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COMMUTATOR METHODS AND BESOV SPACE ESTIMATES
FOR SCHRODINGER OPERATORS

ARNE JENSEN and PETER PERRY

I. INTRODUCTION

In this note we show how Mourre’s commutator methods [7, 8, 9] can be
used to prove resolvent estimates of the “optimal’ type introduced by Agmon and
Hoérmander [3] for a large class of Schrddinger operators. These estimates are
“sharp’ in a sense made precise below: in the case of N-body Schrédinger operators
(see below), they are new.

To state the class of operators we will study, let A be the Laplace operator
on R" and let IT;, 1 <i< M, be projections onto subspaces Z; of R". If A, is the
Laplacian on .; and V; : Z; -» R is a measurable function such that the operator
Vi(—A;+ D~*is compact on LX(¥;), the differential operator (*‘generalized N-body
Schrédinger operator™)

M
A Yy V(IT.x)
i1

is essentially self-adjoint on CP(R"). Letting H denote its self-adjoint extension, we
want to study the behaviour of R(z) = (H — 2z)~1, Imz # 0, as z approaches points
A in the continuous spectrum of H. :

For the class of Schrédinger operators considered in Theorem 1.1 below, it
is known (cf. {I1] and references therein) that R(z) is bounded as a map from
LYR") to L% (R”) for any s > 1/2, with bound uniform in z with Imz # 0 and
Rez € RNG(H). Here &(H) is a closed, countable set [7, 11] consisting of eigen-
values and thresholds of H (see e.g. [11] for a discussion of thresholds), and LY(R") =

@ {u e LI, (R") : S(l + [x[2Pju(x)ft dx < oo} with the obvious norm. It is known

moreover that the resolvent has Holder continuous boundary values R(Z - 10)
for A ¢ &(H) as maps from LYR") to L2 (R"), s > 1/2. These boundary values are
basic objects in the stationary scattering theory and the theory of eigenfunction
expansions for H.
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For the case of two-body Schrédinger operators, i.e., M = 1 and IT; = identity,
Agmon and Hérmander [3] introduced an optimal framework in which to study
boundary values of R(z). They defined the space B(R") and its dual B*(R") as follows.
Let R, =2/ for j=0,1,...,andletQ; = {x e R": 2/-1 < |x| <2/}, j » 1, and
Q, = {x e R" :|x| < 1}. Then

B(R") = {u e L2 .(R"): E R}/zi]uﬂgj < oo}

j=e

with the obvious norm, where

lulla, = ( S Iul2dX)m-

Q.
J

Its dual B*(R") is given by

B*(R") = {u € L} (R") : squ;l/zllquj < o0}
J

with the obvious norm. The Fourier transform of B is the Besov space B/t
cf. Peetre [12]) and that of B* is the Besov space B3 ¥®®. They satisfy the inclusions

L**(R") = B(R") < L>"*(R")

and
L2,—1/2(Rn) c B:..(Rn) ey Lz,—s(Rn)

for any s > 1/2. The spaces B and B* arise naturally in the study of Fourier res-
triction maps from L2(R”) to LM, du) where M < R" is a compact, C* manifold
of codimension 1 and dy is its natural surface measure induced from Euclidean
measure on R". In [3], Agmon and Hérmander study the resolvent of a constant
coefficient, symmetric differential operator P(D) where the symbol P(¢) is a poly-
nomial having only simple zeros. The existence of boundary values of the resolvent
of P(D) is naturally connected with trace theorems for B. Agmon [1, 2] (see also
Hormander [6]) has proven the existence and uniqueness of boundary values for
“two-body”’ perturbations of elliptic operators (including the Laplace operator)
with short- and long-range coefficients in the B — B* framework. More precisely,
he shows that for f € B and 4 = Rez outside a closed countable set, R(z)f has a
unique limit in the weak-* topology on B* as -+Imz | 0. Agmon’s result relies
in the short-range case on perturbation theory and the results of [3] (cf. also Hor-
mander [6]) and in the long-range case on a detailed microlocal analysis of the resol-
vent. This result is optimal in the sense that for each 4 for which boundary values
exist, there is a dense open subset of B(R") for which convergence to the weak
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limit cannot be improved. Murata [10] also studied differentiability of boundary
values of the resolvent for certain elliptic operators in a Besov space setting, in
order to study spectral properties and time-decay of solutions to the associated
Schrodinger equation.

Finally, we note that Hérmander (independently of Mourre) has used commu-
tator methods and a pseudodifferential operator analysis to study long-range,
two-body scattering in the B — B* framework; details will appear in volume 3 of
the series [6]. '

Here we would like to show how Mourre’s commutator method [7, 8, 9)
can be used to recover B — B* estimates for the class of generalized N-body
Schrédinger operators considered in [11]. In what follows, let x; = IT;x and let
V; be the gradient on &', where Z'; and II; are the subspaces and projections intro-
duced above.

THEOREM 1.1. Let H be a generalized N-body Schrddinger operator, let
W,=x;-V.V;, and let Q; = x;- VW, (distributional gradient). Suppose that :

Q) Vi(—A;, + 1)t is a compact operator on LX(Z).

(2) Wi(—A; + 1)-Yis a compact operator on LZ,).

(3) (—A; + D2Q(— Ay + 1)~ is a bounded operator on LXX,).
Let R(z) = (H — 2)~* for Imz # 0 and let &(H) be the set of eigenvalues and thre-
sholds of H. Then for ). € R\E(H), the estimate

u S )i

R + ip)f
supll 0 g e, s
holds, where c(X) can be chosen uniform in / running over a fixed compact subset

of R\E(H).

REMARK 1.2. This theorem establishes the existence and the uniqueness of
the weak-* limit in B*(R") for R(A+in)f'asn { 0, when fe B(R"), and 1 € R\&(H).
This result follows from the above B — B*-estimate, the density of L3R") in
B(R") for s > 1/2, and the existence of the boundary values R(. 4-i0) in the
Lt — 1%, -topology for s > 1/2 (see above). (The authors are indebted to Pro-
fessor A. Devinatz for this remark.)

REeMARK 1.3. By using the refined version of Mourre’s abstract theory pre-
sented in [11], we can relax condition (2) to

Q) (—a;+ D2W(— A+ D7 is compact as an operator on LXZ)).
Examples of potentials allowed by hypotheses (1) — (3) are:

(1) “short range” V; with V;, W; € LP(Z}) + LE(X)), Q; € LX) + L2(%,)
where p > sup(2, n/2). Here we say that a measurable function fe L7 4 [* jf
== f; + f, where fy € L?, fy€ L, and fe€ L 4 L if for each ¢ > 0 there is a
ecomposition f = fi, -+ fae With fi. € L7, fo, € L™, and || falle < &
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(2) “Long range”, CXZ;) functions V; with [D*V,(X;); < Cy(1 + ix;)~¢~il
for multi-indices o with Ja| < 2. :

Under hypotheses (1), (2)’, and (3), we can relax the regularity conditions on
V.. cf. [11] for discussion.

The theorem follows from abstract results of Eric Mourre. Mourre develops
an abstract theory for pairs of self-adjoint operators H, A which obey technical
hypotheses together with the crucial “Mourre estimate’ on i[H, A]. In what follows,
.we denote by 2(C) the domain of a densely defined operator C on a Hilbert space
‘¢ with its graph norm |ju|gc) == || u|| 4 || Culi, where || - || is the norm in 3. Z(C)*
is its dual under the 3 inner product. Given a pair of self-adjoint operators # and
A on #, we say that A is conjugate to H in the interval I = o(H) if:

(i) 9(A)n 2(H)is dense in Z(H) in graph norm,

(ii) the unitary group exp(if4) is a bounded map of @(H) into itself and

sup {lexp(i0Au| gy < o0
6«1

for each w e Z(H), .

(iiiy the quadratic form i[H, A] defined on Z(H)n Z(A) is bounded from
below and extends to a bounded operator, B, from @(H) to #,

(iv) the form defined on Z(H) n 2(A4) by [B, A] extends to a bounded operator
from Q(H) to Z(H)*, and

(v) the estimate

(1.0 E(H)I[H, Al E,(H) 2 Cy(D)E,(H) + K

holds, where £,(#) is the spectral projection for # onto 7, Cy(1) is a strictly positive
constant, and K is a compact opcrator.

This estimate (together with the technical hypotheses) implies that H has no
singular continuous spectrum in /, and the set D of eigenvalues of H contained
in J is finite counting multiplicity: this aspect of the theory is developed in [7] (some
refinements may be found in [11], Theorem 1.2). 1t is applied to N-body Schrédinger
operators including those satisfying the hypotheses of Theorem 1.1 in {7] (A"~ - 3)
and [11] (any N) (cf. also [4] for an elegant proof of (1.1) for generalized N-body
Schrodinger operators). In the application, A== —([/2i)(x- -+ ¥ -x). the generator
of dilations on L2(R7), and (1.1} holds for any sufficiently small interval away from
thresholds of H. In the application, it is shown that the set of eigenvaiues and
thresholds of H, &(H), is closed and countable.

In [9], Mourre proves the following abstract results which we appiy to prove
Theorem 1.1. Let fi, /5 : R — R be measurable functions belonging to £2(L>(R)),
the space of real-valued measurable functions g{f) with

[ee]

12
Hgn”"’(Lw) - {Z s"(g)'z} < co

n--4
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where

s(g) = esssupflg(x)| :n < x| < n 1}

Suﬁpose (i)—(v) hold in I and D is the set of eigenvalues of H in J. Then for
Ae I\D,

(1.2) sup IACADRA 4+ N f( DI < CNfLe , ool 2l

ALY 2 L)

holds with C,(4) uniform in compacts of I\D ([9], Theorem 1.2 (1II)). Although a
stronger norm on f; , f, appears in [9], a close examination shows that the £2(L*)
norm is sufficient.

REMARK 1.4. By combining Mourre’s analysis with that of Perry, Sigal and
Simon [11], one can show that (1.2) in fact holds under the weaker hypotheses of

Theorem 1.2 in [11]. This leads to the improvement in Theorem 1.1 discussed in
Remark 1.3 above.

Below, we show how this estimate implies Theorem 1.1. We first define
“abstract’” spaces B, and B% using the spectral representation for the operator A.
We then recover a B, — B% estimate in the framework of Mourre’s abstract
theory. Next, we show that, “locally”, the abstract spaces look like the concrete
ones: for any ¢ € C3(R) and H obeying the hypotheses of Theorem 1.1, the operator
¢(H) is a bounded mapping from B(R") to B, and by duality from B* to B*(R").
Combining this result with the abstract estimate, we obtain Theorem 1.1.

Acknowledgements. It is a pleasure to thank Barry Simon for his encouragement
and Eric Mourre for helpful discussions.

2. PROOF OF THEOREM 1

First, we define suitable abstract analogues of the spaces B(R") and B*(R").

If A is a self-adjoint operator on a separable Hilbert space # with norm || - |, we
define the Banach space

j=o

B, = {u eH Y, RI|F(4 e Qul < oo}

where F(A4 € Q) is the spectral projection for 4 onto the set Q ={reR:2/-1 g
< <2},j2 1, @={reR:\t|< 1}, and R; =2/. We write || -||s, for the

obvious norm on B, . Its dual B with respect to the inner product on 5 is the Banach
space obtained by completing # in the norm

lull . = sup Ry 2| F(A4 € Q)ul.
Ba i
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The case 4 = |x|,# = L%(R") gives the usual spaces B and B*,
The estimate (1.2) implies the key
PROPOSITION 2.1. Let A be a conjugate operator for H at )y and let I, D be defined
as above. Then for L € I\D
sup [|R(A + in)f]_, < C1(D)IIf s,
n+*0 A

holds with C\(7) uniform in 1 in compacts of I\D.
Proof. Using (1.2), we estimate, for A€ IN\D, n # 0,z = 1 + ijj,

RV F(4 € Q) (H — 2)7Y]| <

< R E | F(4 € Q) (H — z)~1F(4 € Q)|||| F(4 € Q)f]| =

K=o
= R Y, CLARPRP| F(A € Qufll = C:i(D|flls,,
K=o

so that ||(H — 2)7Yf||, < Ci(2) [Iflls, as claimed.
A

We now consider the “concrete’ case where H is an N-body Schrodinger

operator satisfying the hypotheses of Theorem 1.1 and 4 = —_2—i(x- vV + V-x)

is the generator of dilations on L*R"). A is a conjugate operator for H for suf-
ficiently small open intervals about every point A € R\&(H) where §(H) is a closed
countable set consisting of eigenvalues and thresholds of H (cf. [4, 7, 11]). By Pro-
position 2.1 and an obvious covering argument, we immediately get:

PRrorosITION 2.2. Let H obey the hypotheses of Theorem 1.1. Then for all
/€ R\&(H), the estimate

S‘i{’”R(}' + infll . < COIflls,

*
By

holds with C(2) uniform in compacts of R\E(H).

Next, we show that the abstract spaces B, and B¥ look “locally’’ like B(R")
and B*(R"):

ProrosITION 2.3. Let H satisfy the hypothesis of Theorem 1.1. Then for any
@ € CP(R), the operator (H) is a bounded mapping from B(R") to B, and from B}
to B*(R").
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Proof. We show ¢(H) : B(R") — B, since the other assertion follows by duality. '
To do this, we use a minor variant of the interpolation Lemma 2.5 in [3]: let
T:L¥R") — L¥R") be a linear operator with T : L*¥(R") — 2(|4|Y) for some
N > 1/2. Then T : B(R") > B ;. A proof of this interpolation result is readily obtained
by mimicking the proof of Lemma 2.5 in [3].

Since p(H) : L}(R") — L*R"), we need only show that (|4|4- 1)Ne(H)(L+x2)~ N2
is a bounded operator, and hence @(H) : L>¥(R") - P(JA|N), for some N > 1/2,
But, by [I1], Lemma 8.2, ({4| 4+ 1)(H + D-%1 + x?)~¥2 is bounded, while by
a simple commutation argument (cf. [5], Appendix, Lemmas A.2 and A.3),
(L + x)V2p(H)(1 + x2)~V2 is bounded for any ¢ € CP(R).

Hence

(4] + Do(H) (1 + x?)-12 =

= [(14] + )(H 4+ D=1 (x + D=V [(x* + )2(H + De(H) (1 + x)~17]
is bounded. %
Combining Propositions 2.1—2.3, we can give the
Proof of Theorem 1.1. Pick n # 0, .. € R\&(H), and pick ¢ € CP(R) with
@ = 1 near . Then for '€ B(R",

IRC: + i1 o o, < NOUEDRO. + i1y o +

B*R")
@1 11— @EDRC. + i o -
The second term in (2.1) satisfies

10— GHEDRC 4 i)l o, < (1 - PEHDRC A )] g o, <

©.2) $b1”f”L2(Rn) < bl”f”B(R") ’

where b, depends on A and supp ¢. The first term in (2.1) is estimated as follows:

| p*CH)R(Z + in)f s ey < b2l RO+ imo(HDf HB’fi < (by Proposition 2.4)
2.3) < bZCI(A)]](p(H)fHBA < (by Proposition 2.3)

< BECAIA (by Proposition 2.4)

BR™ ’
where b, is the norm of ¢(H) as a map from B(R") to B,. (2.2) and (2.3) together
give

IR A+ in)f 1] 4 g, < Bs(1 + CLD IS

B(R") ’
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where by : - sup(b;, b3). Since a fixed ¢ suffices for / in a small interval, b, has the

same uniformity in A as C,(2) by an obvious covering argument. This gives Theo-
rem I.1. %

The second author is a Bantrell Fellow in Mathematical Physics.
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