, = d > 0. '
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LEMMA 2.2. The families (12) span Kg, S = B = 0B if and only if
%"} e omy i complete in L¥(0, 2d).

Proof- We have

S(2)

5G) p 1 ke a(m)} .

Z— K

KS@KoﬁO-KB:O-span{ :kea(m)} =span{

“Therefore it is clear that the families (12) span K iff the family of orthogonal

projections PB( ! k'). k € o(m) spans K,. The Fourier transform

-
Z —

flx) = Se‘“*f(r,)dr
R

‘maps H3 isometrically onto L0, +oc0). The space K, is mapped onto the subspace
L2(0, 2d), while P, turns into the multiplication by the indicator o) of (0,24d),
Finally

1 i
Py ~—A—> —2mie™k x(o'gd)(x), k € o(m).

Z -

The last lemma reduces the joint completeness problem to a special case of
«completeness problem of exponentials in L0, 2d).

LEMMA 2.3. Let F be an entire function of exponential type with the width
of indicator diagram equal to 2d > 0. Suppose that all roots of F are simple and that

S 1 dy
- e e ) *l_ <
L4y PO
R
Then the family (€%} gy .o is complete in L¥0, 2d).

Proof. The function F belongs to the Cartwright class ¥ and we can assume
‘without | oss of generality that the set ¢ of all roots of Fis contained in C, . Other-
‘wise we can multiply F by a corresponding Blaschke product to transform all roots
in C, . Multiplying F by an appropriate exponential we may assume that

F(z) = e*.v.p. I (l —-—f—)
i

A€o

:and the indicator diagram of F is [0, ¥2id].
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Suppose that the family {e!**};¢ 4 is not complete in L%(0, 2d). Then there exists
a non-zero function g € L0, 2d) such that

G(z) = \ ei#*g(x)dx

c

vanishes on ¢. Multiplying G by an appropriate Blaschke product we can reflect
all the zeros of G in C_ to C, keeping |G|® invariant on R. So we can assume that
. G does not have zeros in C_ . Denote

« = inf{r : 1 € supp(g)}, B == sup{r : 1€ supp(g)}.
Since G € H2, we have

C,. e B;(z)G(z) for z, Imz = 0
C_e#G(z) for z, Imz < 0

G(2) = {

where C, € C, |C,| == |C_| = 1, B; stands for the Blaschke product and
ef. S |
O A B

m ) t—z 141+
R

denotes the outer factor of f. Similarly,

Fiz) = CiBp(2)F(z) forz,Imz =0
' C. ¥4 F (2) for z, Imz <€ 0.
. . . . i2d—p G(z) .
Consider now an auxiliary entire function h(z) = €' )’-ﬁ which can be
F(z
factored as follows
E.L elCd—(B-a)z, Bs_ G > Imz>0
C. By F,
(13) h(z) =
C-_.ge., Imz <0.
C. F,

Notice that I(z) = expi(2d — (8 — «))z-Bg/Bp is an inner function in C, .

h(z)

z —

Case 1. I(k) = 0 for some ke C,. Let H(z) = v Then

S [H(x) dx = g |G(—x)]dx < (S ___d_)‘;__)l/z.(g GO dx)m ’
I — ki LF o) = KRIF)P
R it R a

which implies that He H} n H: = 0 (see (13), [14]).

6 — 1086
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Case 2. Bg = By but G(xp) =0 for some real x,. Put again H(z): -

/
= - I(Z) . Then
z — XO
d 12 12
|H(x)] dx <( S __x*_) [G(x)i2dx / < 400
X — X * F(x).?
|x—.\‘01>1 ]x—xo|>1 R

and therefore H € H: n H: = 0.

In both cases we get G = 0 which contradicts to the assumption g # Q.
We have to consider the last possibility.

Case 3. B; = By and G is root free on the real line. In this case every root
of G is simple and G and F have the same set of roots. Therefore G := €97 - F-¢,
for some ¢; € R, ¢, € C, ¢; # 0. We have

£ dy o . . 12
oo dy < (—9 V"1 ((oeyeas
R

R R

and G ¢ L%(R) which clearly is a contradiction. N

I (=1(7)) is said to be the completeness interval of 1={2,} if {e”’nx} is com-
plete in L2 on every interval of length less than 7 and on no larger interval.
See the proof of the following result in [15] (Theorem 28).

THEOREM 2.4. Let {1,} be the zeros of an entire function F of finite type with
the width of indicator diagram 2d > 0 and such that

S log* | F(x)|
I 4 x®

dx < +oo.
R
Then (0, 2d) = I(/).
Tt follows from Theorem 1.1 and from the well-known fact that the indicator
diagram of the canonical product
v.p. I1 (1 - —f—)
2€A 4

a
H

is [—Ti, T1i] (see [10] or [11]), that (0, 2d) with d = S [m’(5)]2/2ds is the completeness

0 .
interval for {k}rcoom - Moreover {€¥*}, ¢,y is complete in L¥0, 2d) in view of
I.emma 2.3. The proof is finished by application of Lemma 2.1aand Lemma 2.2

mn

which permits us to calculate the critical point a—d=a,, , a=a,,* [’ (s)1%/% dss.
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3. UNCONDITIONAL BASES

3.1. The main ingredient of the proof of Theorem 3 is the following.

THEOREM 3.1. The following are equivalent:

1) A is a subset of C; (for some 6 > 0) invariant under the transform z — —Z
and such that {€**}; ¢ 4 forms an unconditional basis in L*0, 2d) for some d > 0.

2) There exists a string m with a = a,, + d and o(m) = A such that the joint
Samily {%, , U¥ : k € o(m)} of the eigenvectors of T and T* forms an unconditional
basis in K¢ .

First we show how the proof of Theorem 3 may be finished now.

The part 1) = 2) clearly implies the existence of a string m with ¢(m) = A.
Lemma 1.6 and (10) would imply the desired conclusion if we could prove that
3., = sup{2b|S’(ib)| :ib € o(m)} < 1. But S =€“.B(z) and d > 0. It has been
noticed in 1.6 that this implies J,, < 1. %,

3.2. PROOF OF THEOREM 3.1. 1) =» 2). Let A satisfy the hypotheses of 1).
By Theorem 1.7 there exists an entire function F in #,;, F(0) = 1 with simple
zeros whose zero-set is precisely A. Since F satisfies the Muckenhoupt condition
(A4,) on R it follows that

S 1 dy
L SR
L -+ y® [F(y)]

R

which implies by Theorem 1 that A is the spectrum of (1) for some string m and
a > a,,. To calculate a consider the indicator diagram of F which is {0, —i2d], and
the canonical product

E(am,z):v.p.ﬂ(l——z—)

i€ A
whose indicator diagram is equal to [—iT(a,,), iT(a,)]. The zero-sets of F* and

E being identical, the lengths of the indicator diagrams 2d and 27(a,,) of F and E
must coincide. Therefore T(a,,) = d > 0,

E*(a,2) = "W E*(a,, 2) = F(2),
and the characteristic function of {Z},,, is

E*(a,z) _

&=t n

e?B =0.B,

where B stands for the Blaschke product with roots in A.
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By Theorem 1.7 K = Kz + 6Ky and the angle between K and 0-K; is
positive. The families (12) form unconditional bases in their closed linear spans 0K
and Ky because A € (CN) [12]. This implies (see (9)) that {%,, U7 : ke A}
forms an unconditional basis in K° .

2) = 1). Let m be a string satisfying the hypotheses of 1). By Theorem 1.5
the semigroup {Z,},,, is unitarily equivalent to the model semigroup {9,} with
the characteristic function S = e!%*-B. Clearly the angle between the spaces

0-Kg = span{T %, : k € a(m)}, Kz = span{T U : k € a(m)}

(see (9)) must be positive which implies, in particular, that 4 > 0. On the other hand
K; + 0-K; = Ks which implies ¢ = a,, + T(a,,) and therefore d = T(a,,) (see
Theorem 2). The spectrum o(m) lies in C;, § >0. Indeed, the orthogonal projection

(5T
ofl 2Im:’ k € o(m) onto K, has the norm (I — |8(k)|?)"2. The space 0-K,

Z —
is the orthogonal complement of K, in K. Therefore by Pythagora theorem the
. k
projection of ]/ZIm? onto - Kz has the norm 0(k)|. It follows
z —

[0(k)| < cosa < 1

where « denotes the angle between Ky and 6- K. It remains to apply Theorem 1.7.

3.3. Examples of unconditional bases of exponentials {emﬂx},,ez in L¥0, a)

with lim ImJ, = +oo given in [1] lead to interesting examples of spectra o(in).
|n] -+ 00

In particular, it can be proved (see Theorem 3.4 (V. I. Vasjunin), part II[ of [1])
that any sequence of points a, in C, satisfying {@,} € (CN) and limIm g, = -0

can be complemented up to such a family {2,}.ecz of points in C; (for some & > 0)
for a given @ > 0 that {e“nt},,ez forms an unconditional basis in L0, a).

In terms of problem (1) this means that such a family {a,} can be complement-
ed to be the spectrum of (1). The obtained string m may be considered as a *“‘small”
perturbation of the homogeneous string in the sense that

0 < inf |E(a,,, x)| < sup|E(a,,, x)| < +o0
x€R xER

(see [4]), which implies that {p,(x,k)},comy forms an unconditional basis in
L({0, a), dm), a = a,, + T(a,), but at the same time

sup{Imk : k € o(n)} = +o0.



THE REGGE PROBLEM FOR STRINGS 85

10.
11.
12.
13.
14.

15.

REFERENCES

. AroB, JI. 3., Peamusauns KaHOHWYECKOH CUCTCMBI C AHMCCHIATHBHBLIM TI'PAHUYHBIM

YCIIOBHEM Ha ONHOM KOHLC CermMenTa 1o Kos{@uumeHTy AMHAMMYECKO# no-
garausoctu, Cubupcruil mames. ncypnasn, 16:3(1975), 440 —463.

. REGGE, T., Analytic properties of the scattering matrix, Nuove Cimento, 8(1958), 671—679.
. REGGE, T., Construction of potentials from resonance parameters, Nuovo Cimento, 9(1958)

491 —503.

. HrusCey, S. V.; Nikov’skir, N.K.; Paviov, B. S., Unconditional bases of exponentials and

of reproducing kernels, in Lecture Notes in Math., Springer-Verlag, 864(1981), 214 —
335.

. Dym, H.; McKEeaN, H. P., Gaussian processes, furiction theory, and the inverse spectral problem,

Academic Press, New York, 1976.

. KpEnu, M. T'.; HYIEJABMAH, A. A, O npameix 1 o0pATHBIX 3aJjayaX [IA YaCTOT

rPAHMYHON JMCCUNIAME HeO{HOp ool cTpynst, Jora. AH CCCP, 247:5(1979),
1046 —1049.

. Reenu, M. I'.; HYAEIBMAH, A. A., O npejerasieHuy LenslX QyHrmuit, moao-

FHUTEAbHKIX HA BEIIECTBEUHOM ocH, ILIM HA TONYOCH, WIW BHE KQHEYHOIO
unrepBaIR, Jdunelnbie onepamopu. u wimezpasbitble  ypasnenut, Mames,
ucea., 61(1981), Knuinmués, 40-—59.

o Remnm, M. T HY REIABMAT, AL A, O HEKOTOPHIX APEIIOMEHHAX THNA TEOPEM

Oypee-llnanmepens n  Bunepa-llsiinn, 10ayyaeMbBIX METO;laMH  TEOPUH
cnexTpanbulX ynrwirit, Pynry. anoaus w ezo npus., 13:4(1979), 79—-80.

. AHiEzER, N. T.; KRrEiN, M. G., Some questions in the theory of moments, Amer. Math. Soc..

Providence, 1962.

Boas, R.P., Entire functions, Academic Press, New York, 1954.

JEBIH, B. fl., Pacnpedesenue ropretr yeavr (ynryuii, TUTTI, Mocksa, 1956.

HuronbsCRus, H. K., Jeryuu 06 onepamope cosuza, ‘‘HAYKA’, Mocina, 1980.

GARNETT, J. B., Bounded analytic functions, Academic Press, New York, 1981.

Koosts, P., Introduction to HP spaces, Cambridge University Press, London Math. Soc. Lecture
Notes Series, 40, 1930.

REDHEFFER, R. M., Completeness of sets of complex exponentials, Adv. in Math., 24(1977),
1—-62.

S. V. HRUSCEV
LOMI
Fontanka 27,
191011 Leningrad D-11,
U.S.S.R.

Received November 21, 1983.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [445.039 677.480]
>> setpagedevice


