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ON COUPLING CONSTANT THRESHOLDS
IN TWO DIMENSIONS

HELGE HOLDEN

1. INTRODUCTION

Recently there has been an increased interest in low-energy phenomena and
also in the study of two-dimensional systems due to applications to surfaces in
solid state physics.

In this paper we study the low-energy behavioyr of a two-dimensional two-
-body system.

Consider namely the Schrddinger operator

H,= — A+ iV

on L*R") where A is the Laplacian and V is a suitable short-range potential. The
spectrum of H, then consists of possibly some negative eigenvalues in addition to
the continuous spectrum [0, o).

Assume now that E(2) is a negative eigenvalue of H; such that

EMN10

as A | A, i.e. E(A) approaches the continuous spectrum.

While perturbation of discrete eigenvalues for self-adjoint operators yield
analytic expansions for the eigenvalue in terms of the perturbation parameter,
this 1s not necessarily the case when an eigenvalue approaches the continuous
spectrum.

An interesting question is therefore whether one can find convergent expansions
in singular quantities like (4 — 4y)* or (4 — Z)*In (2 — 7).

This problem has recently been extensively studied by Klaus and Simon [8]
in all dimensions v, and they find convergent expansions for E(}) in various func-
tions of 4 like the two mentioned above and others. The results do very much depend
the dimension v. However there is one case in which Klaus and Simon [8] do not
give a convergent expansion, namely in the two dimensional case which corres-
ponds to s-waves when V is central and where 7, # 0.
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In this paper we show that £(/) in this case has a convergent expansion given by

20
EQ)=— Y Cn0'1"( = Jg)"
ran=-0
1.--2

where

o = exp(—a(i — i,)"")
T = (A — Jg)-texp(—a(i — ig)~Y)

and a and ¢y, are explicitly computed and given by (14) and (15) respectively
provided Sdfx Vix)y # 0.

In one and two dimensions it is also possible to have 4, = 0. This case has
been considered by Klaus [6] in one dimeasion and Simon [10] in both one and two
dimensions giving only the leading order for the eigenvalue in two dimensions.

The leading order in two dimensions was already computed nonrigorousiy
in Landau and Lifshitz {9], p. 163.

We show that in this case when Sdgx Vix) <0

00
_ fomiin
E(}‘) - Z Cl"me 4
mn =0
1=

where

o = exp{—a/l)

T = —;:« exp(—ajl)

a= [—- ?ln—gclﬂ.\‘l/(x)]_l

and ¢y, 15 given by (8). When Sdzx V{x) = 0 we have

o0
EQ)=-— Y, C a0 T A"

n =0
=2
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where

(=5+7)
c=exp|{ — - -+ —

i? /.

. 5 ( a , b )
T==27%xp| — -4 -
7 2

wy

and where a, b and Cq are computed explicitly and are given by (10), (10) and (12)
respectively.

We remark here that the case 4, = 0 is related to the so-called short-range
expansion in connection with point interactions.

Namely one can show [5] that

Ho——n + 2Dy gy

Ing

will converge as z | 0 to the Hamiltonian with a point interaction at zero, formally
H=—AN — v .

when p(c}) — 1 as ¢ | 0. Thus we see that the coupling constant u(¢)/Ing —» Q as
¢ 0. See also [3], [2], [1] for related work in one and three dimensions.

The method we use is based on the Birman-Schwinger principle in which the
eigenvalue equation /3y, = E(A)Y, is replaced by the equivalent equation

(I + AKguy)e =0 where Ky == V(= A — EG)D-MY MPsgn V

and using the special form K¢, has in two dimensions we derive an implicit
equation, using the so-called Weinstein-Aronszajn determinant, which gives the
expansion.

The approach using determinants, also Fredholm determinants, instead of
perturbation theory, has the advantage that it can be used to study resonances in
addition to eigenvalues. See [3], [4].

2. THE EXPANSIONS

Recall the following two theorems, the first one treating the case when 4, = 0
and the second treating 7, > 0.

THEOREM 1. (Simon [10]). Let Sd%clV(x)]“" < oo and Sdzx]V(x)[(l + 1x1%) <

< co for some 6 > 0,
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Then H; = — . = 2V has for all sufficiently sinall J. a negative eigenvalue E(})

approaching zero as 7. L 0 iff SdﬂxV (x) <0

Moreover

o) lim  In(— E()) = [ - J-—S dzxy(x)] -
240 4n

if Sdng(x) <0 and

lim 72 In(—E()) < 0
210

&)

if S d2xV{x) = 0.
THeoreM 2. {Klaus and Simon [8)). Let Ve CP(R?) and assume V < 0. If
AV and EQ10 as A1) 1, > 0, then

E(}) is a negative eigenvalue of H,
one and only one of the following three situations holds:

(D0e a'p(Hlo). Then

3 EG) =Y, ol — JoY"[(h — 29 In(A — 21"

0
n=2

and c¢qy < 0.
(i) 0 ¢ o, (H ;'9) and

E() = i Cami—( — Z)In(2 — 2)]"*[—1/In(A — Ag)]"

mik=8
n=2

@
{—Infln(A — Jg)=1/In(A — Jp)}*

and Cyy < 0.
(i) 0 ¢ o (F "o) and

{5) lim E(Dexp(l/e(A — A)) < 0 for some ¢ > Q.
aba

If several eigenvalues approach zero at once, at most one is in case (jii) and
at most two in case (ii). For a central potential ¥ we have that s-waves are in

case (iii), p-waves in case (ii) and / > 2 in case (i).
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REMARKS. 1. Both proofs use the Birman-Schwinger principle, i.e. to replace
the equation H;i, = E(.)Y; by the equivalent equation (1 - ZK)p, = 0 where
K isgiven by Ky = 'V ¥¥(— /. — E)~' V ¥*sgn V. However the proof of Theorem 1
uses modified Fredholm determinants to derive an implicit equation determining
the eigenvalue while in the proof of Theorem 2 one uses the so-called Weinstein-
-Aronszaju determinant to derive the same equation.

2. The very strong conditions on the potential in Theorem 2 reflects the fact
that Klaus-Simon [8] consider all cases in all dimensions and therefore want td
avoid too much technicalities.

We can now state the following theorem.

THEOREM 3. Let Sdzx; V(x)1+% < co and Sdzx; V(x)er™ < co for some
J,71 > C.

Assume that H, = — /. + 7V has a negative eigenvalue E(2) 1 0as /7 | 74 = 0.
If 74 > 0, we assume furthermore that E(Z) is in case (iii) of Theoiem 2.
Then E(Z) has the following convergent expansion

(@) 2 =0.
(6) EG)=— 3 Cimo'e""
e
where
6 = exp(—all)
) 1= — 2 exp(—al?)
/.

a= [— -217-[—8 dsz(x)} -

8) o = 4exp[—2(Sd2xV(x))_2SSd2x Vo) nlx — ¥V + 20]

and

(C is Euler’s constant) when Sd2xV(x) < 0.
If Sd2xV(x) =0, we have

9 E(G)=— Y, C i@t A"
m,n=>0

1=

I

0o
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where
( a b
g = Cxp — .= e
s2 ; )
T = /7 3%exp (—— ~a) - —b—)
A /.
(10)
-1
a—= [(Zn)—zggdz.\‘dgyV(x)ln R —y_V(y)] >0
h— — a (u, M3v)
2n
where
1 1 N
(1) My(x, y) = — —— e(x)In x —yu(y)+ —(n2 + Cye(x)u(y)
2n 2n
and
(i2) Cagp == €XP 2 [ il (u, M3v) — bza—l] .
LT

(b) 4o > 0. In this case we have if Sdsz(.x) #0

- I
N
Z C["mO' Tm()' - /'0)"

0

(13) E()) ==

m,n-:
{=

W |

where ¢ and © are defined by the following expressions when there is only one eigen=
value approaching zero as 2\ 2,

o = exp(—a(’ — 2)7")

(14) T = (4 — Jg)2exp(—ald — 2)7)

4= [— (2/10)2 S S d2x d2p u(x)(1 + 2Mo) " 'e(x) Inlx — ylu(y)(1 + ?«oMo)‘lv(J’)] -
s

(M, as above) and

(1 5) CZOO = [)2
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where b is given by (62) at the end of the paper. When there ard several eigenvalues
approaching zero as /. | /o, the resolvent (1 -~ 2My)~' has to be replaced by the
reduced resolvent T given by (65) in the definitions of a and b.

Proof. We will use the Birman-Schwinger principle followed by the Weinstein-
-Aronszajn determinant.
According to the Birman-Schwinger principle E(2) = —2%(Z) (a(2) > 0)

is a negative eigenvalue of H, = — A -+ AV iff —! is an eigenvalue of iK,,x =
= =(~), where K, has integral kernel

(16) K (x,3) == v(x)G(x — r)u(y)

where

(17) v(x) = V(x)*2, u(x) = v(x)sgn V(x)

and G,(x — y) is the integral kernel of (— A -~ a?)~%
In two dimensions one has (see Lemma 3.1 in Simon [10]) that

(18) G(x — p) = flax — y)Inax — y. — glxx — )
where f, g are_entire functions with
1 .
0= ——
/ 2n
19

€0 = ——(In2+ ©)
2n

(Cis Euler’s constant). The problem is that, due to the logarithmic singularity when
a — 0, K, has no limit as « — 0. Therefore we split off the divergent part

(20) K,=M,+ L,
where

Q1) M(x,y) = o(x)[flalx — y)Inix — y| + glaix — y)) + alnah(alx — y)lu(y)
and

e W) = - () — SO)
is entire and
23) Loy = — 2% ou.

M, converges in Hilbert-Schmidt norm as « — 0 to M, where

@) M) = — ——o)Inlx — () + —— (n2 + Cy(x)u(y).
2r 2r
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Observe that L, equals, up to a constant, a non-orthogonal projection when

Sdsz(x) # 0, while L, is nilpotent when \d?.\‘V(x) =0.

Following e.g. Klaus-Simon [8] we have, first for ;z/ > 1, that

G —K) 't —M, — L)'= —(c—M)U) Yz M) =

= M) Y ¢ — MYL( — M)TLYG — M) —

n=0
25)
od Inx n
=(z - M) 1~ I — M) —— (@, — M) Ww)| L(z—M,) =
C— M) Y, =M [ ~ (= M L)] (c — M)
—(z— M) L 07 () — M) Lz — M)
where '
26) 0f2) = 1+ 2% (0 (2 — MY1v)
2n

is the Weinstein-Aronszajn determinant. .
By analytic continuation this identity extends to all z such that

7 z¢0(M) U {z]| w,(z) = 0}.

Let z = —2-1 Then

@) @ =17 = 1 = 22 (14 M)
n .

Since 1 + 1M, always is invertible when A is small, we see that eigenvalues are deter-
mined by w,(—2A"1) =0 when J, = 0, while the situation is more involved when
Ao > 0.

First we discuss 2y = 0: w,(—/2~1) = 0 can be rewritten as

(29) LA (u, (1 + AM,)~v).
2n

Ina

We remark here that this is the same equation one obtains by manipulating
the modified Fredholm determinant, see Simon [10].

While Klaus-Simon [8] first use perturbation theory to give an expansion
for 4 in terms of « (in the cases where they give expansions) and then an implicit
function theorem to find o as a function of A, we will use the implicit function
theorem on (29) directly.
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From Theorem 1 we know that the asymptotic behaviour depends on whether
\d‘sz(x) equals zero or not.

v

a) \d-sz(x) < 0. We then write

o

(30) a(i) =e *(b+ B()

where b > 0 and B(/) are to be determined and

61 a=— [;Lgdﬁ,vV(x)]'l > 0.

2n

Consider now

52 [1/1n1 — _}L_(u’([ + }VMa)”lu)] =/‘.‘1[——a"1(1 — il“(b =+ B))—l -
2n a

o 0 (1 — My XM — M)+ ME »".Ma)-l)u)] —
e

(32)

= = Lin( 4+ B) — Lot + BN + f) — @)+ -, Myo) +
a® a? 2n

-, (M, — M) — 2i<u, M1+ AM,) o).
T

By letting /2 | 0, and hence « — 0 and f — 0, we see that

b _ 1 M) =

a? 2n

- — _I_SS d2xd2y V(x)In|x — y|V(y) + ! (In2 + C) [S d?xl/(x)]2
n (2n)? ’

(34) b= 2exp[—(8d2xV(x))'ZSSd%cdzy V(x)Injx —y{¥(») + C] .
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Introduce now the variables

g =exp(—a'z)

(35)
T == — »7 -exp(—aili).
)
Then
x = o(b + B)
(36)

alna =: (1 + aln(d + B))b - B)

which implies that M, can be considered as a function of 8, o, 7, viz. M, —= M, , .,
which is analytic in §, g, 1.
We define (M, = My,,0)

1 / .
F(B,0.7,7)-= — -In(b -+ f)—~ " In2(b + P)In(b + f) — @)=’ +
a~ a
i I
a7 + —— (u, Myv) + ——(u, (Mﬁ,a,i — My)v) —
2r 2n

- 2/_ (ll, Mg.q'r(] + }‘Md,a,r)—lv)‘
T

Then
(i) F is analytic
(38) (1) £(0,0,0,0)=0

OF 1

i) —(0,0,0,0) = — — # 0

(u) ap azb
and hence we can find an analytic function
(39) B=po, t. =Y bumo't"¥

Imn=0
such that
(40) F(B(o,1,A), a,1, A) = 0.
Thus
(41) (D) = (b + Pexp(—a/l) = Y, bin0't"A
m,n=0

1=1
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with

(42) by = b.

(b) Sd‘sz(.\‘) = 0. This case is more difficult as can also be seen the one-

-dimensional case ([6], [7], [10}).
Again we use Theorem | to write

(a3) 2(3) = exp(—ai~? 4 bi=Y)(e + B(2))

where a, b, c and f are to be determined, ¢ > 0.
Let
o = exp(—ali~2% -4 pi~Y)
@)
T = 27 %exp(—ai2 +bL7Y).

Regarding M, as a function of §, o, t, 4 we see that

{45) 1'4/{,,_6‘(_,-l — M, = /7.3,4,,,,,’,_,' .
Similarly "
M;_o’_r_/l - Mg = /138;9,0,1,).
{46)
M;_a.r'l - Mg = )‘3Cﬂ'a_z_).
where
@ iiA/z,g,r,z“s “B/f,a,r,i.iiv “Cﬂ,d,r'l;; - 0.

Consider now

Fip,o,7,2) = 174 [l/lna — 24 (u, (1 + /"yMa)“v)} =
n
. o Ao, At R i )
<2272 —a (l — (—b —+ ln(c—{—ﬁ))) + o, M) — T (u, M2o)
a a 2r 2n
A2 . 73 )
+ ==, M3v) — — (u, M1 + /-.Ma)—lu)] —
2n 2n :
(48)
—Linge+ py+ (f’. + Fnge + ﬁ))'(}.?ln(c S By ab— )+
a? a a

A A2 A3
+ — (u, Aﬂ e.e20) — ~—(u, Bﬂ acal) == (u, CB aral) —
2n T 2n T 2n T ]

- E/; (Ll, M;_u,r.).(l + )‘Mﬂ_a,r,l)_lv)
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when we choose

a= [71 (u, :'v[ol')] ! [(27*) -2

-1

r
\d AV ()Inx — ¥ V())] >0,

(,/“l

49)
a® :
b=——_—, Mgr)
and
(50) Ine 1 M) — b2
a? 27
or
(51 ¢ = exp [ @ 3v) — bz/a] .
2n
Again we have
(1) F is analytic
(52) () F(0,0,0,0)=0
... OF
@iii) —-(0,0,0,0) = — — # 0.
af a‘c
Hence we find
(53) 1(2) = Z blnrrlal m
17:1 0
where
(54) bigo = c.

We now consider 2, > 0: As we already mentioned, 7, > 0 is more compli-

cated in the sense that we now have to take into consideration whether 1 4 7,M,
1s invertible or not.

However it follows from Klaus and Simon [&] that in case (iii) of Theorem 2,
which is the case we are interested in here, is characterized by the existence of
(L -+ ZoMy)?

(55) w(—A"1) =0, ‘

when there is only one eigenvalue approaching zero as 4 | 4y. In addition we have
(56) (, (1 + 2My)=1v) =

Thus we obtain the same equation as before, viz.

(57) L (a1
Ina 2n

which however now has to be expanded around A = /4 > 0.
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We use the same strategy, i.e. we write

(59 1) = € O = pa))
and define
6 = exp(—a(i — iy)~Y)
{(39)
T= (i — ig)-2exp(—a(i — ig)~Y).
Let
FB,0,7,2) = (4 — 75)2 [l/'lnx - 2/— (v, 1 + /’.Ma)‘lu)] =
7[ -
i -1
— (G — i) [—a‘l(}. — 7)) (1 . B ﬁ)) _
a
(60) — é (, (1 + 3oMy + i(M, — M) + (4 — ).O)Mo)—lu)] _

1 —
<= POED L (15 2MY M M) —
n

= o

-

2
- 5:: (e, (U 2Mo) M1 + 2M) T Mo(l + 2M)7'0) + (2~ 20)Ch 0022,

when we let
‘2 -1
a—= [ ;‘0 (u, (1 + JoMy)"TM(1 +).,,M,,)—1u)] =
A
22
6) = [— T S S 4 A2y u(x)(1 4 M) =30 In'x — ylu(y)-
)7

0+ /’.oMo)-lu(y)]_l >0

since —In|x — | is conditional strict positive definite and (u, (1 + 2,My)~ ') = 0.
When we let
Inb
M o (= M)+ 2gM) )
T

o

&
(62)

A
— T:r (u, (1 4 2oMo) 7 IMy(1 + 2aMg)~"My(1 -+ 2oMg)~1v)

we see as before that we can find a convergent expansion for 8 in terms of o, 7, 4
and hence

(63) 1) =Y b0t — do)"
m,n--0
I=1
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where
(64) b1 = b.
When there are several eigenvalues approaching zero as /) 4y, the operator
1 — /oM, is no longer invertible. Let P denote the projection onto the eigenspace
corresponding to the eigenvalue —1 of /yM,. Then the operator 1 + i,My, + P
is invertible with inverse P + T where T is the reduced resolvent,
(65) T =1im(l =z ~ A, M)~ (1 — P).

z-0
Writing (1 - /M)~ = (1l + AM, +- P — P)~! and expanding one finds that a
similar analysis as above still applies with the result that the resolvent (1 4+ 7,M,)~!
has to be replaced by the reduced resolvent T.
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