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FACTORS OF TYPE l11I,, PROPERTY L; AND CLOSURE
OF INNER AUTOMORPHISMS

A. CONNES

INTRODUCTION

Uffe Haagerup has succeeded to prove that any hyperfinite factor of type
II, has a trivial bicentralizer [11, 12]. This result together with an unpublished
result of the author, announced in {3], solves the longstanding problem of classi-
fication of hyperfinite factors of type III, . It proves that they are all isomorphic to
the Araki-Woods factor R, (cf. [1]) and completes the classification of hyperfinite
factors (cf. [3] for a review). Our aim in this paper is to give the details of the proof
of the implication

M hyperfinite III, with trivial bicentralizer = M isomorphic to R .

Uffe Haagerup has found another proof of this implication and his proof
is more direct than ours. Thus the only excuse for presenting our proof is that it
gives a new characterization of property L; (cf. Part II) and of the closure of IntM
for M a factor of type IIT (cf. Part III). Also it is nice to know that the *“‘auto-
morphism’’ approach can be made to work in all cases.

The idea of our proof is the following. By previous results ([4]) one knows
that any hyperfinite factor N of type III,, 2 # 1 is isomorphic to the Araki-Woods

factor R, first analyzed by R. Powers ([13], [1]). Let then 7 == lﬁ} and ¢ = o%
og 2

be a modular automorphism of a given hyperfinite factor M of type III,,

it follows easily that N ~ R, where N = M xi,Z is the crossed product of M by

o = o%. Let 0 be the dual action of S* on N; one has (cf. [14])
M ~ NxlygSt= R, xl, S*.

This reduces the original problem to the classification of certain actions of S* on
R,, in fact of those actions for which mod(0,) = ¢ V¢ e€ S*. Here mod(x), for
o € Aut N, is the action of « on the flow of weights of N. Since N is of type III,
the automorphisms of its flow of weights are parametrized by S*.
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Now given two actions @ and 0’ as above, one can form §®6’ where 5{ == @,
Ve S This tensor product « = 6®80’ is an action of S* on R,®R, ~ R, such
that,

1) (R,®R,;)x1, S'is a factor of type III,;

2) mod(x) = 1.
From 1) it follows that the dual action of Z satisfies the two properties &, € Int,
a, ¢ Ct VneZ, n # 0, which allow to classify completely this action by the results
of [5]. Thus one has shown that 0®6' is outer conjugate to the following action of
S on R,®R, where R is the hyperfinite factor of type 1I,

O(,O == idR;.®ﬂz

‘where f, is an infinite tensor product action of S! on R.
To conclude that 6 is outer conjugate to 6 one has to prove two properties:
o) 0®idR/_ ~ 0,
P o®p ~ 0.
One can translate what ) and f) mean on the original factor M. One finds the
following two properties:
a) MR, ~ M;
b) or € Int M.
‘We shall explain all this in details in Part I. In Part IT we shall analyze Condition

a) which by [2] is equivalent to property L.,

= A and prove a general
+ o

result which shows that b) = a) if one knows that M is hyperfinite of type III, .
Finally in Parts III and IV we shall prove that if the bicentralizer of M is
trivial and M 1is hyperfinite of type III,, then b) holds thus completing the proof.

I. UNIMODULAR ACTIONS OF S ON R

We let 2€10,1[ and T, =

™ . For any factor M the class of ¢% in
log 2 0
OQut M = Aut M/Int M is independent of the choice of faithful normal weight ¢

{cf. [6]) and we call it or, .

LemMA 1. a) Let M be a factor of type 1II,. Then the crossed product
N=M><16T Z is a factor of type III,.
0

b) Let M,, M, be as in a), szijl,,T Z and 0; the dual actions ofAZ= St
{cf. {14)). Let o, be the action of S* on Ny;® N, fgiven by

@, =0; ,®0,_, VieSh

Then (N;® Nyp) xI, S is a factor of type 111, .
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Proof. a) Since (a'To)" is outer for-n # 0, N is a factor (cf. [13]). The flow of
weights of N is given by the dual action of R = R* on the center of Nxl,R =
=(M x|, Z)xl =(M x|, R)xl Z, thus it is the periodic action of R on a circle.

b) The tensor product M1®M2 M is a factor of type III; with modular
aqtomorphlsm or, = aT0®aTo By the biduality theorem ([13]) the automorphism
aTo » J = 1,2 is dual to the action of S*in M; ~ N; xl,, S1. Hence the crossed product
of M{®M, by or, = aT ®0T is isomorphic to the crossed product of N;® N, by
the orthogonal in Slx S1 of the diagonal in ZxZ and hence to (N;® N,) x1, S.

LeEMMA 2. a) Let R, be the Powers factor of type Ill, and s € AutR, an
automorphism such that R, X\, Z is a factor of type 111, then s is outer conjugate to
ide®s0 where s, is the aperiodic outer conjugacy class in the hyperfinite factor of
type 11, (13]).

b) Let a be an action of S* on R; such that R, xi, S is a factor of type 11I,
then o is outer conjugate to ide®/5 where B is an infinite product action of S*on R.

Proof. a) By [3] it is enough to show that s e»IHtRl and that s" ¢ CtR;
for any n # 0. By [3] one has IntR, = {p € AutR,, mod(p) = 1}. Since R, x|, Z
is of type III, one has mod(s) = 1. In general if mod(s) = x € R’f/),z, then the
invariant S of R; x|, Z is the closure of the subgroup generated by A% and x. Next
(cf. [3]) CtR, is the range of the modular homomorphism & : R/T,Z — OutR, .
If one had s” € 3(R) for some n # 0 then, with 5" = (¢), one would get

te T(R, x|, Z).

As R, x| Z is of type III, we thus have ¢ € T,Z and s” inner which is impossible
since R, x|, Z is a factor. Thus we have shown that s € Int and s” ¢ Ct for n # 0.
b) Follows from a) by duality ([14]). %

PROPOSITION 3. Let M, and M, be hyperfinite factors of type 111, , (R, , 6;) be
the dynamical systems dual to (M, 0'7-0). Then the action of S* on R,® R; given by

o = 01,z®02,—t

is outer conjugate to of = idg ®B,, B, € AutR.
Proof. By Lemma 1 the action «, satisfies the hypothesis of Lemma 2b.

COROLLARY 4. Let M be a hyperfinite factor of type 111, and (R,,0) the
dual system to (M, aTo). Assume that:

o) 0®ide ~ 0;

B O®B ~ 0

Then M is isomorphic to the Araki-Woods factor R,
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Proof. Let (R,, 0% be dual to (R, O'TO). It is obvious that R,®R; ~ R,
and that oy € IntR,,, so that z) and ) are satisfied by 6° (using Lemma 5

below). Thus:
0°®(idg, ®B) ~ 0°.

08(idr, ®F) = 0.
Hence,
0~ 0®(idki®ﬁ) ~ 090 ®0%) = (0®§)®0° = (ide®/3)®0° x 0 2
In the proof we used the foliowing lemma:

LEMMA 5. Let M be a hyperfinite factor of type 111, such that
a) MR, ~ M;

b) o € IntM To= -2 ).
¢ log 4

Then the dual system (R, 0) satisfies 4a) and 4 p).

Proof. First al;;‘ — I so that if M®R, ~ M then o, ~ oy ®ide and the
dual action verifies 4 «).

Next since a) holds one gets that M@ R ~ M, i.e. that M has the property
Lz (9, 12)):

There exists a sequence (u,) of partial isometries of M such that,

1) ut~=0, wuf+u*u, =1 VneN;

2) I[u,, Y1l -0 VV¥e M, (predual of M).

Now let ¢ be a fixed faithful normal state on M, from 2) it follows that
a“}o(u,,) — u, = 0 *strongly. Thus if we look at u, as a sequence of elements of the
crossed product N == M x| ,Z we easily get:

TO

1) w2 -0, wuf 4+ utu, =1;

2 [, Il >0 V¥ eN,;

3) 0(u,) =u, Vte S.

This of course yields factorizations N & N® R which we know already, since
N =~ R,. In order to obtain f8) it is enough using standard techniques ([9], [2]) to
get a sequence (v,) of partial isometries of N satisfying 1), 2") and:

3) 0,(v,) == ¢€i'v, Vre S.

Then in the corresponding factorization of N, N ~ N® R one will get 0 = 0Qf
and thus 4 f).

Now to get 3') we note that ag’-o = limw,w¥ by hypothesis, where {|[w,, ¢] -0

and hence a‘,‘io(w,,) —w, = 0 *strongly. Let U be the canonical unitary, implementing

o"T“o .in N= Mxl,,r Z. We have shown that w}*U is a centralizing sequence in &, i.e.
o

WU, %) -0 VW¥eN,.
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Moreover wikU verifies 3') by construction. With (u,) satisfying 1) 2’) 3) as above
one obtains a sequence v, satisfying 1) 2') 3') by setting v,=u,, wiU where g(n)
is so large that u,, almost commutes with w}U. N

We can now conclude this section by

THEOREM 6. Let M be a hyperfinite factor of type 111, such that
a) MR, ~ M,
b) oy, € IntM,

then M is isomorphic to the Araki-Woods factor R, .

Proof. The dual system (R;_; 0) satisfies o) and f8) so that Corollary 4 applies.

If. PROPERTY L)

Let 2 €]0,1{. In this section we shall prove that for a factor M the property
L., a=+1/(1 4 1), i.e. the existence of an isomorphism of M with M ® R, is equivalent
to the following “‘local” condition:

ConbiTioN 1. For any n € N, ¢ > 0, and faithful normal states ¢, ..., ¢, € M{

there exists x € M, x # 0 such that: '
(4 — P)xe, P < e} oa%s) Vj=1.2,..,n

We have used the standard notations of the modular theory (cf. [12]). Now our
goal is to prove:

Turorem 2. Let M be a factor of type 111, then:

M =~ M® R, « M satisfies Condition 1.
Before we proceed to prove this result we point out the following corollary:

COROLLARY 3. Let M be a factor of type Wlland 0 € Int M, with 0" outer for
all n s 0. Assume that N = M x|y Z verifies NQ R, ~ N, then M®R, ~ M.

Proof. We shall show that M satisfies Condition 1. Let ¢,. r € S?, be the dual
action of 8 == Z on N. For each @ € M, let § be the dual,

(Y aU" = @(a,) Va=Y aU"eN=MxlZ.

For any x e N we let &, = —2]— Se—“l’a,(x)dt. Also we define
T S1
N, = MU == {y e N,ay) == el¢'y Ve S}

13 — 1086
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One has x,,eN Vx€N,and N, N,, =Ny +g, V9,92 €Z. For any faithful p € M},
the dual ¢ is faithful ; ‘11 is orthogonal to N, with respect to the inner product

(x, 9> = o(*x), p rov1deAd g, # g,- By constructlon q)oa, =@ Vte S thus o"’
commutes with «, and o¢?(N,) = N, Vs € R, g € Z. Moreover the restriction of
@ to N, is equal to ¢ and moreover cr“’IN0 = ¢?. Thus for any x € N one has,

1857 — 2y I = N7 — %L 1P
o(x*x) = ; PEI%,).

Let ¢,, ..., @,, be faithful normal states on M and ¢ > 0. Since by hypothesis N
verifies Condition 1) there exists an x € N such that,

0k ”(A‘l‘?,i2 N )'1/2))‘6«3;”2 <ed a’j(x"“x).

Using the above equalities one may assume that x € N, for some g. Let now v,
be a sequence of unitaries of M with,

() = limv,Pv¥ V¥ eM{.

m—co

Then the sequence u,, = v,,U~? of unitaries of N_, satisfies:

u lI’u —»‘I’ VV¥PeM;.

m

This implies that !|(A;{“’ — Du,yll — 0 and hence that,

(4K — 232, xEn || ——> ||(A"2 2)xE ||
‘Pj <Pj m—oo J

One has

(AR = 20 xEa || = || (T X)*T — 2Puyx)El] =
J

i

= (& Tl — 2%u, )8 || = X)) Jup — u,)e; +

m

xS = PG < x| 88Uty = ualy |+ 1457 = 2E)xs |

where ¢; € 2" is the vector corresponding to (7),. (cf. [7) for notations).
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Now u,x € N_,N, = N, and for m large enough one has

¥y H(A},,’j2 — ﬂ»l/z)u,,,x{«,jll2 < 26y, oi(x*utu,x)

so that N, = M satisfies Condition 1. %
Combining Corollary 3 with Theorem 1.6 we get:

THEOREM 4. Let M be a hyperfinite factor of type III, and assume that

oTOETn_tM for some Ty # 0. Then M is isomorphic to the Araki-Woods
factor R, .

Proof. By Theorem 1.6 we just have to prove that M@ R, ~ M. For this we
apply Corollary 3 with 0 = Or,» @S M x|y Z = R, satisfies the hypothesis, we
get M ~ M®R,.

Let us now proceed and prove Theorem 2. By [2] a factor M verifies MR, ~ M
iff it satisfies property L. , o = 1/(1 + 1), i.e.,

CONDITION 2. For any ne N, ¢ > 0, and ¢,, ..., ¢, € M}, there exists a
partial isometry u, u® = 0, u*u + uu* = 1, such that

lup; — ipull <e Vj=1,2,...,n

It is obvious that Condition 2 implies Condition 1 above. The main step in
the proof of the implication 1 = 2 is the next lemma.

LeMMA 5. Let M be a factor verifying Condition 1. Then given ¢; € My, faith-
ful, and ¢ > 0, there exists a partial isometry u € M such that

a) ut =0, u#0,

b) ||(A,1,,/]_2 — illz)uﬁq,jﬂz < &Y, ¢;(wtu).

Proof. Let p, be the state on M,(C) given by,

1
142

Pz(z aijeij) =

A
ay -+ —-——a Va;;eC
11 l + ), 22 J

where (e;;) is the canonical system of matrix units in M,(C). One has
piaes) - Apslea) Va € My(C), thus

1/2 — )12
APery = A7y .
P
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Thus, with the notation of [7] Proposition 1, we get

1 .
lp®p;, x@ew) = - [y, — Dx@ewdlpon, | =

I 2w 12 .
5 (145 »\‘§¢®A,,)_ e, — .\f‘?@elzgpi“z _

I Sireow has_1v. & 1o b e aimves e
= | AYExE, — 22xE Ylewd, |* = P il!(A}p/ — AMP)xC, %
Hence by [7]. Theorem 2 we get:
[ o]
N Sg% w0 () da = ¥, g,(x);
1
oo
| ( 1 ,
- (A2 — JWyy | ()¢, li2da <
[t
2)
[ 1 e 1 AL2 212y |y i .
< 6(- o - /_', \;(A‘pj — 4 )AL.(pj“ ll«\®€12||¢j®p;_
Now

(xFx 4 xx™),

(!11-\‘®"121‘:j®p;_)2 = (‘Pj@/’z)(x:::«\'®922 + XX ®eyy) <

thus we get:

it AL 31/ AE 12 TOAVE osuyyE el ¥
3) l-(A“’,- — /.llz)ual/z(x)c_(pj!, da <€ 1211(“% N ),\gq,jh |1Ali¢j.

Sl §

Let v € M, x # 0, be such that
(4 — A0S, 1 < e(Y) pi(x )2,

Let n - (}, ¢;(x*x))'/2. One has ([[,\'H,fj)2 =opi(xFx 4 xx¥) < 297 Af 2R - e <L
(Since @;(xx*) - ;mijg-'wj;;‘l.) Hence, by 3),

k |y PG 2da < 200
1]
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while

S ( i (pj)(ualle(x)*uallg(x)) da = ’12.

This shows that for any such x € M there exists ¢ > 0 with u,(x) # 0 and
c 2 __ g g " . e .
zl“ 1(4 o) /}/2)u‘,(,\)£q,j|l2 < 20ng ? @ j(u(x)*u,(x)). This yields a partial isometry u

verifying # # 0 and 5b). Now we have to improve it to get 5a), i.e. to get u* = 0.
Let then f = uu* be the final support of # and take y = u(l — f). One has y* = 0,

and if u verifies 5 b) one has, with the notation of [7],
10457 — 28, 1| = lUy*T = 222p)El| = |G = furS — 222l — FNE] <
< WA =T — 2R+ AT — ) — A — )G <
< 145} — 28, || 4 2RI — g -

Then
1A — )N = | (Juu*d — uu®)E;|| < |Ju(Ju*d — 2Pu)E|| +

+ AP — A < 24— PEE,

Hence
(442 — 295, [| < 3|(4Y2 — 22, .
Since any u,(y) satisfies u,(¥)? = 0, the proof will be ended by the following ine-
quality:
(*) X 2Oy = (1 — 218 — ne)? Y, (™).

Then by the same argument as above a suitable u = u,(y) gives the answer.
Let us prove (x). Let 2 =Y, o,(u*u) = Y, ¢;(e). One has ||f¢;]| = |Ju*;|| <
< M| uéjl| + en since || Ju*E; — A2ug,|| < en for all j. Thus [fe&;, &I <|IfE| || e&;li <

S(@Pllegll + em)(ileg;ll) < A2[leg;l1® + en Then, 1Y, {feg;, &) < AVy® + nen®. Let
Py = Y. <x¢;,&> YxeM. One has n®= W), [P(fe)l < (A + ne)¥(e).

Assume that 13/2 4 pg < 1, then

|¥(e — fe)l = (1 — (A2 + ne))¥(e)

le(l — f)eull = (1 — QM2 + ne))l|edyll

since [¥(e — fe)l = [Ke(1 — f)Cy, edudl < |ledylllle(l — f)Epll-
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Proof of Theorem 2. We let ¢?, ..., ¢} be faithful normal states on M and
é > 0. We want to prove Condition 2. We let é‘} € #% = #+ be the vectors asso-
ciated to the (p‘; with the notations of [7]. The argument we shall use is an exhaustion
argument similar to the one used in [7].

Thus we let & be the set of (n + 1) uples (v, 2, , ..., a,) where:

a) u is a partial isometry u € M, u* =0,

b) o; € #, one has (u*u + wu™e; = o;, &; = 5‘1’- —a; — Ju; € 2" and ¢; com-
mutes with w*u + wu®,

¢) One has ||&u — 22ug|* < 6 Y oY(u*u + wu™) Vj,

d) oyl < 8, @luru + w) Vi,

We define a partial ordering r < »’ by:

1) u' is an extension of u, i.e. u = eu’ = u'e where e = u*u + uu®,

2) e(a; —o;)) =0 Vj,

3 —ar <oy, i’ —e) Vi
One proves exactly as in [7] that < is a partial order on £, that any totally ordered
subset is countable and majorized by some element of #. Let then r = (u, v;) be
a maximal element of . Let e = u*u + uu* and f = 1 — e. We shall assume that
f # 0 and contradict the maximality of r.

Let M; = fMf act standardly in 3, = fs#f. By b) one has ex; = a; hence
fa; = 0, Jfu; = (Joy)f = 0. Thus f£,f = fe3f. Let n; = f&%f.

By Lemma 5 there exists a non-zero partial isometry v € M, v® = 0 such that
a7 A0 .u |
I(Jo*J — 2V 20)n;|* < Te Y <v*on;, n;>. Let e, = v*v + vv* then ||(Je,J — ey;i! <

< 2(1 4 A-V3)||(Jo*J — A2yl

Thus {[[ey, n;]I2<3 Y, <eanj, ;5 <Y, @(ey) since [leyn;ll = [lenfEU1I< llesdSl
for any j. We let ' = u + v and a} = a; + e,¢;(1 — e;). Since {; commutes with
S one has e,l(1 — e;) = e,{;(f — ;) € f#f. One has o] — u; € e, this vector is
orthogonal to es# thus 2) holds. Also ||o; — ;|2 = [leyn;(f — e)II* = liler, n;}* <
<4y, (p‘}(el) thus 3) holds, while 1) is obvious by construction. Let us check that
7' € R, i.e. that r’ satisfies a), b), ¢), d). Condition a) is clear. One has e,(x;—2;) =
= a; — a; hence (e + e,)a; = aj so that b) follows from the equality

E =8 — o) — Juf =& — () — o) — J(o) — ) =
= —ed(l —e)— (1 —e)je, =1 —e)i(1 —e) + ejer € 2.

Condition d) follows from the equality |a|® -+ |Jo;]|> = Jlay — o;|* Vj, and 3).
Let us check c). One has:

Gu'sT — W), = (JusT — W)E + (JoT — AV)E)

(Ju*J — AA2u)E = (Ju*d — 272u)(1 — e,)¢,(1 — ;) = (1 — e))(&u — A2uE)(1 — ey).
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Thus  ([(Ju*J — A& < 8 Y, o%u*u + uu*).  Also, (Jv*J — MW)] =
(Iv*S — W) elie)) = enp — Aune,, thus  ||(Jo*J — AE)ER <

<o) @8 O(v*v + vo¥).
Hence c) follows, since &ju — AY2u&; is orthogonal to e,(nv — AY%un;)e, .
This proves that any maximal element of # yields a partial isometry u such that:

=0, wuw*+ utu-==1
JZyE 0 < Spliegye,
J J

(Since {|a;l| < n'/26Y/2 and llé — & < 2}|o||.) Thus M satisfies Condition 2 and by
2, M ~ MR, . %

1. Int M FOR TYPE IIl FACTORS

In this section we shall prove a characterization of approximately inner
automorphisms of type III factors, which will be crucial in the proof (cf. Section IV)
of or, € IntM for M a hyperfinite factor of type III, with trivial bicentralizer.

THEOREM 1. Let M be a type 111 factor, and 0 € Aut M. Then § € IntM jff
Jorany &, ..., ¢ € P and ¢ > 0 there exists a non zero x € M such that:

%8, — 0E)xIE < &2 B G2 Vi=1,...,n

The eondition is clearly necessary. To prove that it is sufficient we shall use
the same technique as in Section II. We first need a lemma which allows to take
the supremum e v f of two projections in such a way that e v f commutes approxi-
mately with £’s if e and f do. The usual supremum is too discontinuous to work.

LeMMA 2. There exists a constant c<oo such that for any e, f € PI'OjM and any
&, .. 6, € P there exists E € Proj M such that :

a) E<cle+f) (in M*+),
b) e(l — E)e < —;~e, fl — Ef< —;~f,
) Y E, EIF < e Y lie + 1), EIlice + &

Proof. Let e(a) = E 12(e + f) be the spectral projection of e -+ f corresponding
to [a¥/2, +oco[. By construction one has

(%) : a'%e(a) < e +f, ela) < a=(e +f).

Next we shall estimate ||e(e(a) — 1)el| and prove:

(%) lle(l — e(@)e]] < sin2—g— for aV? =1 — cosb, O € [0, _72r_] .
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To prove this is quite simple since (cf. [5]) one can assume that M = M,(C), that
0 o
e = [l 0] and f={ SIN*COSAY ror some a € [0, 7/2). Then a
L0 o —sinxcosa sin®
'simple computation shows that the spectrum of e + f consists of 1 4 cosa.
Clearly (#») is trivially true (e(@) =1) if a > 0. If @ < 6 one gets e(a) =

s & .a o
cos?— —sin — cos —
2
= for simple geometric reasons of sym-
.o o o O
—SIN — COS§ ~— sin®—
2 2

metry. Then a direct estimate gives:

lle(1 — e(a))e|| < Trace(e(l — e(a))e) = (cosz—z~ — l)d + sin2—;— cos"% ==

- .. 0
= sin>— < sm‘-’—g—-

Thus (x#) is proven. This shows that providedc > 9, anyae J = [1/81,4581] will
work, since, as @ > 9-2 one has ¢—12 < 9 and as @ < 4/81 one has sin-z— <173

if | — cosf = a2 £ 2/9. But now by [7] one has:
S % (@, &1l da < 12 3] llite + ), &1 e + 5|
J J
so that in the interval I there exists an a such that

Y, llle(@), &lE < (12%27) 3] {l{(e + 1), &l 11 (e + e 2

We are now ready to prove the crucial lemma in the proof of Theorem 1.

LeMMA 3. Let M, 0, &; and ¢ be as in Theorem 1 and ¢ be as in Lemma 2.
There exists a projection E € M and an x € M such that,

) lixlle <1, x=0(E)xE,

2) 2 ||x~f,-i|222‘°C‘IZHE§,~II2,

HMELGN <Y NEGE Vi=1,....n,

4) || x&; —0CHxIP < e Y X2 Yi=1,...,n

Proof. First, exactly as in Section 2, we can use the technique of [7] to find
a partial isometry ¥ € M, u # 0 such that:

flué; — O ull < en, where n2 =Y, [Jué;l>
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Let then e = u*u and f = 6-Y(uu*). One has
llle, &Il < 2en, (IS, S < 2en.
Also [|0(Zpull < ||ug;||l + en hence:
el = 1073t < s+ on = leg )+ am

Thus by Lemma 2 there exists E € Proj M such that: a), b) and ¢) hold where:
c') IIE, 111 < cnden(2n + en) < 10ncen®. Lo

We let x = O(E)uE By construction 1) holds. Also 3) and 4) are clear for ¢ small
enough, provided we prove 2). :

One has |[(eE — e)¢; — {{eE—e)|j < 28!1 + 2en + (lOnce)l’Zn, \\f (eE - e)|| =
= [|(E — D)e&;|| < (1/3)]eg;, thus given & ane has [|(e£ — e)¢; || < (1/3)jeg;]| + 5
for e small enough. Then ||0(E)uEE; — O(E)u; ||—||0(E)u(e_E— e);l| < (1/3)e&;l| -+ on,
and, fo i

. ] o
NOEWEE, | > 0B, — - let,l|—on,
N0CEYuE; || = HOEYE)ull — en = || EG;f1l — en >
. ,
Z [|EfS|| — 3en 2 —3.~.Hf€j||.— 3en.
As |IfE 1 = 10-1*)E; || = 10E)ull > ||e&;l| — en, we get:
Poper o A A e —
08B > S eg = (543 Jen — < legyl = on
Thus with & small ehough We get: Cing '-)?r BE e ey
Il > eyl = dn, = Xilegsi
Thus for § small enough one gets . .

lexé *> *“V(llef HZ+ I1/E; H2

anc,nﬂ 2( )((eTf)é,,f> 2(;) <Eé,,é> 7



202 A. CONNES

LemMma 4. Let M and 6 be as in Theorem 1. There exists a bounded sequence
(va) of elements of M such that y, does not tend to 0 strongly and :

”ynq)_o((p)yn” -0 (PEM$.

Proof. Using Lemma 3 and the exhaustion argument of Section II one
constructs for any &,, ..., ¢, € 2% and ¢ > 0 an element x of M such that:

D fixlle < 1,
2) YIxglE > 275,
3) llxg — 0E)x]l < =
With this one easily gets the desired sequence since M is finitely generated.
Proof of Theorem 1. We consider the set X of elements of the predual of

My(C)®M = N of the form: [((;) 0(0 )], @ € M} . We fix a faithful normal state
@

@ onMandlet‘P(,=[(p° 0 ]
0 0(py)

Let w be a free ultrafilter on N, and let N,"fo be the asymptotic centralizer of
Y¥,. This is a von Neumann algebra with a faithful trace r which is obtained as the
quotient by an ideal J of the C*-algebra of all bounded sequences (y,), ¥, € N,

such that,
[1[Va> Folll — 0.

The ideal J is the kernel of the trace t, defined by:

T((yn)) = lim lllo(yn)

n—w

J = {((y), limt((yy,)) = 0}.

n—w

We let P be the von Neumann subalgebra of M,“I'O obtained as the intersection of the

centralizer of the ¥, , ¥ € X, where:

¥o((y) = lim ¥(y,).

n—w

(Note that if y, € J then [[y,ly | ——>0 and hence ||y,{y|{ ——> 0 for any ¥.)

For any x € N let X be the constant sequence: X, = x Vn. One has €, € P,

€, € P where e, = [:) g], €4y == [g (l)] To prove Theorem 1 we just have

to prove that €, and €,, are equivalent projections in P. Then this yields a sequence of
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[[(p 0 ], [0 0]]” — 0, i.e. such that
0 —ii . 0 6(p) u, 0
= limu,u¥.

To prove that &,; is equivalent to €, it is enough to show that any element

unitaries u, such that for any ¢ € M,

z of the center Z of P is of the form (y,), y, = [‘;" 0(0 )], since then 7(zé,,) =
an

= 1(z€y) Vz € Z. Any y = (y,) in Z is of the form y, = [‘(I)" :] because ¢;; € P.

Moreover, ||[a,, @]l ——0, ||[b,, @]l -"———>0 and hence (a) and (b) are centralizing

. . b .
sequences in M. They commute, since ([0" g]) € P. Thus it is enough to show

that for any centralizing sequence (e,) of idempotents, (e,) ~ O, there exists
sequence (y,) of elements of M such that:
1) [|yall is bounded,

2) [|yap — 0@y >0 Voe M,
3) &(e,)y.e,+ O strongly when n — o.

Then [: g] cannot be centrally disjoint from [O ] in the von Neumann

0(e)
algebra P, and it follows that any element of Z has the desired form.

Now we already have a sequence (y,) satisfying 1), 2) by Lemma 4. To get
the required sequence, it is enough to show that for some « > 0,

Tim 0y enle, | > dllety,| VneN.

4w

One has, from 2), that |]0(e,,)yqe,,éq,o — yqeﬁé%ll —— 0, moreover, since (yyy,) is
q—+o0

centralizing and does not tend weakly to O the weak limit: limyZ¥y, is a non zero
Qo

scalar: o, Then lim || yqeﬁé%]P = a2@y(e,), which ends the proof.

qow

1v. Int M, C*(M, M) AND THE MODULAR OPERATOR

In [4] we have shown that if M is a factor of type II; then the closure of inner
automorphisms, Int M, is characterized by,

OentM « ||Y 00yl =Y xyill VX, eM, yeM.

This result fails for trivial reasons when M is of type I, since € Aut M may have
a non trivial module,

mod, () € R*
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while the norm equality above is automatic if M is hyperfinite. In general, for
arbitrary factors, it is natural to expect that,

a) ”2 0C)yill =1y, xivill VxeM, yeM’;

(*) 6 € IntM < {
b) mod,(8) = 1.

For factors of type I1I; the second condition b) is automatic. For hyperfinite factors
the first condition a) is automatic. Thus (+) would imply that AutM = IntM for
M hyperfinite of type III,. This, together with Theorem 2.4 would settle the uni-
queness problem. It is in trying to prove (x) that we have met the bicentralizer
problem. In this section we shall show that if we assume that M is hyperfinite of
type III, with trivial bicentralizer then or, € IntM.

THEOREM 1. Let M be a hyperfinite factor of type 111, with trivial bicentralizer,
then or, € IntM, ¥V T, € R, and M is isomorphic to Ry, .

With a little more work one can prove that (*) holds for any factor of type
111, with trivial bicentralizer. The general conjecture remains however open.

Let us now assume that M is hyperfinite of type III, . Let 4 be the C*-algebra
C*(M, M') generated by M and M’. Since M is semidiscrete ([4], [10]) one has _
A= M®,_,, M and for any 0 € Aut M there exists an automorphism 6 of A4 such

that
MY xy) =Y 0(x)y; VYx,eM, ye M.

LEMMA 2. With the above notations, assume that for any faithful ¢ € M}

one has,
1(6%,)" (X) + fd )l = | X £ f(4,)]l

for any X € A and f € Co(RY). Then o1 € IntM.

Proof. We fix a faithful ¥ € M and let 0 = a‘;’o. We shall prove that ¢
satisfies the hypothesis of Theorem 1 of Section III. We let ¢,, ..., ¢, € 2% be

given, and ¢ > 0. Let,
ox) = VL (x¢, 8> VxeM.

We may assume (using an auxiliary &, .,) that ¢ is faithful. Let ¢ 2" be the unique

vector such that,
Plx) =<Kx¢, & VYxeM.

As (x8;,¢> < (x¢, &) Yxe M, , there exists an element 7; of M’ such that
T¢ = ¢&;, and || T;|| < 1. Thus there exists b;, b; € M, ||b;|| < 1 with

& =2¢b;=bFE Vji=1,2,...,n



FACTORS OF TYPE I 205

To prove that 0 satisfies the hypothesis of Theorem 1 of Section III it is enough to
find x € M, x # 0, with

[1x¢; — o7 )l < ellx]l.

(Since a;‘.; (x) = uot Gu* Vx e M, with u= (DY : D)y, ) Let o =07 . Put

X = g Wb%J — b*2 € A. One has

J

E(X) = 3] B3] — albD)P.

j=1

Let f € CP(RY) be such that
a) f()e[0,1], VAie RY, f(1) =1,
b) I(AV2 — 1)(f(A)l <& VieRE.
One has
0< X+1f(4,)— 12 <4n+1
and
@+ 1) — X — (f(4,) — 12| = 4n + 1

since ¢ is an eigenvector for the eigenvalue 4n 4 1. Thus, by hypothesis, we get,
(@n + 1) — a(X) — | f(4,) — 11*]| = 4n + 1

which shows that there exists a unit vector #,, such that,
o) [|(JoFS —aBImll <& ¥,
B 1(f(4,) — Dmll < &
Let n = f(4,)n, . Then n € Dom 4}/ and,
o) ||(Jb]S — a(BNnll < 3e,
B 11(45% — Dl < &,
)l =1 —e
Since M¢ is dense in the domain of 4'/2 one can replace by x& for some x # 0,
x € M and then one has (for & small enough)
') || xEb; — a(bT)xE| < 4e|xCl] VY,
B) [|x€ — &x|| < 2¢f|xE]).
As a(¢) = £ one has a(£;) ="a(b¥)¢ and thus,

[[x¢; — alCpxl < el xcl.

The C*-algebra A = C*(M, M) together with the unitaries 4", r € R does
not quite form a covariant system because the automorphisms X — A4i*XA-it of
A do not depend continuously on ¢ in the pointwise norm topology. We shall now
replace A by another C*-algebra, A, which will be better in this respect.
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LEMMA 3. a) Let K be a compact metric space, u a probability measure on K
and a, b be bounded *-strongly continuous maps from K to M and M’ then

Sa(t)b(t) du(r) e Z(#).

K

b) The subset B of L(¥) of elements of the form a) is a *-subalgebra.

c) Let A, = norm-closure of {T € B, t - A“TA-* is norm continuous}.
Then A, is a C*-algebra, 0, = A" - A~V is a norm continuous action of Ron A4 .

d) For any X € A and f € C(R) one has,

SA“XA‘“f(s)ds €EAy,.

Proof. a) Obvious.
b) One has for instance
( Sal(zl)bl(zl) o)) Sazoz)bz(rz) i) ) =
Kl KB ’

= (@,(1)ax(1)) (b, (1)) dpy(11) dpo(ts).

K1XK2

«€j By construction 4, is the norm closure of a *-algebra, thus it is a C*-alge-
bra. By construction ¢t — 6,(Y) is norm continuous forany Y € A, .
d) It is enough to prove d) when X = ab for ae M,be M'. One has

S AsXA-1f(s)ds = S(A“aA‘”)(A“bA‘“)f(s) ds. Thus it belongs to £. Since it is
.0-norm continuous by construction, the conclusion follows.

We now consider the C*-dynamical system (A4, @) and the C*-crossed product
A, x1gR. The system (4, 4*) defines a covariant representation = of (4,, ) in #
and we let B = n(4,xlpR) be the corresponding C*-subalgebra of Z(#). Any
<element of B is a norm limit of operators of the form

S Y(s)A*ds

where Y is a norm continuous map from a compact of R to 4,. We shall prove

LeEmMMA 4. a) Let o = a‘;o as above. Under the hypothesis of Theorem 1 there
.exists an automorphism & of A, such that

5 ( S als)b(s) du(S)) — S #(a(s))b(s) du(s)

o with the notations of Lemma 3 ).
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b) There exists an automorphism f of B = n(A , x| R) such that
/3( S Y(s)4" ds) - S &(Y(s) 4 ds.
Before we prove Lemma 4, let us show that it implies that or, € Int M. With the
notations of Lemma 2, we have to show that
l4n + 1 — a(X) — [f(4,) — 1% = 4n + 1.
Let he CPR), h(t) 20 VteR, Sh(r)dt = I.
One has,

SA;:XA;"h(r)dte A,
SAi:un + 1= [f(4,) — 11945 () dr = dn + | — |f(4,) — 1P,

zZ= (SAi,f,(4n +1—X—|f(4,) — 1|2)A;"/z(t)dt)gA“lz(t)dt €B
and

B(Z) = (Sazw 41— (X0 — |fd,) — 112)A;"h<t)dr) ¢(4,)

where g = h. As lle(4,)]] < 1 we see that,
1B < 1(4n + 1) — a(X) — | f(4,) — 12|

But by hypothesis, |[f(Z)ll = (|Z]| and ||Z]] > 4n + 1 because ¢ is an eigenvector
for the eigenvalue 4n + 1. Thus we get,

@n + 1) — &(X) — | f(4,) — 112)] = 4n + 1. %

Thus the proof of Theorem 1 is reduced to the proof of Lemma 4. To prove
Lemma 4 we first recall the following simple fact.

LEMMA 5. Let oy, #, be two Hilbert spaces, & a *-subalgebra of £(H,)
and n a *-homoemorphism of o in L(H ).
a) Let &, be a cyclic vector for n(sf). If || &) = 1 and

Kn(a),, EDl < |lall Vae s
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then m extends to a norm continuous representation T of the closure of & in L(#1)
to L(H,).

b) With the hypothesis of a) assume that &, is a cyclic vector for £ such that
162l =1 and,

Iin@l = <aé,, &) aedAd

then the representation T is isometric.
Proof. Cf. [8].

Applying Lemma 5, let us show that Lemma 4 holds if we assume the following
two conditions:

A. There exists a sequence (¢,),en, & € # @ such that,

) [(45®45)¢, — &l —>0 VieR,

2) L(a®b)e,, Ly o Kabé, &) YaeM,be M.

B. There exists a sequence ¥, of normal states on £ () such that,

1) 7,45 -1 VieR,

2) W(ab) — (al, EXXbE, LY VYaeM,be M.

Let o/, be the *-subalgebra of Z(# ®@s#) formed by the operators

T= Sa(t)@b(t) du(t) with the notations of Lemma3a). For Te s put
K
o(T) = Sa(t)b(t) du(t) e # = L(). By A 2) one has, using the Lebesgue dominated

K
convergence theorem,

Cp(T)E, &> = lim (T, €D

P00

This shows that p is well defined and satisfies the hypothesis of Lemma 5 a). Moreover,
as £ ®¢ is cyclic for o7, , Lemma 5 b) combined with B 2) shows that p is an isometry.

Let then X:Sa(s)b(s) du(s) € #, one has

a0l =,

= || etatn@raucs| =

\etaecs 3uco)|

o (A LT O IO TR

=“Sa<s)®b(s) dus)|

\etwerauco)] = px1.

i

Since @ commutes with 6, = 4%-4;" we have proven Lemma 4a). Let us prove
Lemma 4 b). We have just shown that there exists an isometric homomorphism of 4 ,in
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L(H# ® ) such that,

n(s a(s)b(s) du(S)) - Sa(s)@b(s) dus).
I'e K

Moreover one has,
n(AsY4;%) = (AB@4Am(Y )4, 5®4;%) VseR, Yed,.

Let o7, be the *-algebra of elements of £ () of the form,

T= S Y()45ds Y € C(R, 4,).
For T e &, put,

n(T) = Sn(m))ui;@A i) ds.

The vector ¢®¢E is cyclic for n,(o/;) and by B one has, (3 (T)ERE, EREY =
= lim¥(T), thus Lemma 5a) shows that |[5(T)]| < ||T]l VT € A,. As the

V= O

vector ¢ is cyclic for o/, one has using A
I<TE, S < [[m(D]].
Thus
Im(MI =TI VTed,.

We hence have,

S 2(Y ()4 ds

= H S n(a(Y(s))4s@4ds

B ”S (@ o@Dn(Y ()4 @14 @47%)ds

= u (Airo®1)( Sn(Y(s))(Ais®Ai’)ds)(AiTo®1) i =

|

— H S MY ()AF®4)ds

= ”S Y(s)4' dsn.
i

This proves Lemma 4 b).

14 — 1086
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Proof of A. Since M is semi-discrete there exists a (non normal) state ¥ on
ZL(# ® #) whose restriction to the C* tensor product M®,,,, M’ is given by,

P(x®y) =<xp¢, &) VxeM,yeM'.

This shows that given ¢ > 0, x,, ..., x, € M, y,,..., y, € M’ there exists a normal
state ¥’ on L (H# ® H#) such that,

2) V'(x®1) =<Lx&, &) VxeM,

B ¥'(1®y) =<¥,8 VYyeM,

) P x®y) — {xyi6, Ol <e Vi=1,...,n
Since the unit ball of M (and M’) is separable for the strong topology it follows
that there exists a sequence ¥, of normal states on £ (s ® #) such that,

a) ¥,(x®1) =<x¢,¢)  VxeM,

b) Y (I®y) =%, &) VyeM,

) P, (x®) - (i, & YxeM,ye M

Replacing ¥, by ‘Pivv,

r
WNV —_ S (Ai:®Ais)q1v(A—is®A—is)ds
N

one can assume that || ¥, — (4°® A4*)¥ (4~ @4~ ")]| — 0 for any s € R. Let

then ¢, be the canonical vector in the natural cone of M@M’ in # @ which is
such that,

d) ¥,(x®y) = ((x®)E,, &> VYxeM, yeM.

Since |¥, — (A*@4¥)¥ (4-*®A47")|| - 0 one gets

1(4*®@4%), — &l -0 VseR.

Moreover, Condition A 2) is clearly fulfilled by c) and d).

Proof of B. By [11] Proposition 1.4 b’), there exists a sequence P, of linear
maps of norm one from Z(3#) to .£(#) such that,

a) For each n there exists unitaries u} in M, with ||[u}, ¢]|| < 1/n Vj, and
scalars A7 > 0, ¥}, A} =1, with

P(T)= Y XuiTui* VT e LX)

B) P,(x) —» ¢(x)1 in the *-strong topology, for any x € M.
For any v € N, let ¥, be the state on Z(5) given by,

Y(T) = Y, 2KTuf*C, u*ey VT e L(H).
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For any t € R, one has, using a),

sup||4"u*E — urd || 0.
Thus, ¥,(4") -1 VYte R. For any a € M, b e M’ one has,
Y(ab) = ¥, PKabu*E, uitEy =
= () Auiau*be, & = (P(a)b¢, ).

Thus ¥, (ab) — {al, EXBE, &).

REMARK. One can in fact show that the homomorphism 7 : A,xl;,R - B
is an isomorphism.

REFERENCES

1. AraKl, H.; Woobs, E. J., A classification of factors, Publ. Res. Inst. Math. Sci., 4(1968) .
51--130.
2. ARAKI, H., Asymptotic ratio set and property L}, Publ. Res. Inst. Math. Sci., 6(1970), 443 —460.
3. CoNNEs, A., Classification of factors, in Operator algebras and applications, Proc. Sympos.
Pure Math., 38(1982), part II, 43—109.
4. Connes, A., Classification of injective factors, Ann. of Math., 104(1976), 73—115.
5. CONNEs, A., Outer conjugacy classes of automorphisms of factors, Ann. Sci. Ecole Norm. Sup.,.
8(1975), 383-—420.
6. ConnEs, A., Une classification des facteurs de type III, Ann. Sci. Ecole Norm. Sup., 6(1973),,
133—252.
7. CoNNEs, A.; STGRMER, E., Homogeneity of the state space of factors of type IIl;, J. Functional
Analysis, 28(1978), 187—196.
8. DixMIER, J., Les algébres d’opérateurs dans Iespace Hilbertien, 26™¢ édition, Paris, Gauthier
Villars, 1969.
9. Mc. Durr, D., Central sequences and the hyperfinite factor, Proc. London Math. Soc.,
XXI(1970), 443 —461.
10. EFFros, E.; LANCE, C., Tensor products of operator algebras, Adv, in Math., 25(1977), 1-—-34.
11. Haagerup, U., Connes bicentralizer problem and uniqueness of the injective factor of type
IIL,, Preprint Odense University, 1984.
12. HaacEerup, U., The standard form of von Neumann algebras, Math. Scand.,37(1975), 271 --283.
13. PEDERSEN, G., C*-algebras and their automorphism groups, Academic Press, New York, 1979.
14. Takesakri, M., Duality for crossed products and the structure of von Neumann algebras of
type I, Acta Math. ,131(1974), 249--310.

A. CONNES
Institut des Hautes Etudes Scientifiques,
35, route de Chartres,
91440 — Bures-sur-Yvette,
France.

Received February 5, 1985.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 400
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [445.039 677.480]
>> setpagedevice


