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EXISTENCE AND COMPLETENESS OF THE WAVE
OPERATORS FOR DISSIPATIVE HYPERBOLIC SYSTEMS

V. S. GEORGIEV

1. INTRODUCTION

In the recent years scattering theory has been extensively studied both for:
the Schrédinger equation and the classical hyperbolic systems ({1] — [4], [10]—
—[23]). A new elegant method, treating the Schrddinger equation, has been deve-
loped by Enss in [2]—[4]. On the other hand, Lax and Phillips studied in [10} —
— [13] the scattering for the classical hyperbolic systems by using an abstract ap-.
proach. In this theory a central role is played by two spaces D, and D_ with the
properties:
) U)D. < D, for t 20,

(a.n ii) O Up(1)D, == {0},

iy U Uy()D, = #, .

Here {U,(#)} is a group of unitary operators acting on a Hilbert space #, . The per-.
turbed system is described by a semigroup {¥(¢);r = 0} of contraction operators.
acting on a Hilbert space s# < #,. In order to build a scattering theory, Lax and
Phillips assumed in [12] the following properties:

D, cu#,
(1.2) U(—0)V(@d=d fordeD,, t>0,
U)V*t)d=d for deD_, t> 0.

Let P, denote the orthogonal projection onto the orthogonal complement of D,
in 3. The condition ,
(1.3) IimP,V(@)f=0 for fe#

t—co
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is one of the basic assumptions in [12] and it leads to the main difficulties in the
applications of the abstract theory.

The proof of (1.3) is given by Lax and Phillips in [12] only for the wave equa-
tion in the exterior of a bounded obstacle K < R”, n > 2. The investigation of the
<ase when n is even is rather technical. Recently Petkov considered in [17] the mixed
problems for dissipative hyperbolic systems, provided » odd. He proved the exis-
tence of the wave operator W, introduced below, without applying the abstract
approach in [12]. However, the proof in [17] is based essentially on the strong
Huyghens principle fulfilled for odd space dimensions. Moreover, in [17] some
restrictions on the point spectrum of the generator G of V(t) has been imposed.

The main purpose of this work is to prove the existence of the wave operator W
for dissipative hyperbolic systems in the exterior of a bounded obstacle K = R”,

> 3, without any other restrictions on n. For this purpose we propose a suitable
adaptatlon of Enss method in order to study the mixed boundary-valued problems
for dissipative hyperbolic systems.

We shall describe our assumptions which are close to those given in [17].
Let Q < R” be an open domain with bounded complement and smooth, connected,
.compact boundary 9Q. Consider the operator

- (z Aj(x)ax,) + B(x),

where A;(x), B(x) are (m X m) matrices with elements in C®(Q). We assume the fol-
lowing properties:

a) A(x) are symmetric,

b) we have A4,(x) = A}, B(x) =0 for |x| > p,,

¢) the matrix
'(Hl) .
A(x, &) = 2 Aj(x)éj

j=1

has simple eigenvalues 7,(x, &) # 0 for k =1,2, ..., m,

l E= (... E) e RO}, xeQ.

The above conditions implies that m is even. The operator G is a perturbation

-of the operator Gy = Z A°8\ , which is the generator of a group of unitary oper-
ji=1

.ators Uy(t) on the Hilbert space #, = [L%R™)]™ of vector-valued functions. The
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solution to the Cauchy problem

(14) (0, — Go)u = 0,
u(0, x) = f(x)

is described by u(r, x) = U,(1)f.

In order to introduce the perturbed semigroup, consider a smooth {(/m/2 X m)
matrix A(x) and the boundary problem

(d,— Gu=0 on (0, o©) X Q,
(1.5) u € KerA(x) on (0, oco) X 09,
u(0, x) = f(x).

We impose the following assumptions:

a) B(x) + B¥(x) — ¥, 0, A;(x) <O for xe Q,
j—1

(Hy)
b) rank A(x) = m/2 for x € 9Q,

-

c) u, A(x, v(x)u) < 0 for u € Ker A(x), x € 0Q.

Here {-,-> is the scalar product in C”, ¢* denotes the adjoint matrix to a and
A(x, V() = ¥ A1),
j=1

where v(x) = (v,(x),...,v,(x)) is the unit normal at x € 0Q pointed into K=R"\Q.
We shall denote by #° the Hilbert space [L*Q)]" of vector-valued functions
with the scalar product

(u, v) = §<u(x), v(x)> dx

Q

and the norm || -{l. A dense domain for G in 5 can be defined using the closure in the
graph norm (ju{| + [{Gu|{ of smooth functions u(x) satisfying the boundary condi-
tion A(x)u = 0. This domain will be denoted by 2(G). Using the results of Lax and
Phillips in [9], we conclude that the operator G is a maximal dissipative one and gene-
rates a semigroup of contraction operators {V(¢t);t > 0} on #. Denoting by Hi
the orthogonal complement of the linear space 5, spanned by the eigenvectors of
G, having eigenvalues on the imaginary axis, we are able to introduce the following
assumption

(Hy) For fe @(G)n #i we have |0l < C(IGul|l + |ul).

6 — 1305
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Our main result js:

THEOREM 1.1. Suppose the assumptions (Hy)—(H,) fulfilled and fe#g.
Then there exists a sequence 32, 1, 700, such that

lim sup (V(s) — Uy(s) V(1,)f . = 0.

v—=00 520
The above result enables us to obtain the following analogue of the condi-
tion (1.3).

COROLLARY 1.2. Suppose the assumptions (H,) —(Hy) fulfilled. Then
(1.6) ImP, V()f=0 for feswt
=00 '
Furthermore, we can prove the existence of the wave operator

W = s-lim Uy(— )V ().

COROLLARY 1.3. Suppose the assumptions (Hy)—(H,) fulfilled. Then the limir
W(f) = lim U(— 1) V(r)f

exists for fe #y.

Using the properties (1.2), we conclude that the wave operators

Q. = slim V() JyUy(—1)

1.7 e
Q_ = s-lim V*(1)J,Uy(1)
I—00

exist (see [12], [17]). Here Jo is the orthogonal projection from Hy onto A

The second problem, discussed in this work, is related to the completeness of
the wave operators 2.. Similar problem was treated by Neidhardt in {I5], [16]. His
approach is based on the dilation theory of contraction semigroups. An important
role in our approach is played by the space

(1.8) Koo ={f€Hy ; limV()f = 0.
t-o0
The space #, is connected with the existence of disappearing solutions, which is a

typical phenomenon for dissipative systems. More precisely, if fe #5 n Dt then
u(t,x) = V(@t)f is a disappearing solution, that is there exists Ty > 0 such that
V() = 0 for ¢t > T,. This result has been obtained by the author in [5] and it

shows that #°_, is nonempty for some boundary conditions.
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Since the generator G, of the group {Uy(r)} has an absolutely continuous
spectrum and the wave operators exist in our case, one can obtain the following
inclusion (see Section 6):

(1.9) ImQ_ c #i ©#,
This fact enables us to determine the completeness of the wave operator £_
by the equality
(1.10) ImQ_ = H#y O,
Note that #, = {0}, when {V(1)} is a group of unitary operators. Therefore the

equality (1.10) leads to the well known definition of the completeness of the wave
operators, used in the literature (see [2], {21], [22]).

TueoreM 1.4, Suppose the assumptions (H,) — (Hy) fulfilled. Then the wave
operator . Q_ is complete, i.e. (1.10) holds.

RemMaRk. If one replaces the assumption (H;) by the dual estimate
(HY) .S <CUGHE+ IIfID) - for f€ 2(G*) n #s,
it is possible to obtain the property

limP_V*()f =0 for f€Hp.

t 00

Thus wc can define the completeness of the wave operator @, by the equality
ImQ, =#i OX.

Noie that P_ is the orthogonal projection onto the orthogonal complement of D_
and
KL= {feHy ; imV*()f=0}.
t—o00
Our approach is based on the application of the Enss method to the mixed
problems for dissipative hyperbolic systems. A basic assumption in the Enss theory
1s the condition

(11 8 IG — Go) Gy — D' (Il > R)| dR < oo,

where y(Ix] > R) is the characteristic function of the set {x;[x| > R}. The fact
that we treat a domain with boundary makes some trouble in the formulation of
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the analogue of (1.11), since the operators G and G, act on different spaces. In order
to overcome this difficulty, we propose the following condition

(1.12) Im (G—1)"'— (G, — 1) Yy(x =2 R) --0.

R—-20
This property is based on the Huyghens principle for first order symmetric strictly
hyperbolic systems (see Section 2). The novelty of our approach are the arguments
based on the following equality

(Uy(s) — V(sHh = — V(s)oh +— eUys)h —
(1.13)

_ S V(s — 0)(G(l — @) — (I — @) Go) Us(o)h do,

where 1 € #, o(x) e CP(R"), ¢(x) = | for xi < p, (see(H,)) and o(x) = 0 for x
sufficiently large. This equality allows one to investigate the influence of the bound-
ary and to overcome the difficuities connected with the domains of G and G,.

Following closely the approach of Simon [22] and using the property (1.12),
one can reduce the proof of Theorem 1.1 to the verification of a suitable estimate
of (U,(s) — V(s))h. The equality (1.13) allows us to apply the stationary phasc method
related to the action of the unperturbed group {Uy(t)} on the outgoing and incoming
parts of the Enss decomposition. The nceded estimates are obtained by using a suit-
able representation of the group {Uy(1)}.

Finally, we shall sketch the plan of the work. Some preliminary results are
given in Section 2. We study the basic points of the Enss method in Sections 3 and
4. The main tool for the investigation of the incoming and outgoing components,
appearing in the Enss decomposition is the stationary phase method, discussed in
Section 4. We prove in Section 5 the result given in Theorem 1.1. From this result
we obtain in Section 6 Corollaries 1.2 and 1.3. Moreover, we prove the completeness
of the wave operator Q_ in the last Section 6.

I wish to express my gratitude to Vesselin Petkov for his suggestion to adapt
the Enss method to the classical scattering and for his valuable advices during the
preparation of this work.

2. PRELIMINARIES

The kernel of our considerations is the following form of RAGE theorem,
obtained by Simon in [22]:

TuroreM 2.1. Let G be the generator of a contraction semigroup {V(t);t > 0}
on a Hilbert space #. Denote by H & the orthogonal complement of the space A,
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spanned by the eigenvectors of the operator G with eigenvalues on the imaginary axis.
Suppose that L is a bounded operator and L(G — 1)~ is a compact one. Then

T

WmT-Y\ LV(1)f 2dr+-0 for fe #¥.

IFooo

From this result we shall obtain a weak convergence of a sequence of the form

V(1,)f. which will be very important to us in the sequel. More precisely, we have
the following:

Lemma 2.2. Let G, V(t), #, 4 i be as in Theorem 2.1 and {-,-> be the scalar
product 'n K. Then there exists a sequence t,* 7 oo, such that

Im<{V (). g> 0 for fe s, ge.

V=00

Proof. Let {¢,]% , be an orthogonal basis in the Hilbert space # ;. Consider
the following compact cperator

-

L)~ Y S oe2™F.
ko1

Using Theorem 2.1, one can find a sequence r, /oo, such that

lim (V(t)p;. o =0

y— o0

for'every J>h = 1,23, ... . Since {¥(¢)} is a contraction semigroup, we conclude
that lim (V(t,)f. g> = O for every £, g € # . On the other hand, #; is left invariant

v 00

by ¥(t), according to the results in [22]. Hence, lim {V(¢,)f, g> == 0for fe H'}, g € .

P00

This completes the proof of the lemma.

The second important tool will be the application of domain of dependence
argument for the unperturbed system. Let the eigenvalues of the matrix A(— &) =

S ) A‘}él ke ordered as follows
= ,

(@) > (@) ... > 1,0

for ¢ = (&), ..., &,) € R™\0. The corresponding unit eigenvectors will be denoted
by (&), ..., r,(&). We note that r;(¢) and 7,(¢) are smooth functions in the domain
R"™ 0. Moreover, ri(¢) and 7;(¢) are homogeneous functions of degree 0 and 1
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respectively. Using the Euler equality 7,(¢) == (<, V14(£)) and the assumption (H,),
we conclude that Vt;(¢) are homogeneous functions of degree 0 and V(&) # 6
for ¢ € R” 0. Hence, we can choose the number ¢, so small that

@1 VE). 2 e > 0.
= max ( max t1;({)). Define the energy of the solution w{f,x) to the

1<jem &es™?

Cauchy problem (1.4) in the sphere {x; x < R} by the integral

Set ¢

max

E(, Ry = ‘u(t, x)2dx.
<R

'x
1)

Using an integration by parts (see [10] for more details), we obtain the inequality
E(t, R — tcmay) < E(O, R).

This estimate leads to the following:

ProPOSITION 2.3. Suppose that f(x)€ #y and f(x) =0 for xi < R. Then
the solution u(t,x) to the problem (1.4) vanishes for 1x| < R — 10,y .

The above proposition enables one to obtain the following decay at infinity:

PrOPOSITION 2.4. Let k = 1 be a fixed integer. Then
lim [(G — 1)=* — (Gy — D=1 7(x, > R)i =+ 0.

Rooco

Proof. Let p be chosen so large that K < {x; |x| < p} and p > p, (see assump-
tion (H,)). Given any f € 5#,, we have the property

y(x| = Ryfes# for R>= p.

Hence, we can apply the operator (G — 1)~% to this element. Using the resolvent

equality

(G — 1)~k = (— D¥/(k — 1)!8 V(1)t*-1exp(— 1) dt,

we obtain the equality
(G — D™ — (G — DM x(ixl > Rf =
2.2)

(= 1Yk — D) S k= exp(— DIV () — U] 2(lx] > RYfdL.
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On the other hand, we have Uyt)y{(x 2 R)f=0 for x <pand 01 <
< (R — p)Caax, according to Proposition 2.3. This fact leads to the property
V(i) — Gt y(x 2 R)f=0 for R2p, 0<: < (R — p)Cray
Combining the above property and the equality (2.2), we obtain the estimate
LG — D=* — (Gy— DM y(x > RY <

< 2R — p)~texp (— (R — p)cma) [ 1k — 1) il

Choosing R — oo, from this inequality we obtain the needed property

lim (G — 1)=* — (Gy — 1)"*] z(x. 2 R); = 0,

R-ox

This proves the proposition.

3. THE ENSS DECOMPOSITION

Given a function ¢(x) in the Schwartz space S(R"), we can write the Fourier
transform of ¢(x) in the form

.

() = Sexp (~ iCx. &) 9(x) dx.

First, we shall construct a function f(x) € S(R") with the properties
a) f(x) 2 0,

(3.1 b) /(0) =1,
©) su?pf'(é) < {&; e < 1}

In order to find such a function, choose a function fi(x) € S(R") with f; % 0 and
suppﬁ(é’) e {&; & < 1/2}. Set fy(x) = | f(x)|2. Then a) and c) are fulfilled. More-

<
over, the relations

£(0) = (2n)~" Sﬁ(é)i (—&)de — <zn)—"g AR dE > 0

show that the conditions (3.1) are fulfilled if f(x) = f3(x)/£»(0).
Given a multi-index « = (o, ..., a,) € Z" and a positive real number M,
consider the function

¢.2) fix) = M~ Sf((x — YIML) A,
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where 7, is the characteristic function of the unit cube in R” centered at z. Thus, we

consider the following partition of the unity in the space of the variables

xeR:1 =Y f,(x). In order to construct a suitable decomposition of the dual
-4

space with variables ¢ € R”, we define three smooth functions g,(s), g, .(s) and gouw(s)
on R with the properties

g =0 for s <1, gls)=1 for s =2,
(3.3) g8.(8)=0 fors>12, g (s)=1 fors<—132,
goml(s) =1 — gin(5)-

Let M be an arbitrary positive number and ¢(x) be the vector-valued function with
elements in S(R"). An important role in the Enss method is played by the follow-
ing pseudodifferential operators:

i-1

G (0) = Q1) " 3. Sexp(io—, ) & MIE R (ME) %

X ged M T 15(E), /120X @ (), ri(E)Dr (&) dE,
where ex - out or in, x € Z”". Set
Pril = 3 Gul [,
(3.4)
PIM == }; G ().

Givenany @ € #, , the elements P (®P) and PiM(®P) are called outgoing and incom-
ing states (see Enss [2] — [4]). A basic point in the Enss method is the analysis of
the propagation of these states under the unperturbed operator .Uy(t). This problem
is discussed in the next section.

4. PROPAGATION OF THE OUTGOING AND INCOMING
STATES UNDER THE ACTION OF THE UNPERTURBED GROUP {U ()}

The main tool for the investigation of the outgoing and incoming states is the
following:

ProPoOSITION 4.1. There exists &, > 0, depending only on the matrices A,,. .. ,A,,
such that the following inequalities are fulfilled:

@.1) lx(1x] < 8o(v + 8)) Ug(s) PEY| < Cy(v + 5)7%,
@4.2) 2(x! € 8o(v + ) Ug(s) PiM* | < Cu(v + 5)=N

Jor t > 0, v = 1 with some constant Cy independent of v ard t.
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Proof. Using the Fourier transform, we can represent the sclution Uy(1)f to
the Cauchy problem (1.4) in the form

rom

Ust)f = r)="\ T exp (i(<x, &) — 11,(E)) <f(Q), P& ri(E) di.
pY

i

It is not difficult to compute, by exploiting the above equality, the exact expression
of Uy(s)P5M(®), where the pseudodifferential operators P52 are determined accord-
ing to the equalities (3.4). We find

Uy(s)P53{(@) =
4.3)
] X = . L /\ . ~ ~
-y Yy Sexp(n«x, € = STEMFSHE) {foP(Q)s 7i(EN S,
la,2v j-1
where
F&(E) = (2n)~"g\(M] ¢ )gu(M £,72) X
4.4)

> 8ou(M{V 1(S), 2f D) ().

Denote by f+ g the convolution of the functions f and g, i.e.

(f=g)x) = Sf(x — ¥ g(y)dy.
Then we have the relation
A~ A A
4.5) J.P() = exp(—ia, E)21)~"(fo % PIE),

where fy(x) = M~"(f(- /M) = y,), 7o 1s the characteristic function of the unit cube

centered at 0 and @,(r)) = exp(i{«, '7>)&’(’7)~ From (4.3) and (4.5) we obtain the
equality

Uy(s)PLM(@)2m)" =
(4.6)

- ﬁgexpa«x—a, & — ST FRleX(fy » b, ri©)p .

laj2v ji=1
Our choice of the function g, implies that‘
(V(8), ) 2M > — |af,  when gou(M{V14S), oflo]»)#0.
Using the inequality (2.1) we obtain the estimate
e + s VI = ol + 2 VO + 25 T1y(8), 0> =

> |off + 5% chin — (s* + a)/(2M).
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Choosing M > (2min(l, ¢}:.))~*, we can arrange the inequality
“.7) X~ STV 2 20,(s — 2),

where 97 = [min(1, ¢%;,) — (2M) 118, Since the inequality (4.7) guarantees that

4.8) x—a—5VTHI) 2 0{s — x) for x < y(s— x),

we can apply the stationary phase method. More precisely, consider the differential
operator L (¢, 0,) determined by the equality

Li€.0) =<(x — a2 — sV x — 2 — sV7,() % 9.

Here L* denotes the adjoint operator to L. Integrating by parts in (4.6), we obtain

Us(s) PE(@) = ) 5, 3 Sexp(i((x — 5,8 — 5O X

@ >y =1
4.9)
X LYFSIO(fo % @), ri(€)>) de.
The derivatives of FJi(¢) can be uniformlyA bounded, when M is a fixed number.
The same is valid for the derivatives of fy(&), since fy = M-"(f(./M)=*y,). The
coefficients of the operator LY(¢,d,) can be bounded above by Cy(s+|a[)~", accord-
ing to the property (4.8). By using the classical Young’s inequality we derive
from (4.9) that the following estimate is fulfilled
Un(s) PE(@) < Cnls + v)NMIB,I1 - for [x] < Syfs + ).

Since |@, | = (27)"{|®!}, we obtain the inequality (4.1).

We turn to the proof of the inequality (4.2). The starting point will be the
following equality, obtained in a similar manner as (4.9):

U(s) PrM*(@) = y g_“ Sexp(i((x — o, &+ 518) x

lelzv j=1
(4.10)
X (fo x FE)(&)dE,
‘where

Fi(e) = Qn) -2 D(E), r,(E)> ri(€) exp(ida, £) x

X &(M]1€))&(ME]/2)gi(M{ T T(8), afla]}).
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Since ﬁ](i) ::A;T(M;‘)‘/fo(;f) and [ satisfies the properties (3.1}, we have s‘uﬂppﬁ)(g') <=

c (I, ¢ < M-*]. Moreover, we have the inclusion

supp FRi(fc{é 12 M < & < M}

Applying the well known property supp(y = v)  supp(v) — supp{r), we obtain
the inclusion

. suepp((f;,%o) S(FENE) < {€; 1M < 2 <2M}.

This fact implies that the integration in (4.10) is taken on a compact, disjoint
from the unique singular point ¢ = 0 of the vector-valued functions r;(¢). Using
the arguments given above in the proof of (4.1), we obtain the needed inequality.
This completes the proof of the proposition.

5. PROOF OF THEOREM 1.1

It is easy to prove that the set
V={(G—1)2G(®); e 2(C)nH)
is dense in #; (see Lemma 2, § 9 in [22)). Indeed, assuming & | V in ;" and using
the equality (G — m)~2G = (G — m)~3%G — N3G — 1)-G, we obtain the
refation  <h, m*-(G — m)~2GPY =0 for m > 0. Taking m 7 oo, we get
<h, GPY == 0 for @ € (G) n #5. Consequently G*h= 0. But this fact implies that
he#, and hence /1 = 0. So, we can assume without loose of generality that f=
= (G — 1):G(P) with ¢ € 2(G)nHy. Setting &, = V(1)d, f, = V), we
shall use the following decomposition, introduced by Simon in [22]

(G — 1)736(®,) = Bk + P+ B + Piny,

where
2L = (FO) ~ FG(®) + T, [ FGIPu(G(®.),
G0 | 285 = F(Go)-(1 = Py(Go)(®)),

PPy = Pat (F(Go)Pu(Go)®,),

‘piv',‘M = PIM(F(Go)Pu(Gy)d,).

Here we set F(G) =(G — 1)7%G, F(Gy) = (Gy — 1)"2G, and Pu(G,) =

= (2n) "1\ Uyt ISM(t) d:, where ﬁM(s) is a smooth function with a compact sup-
p p
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port in R determined as follows
Py(s)== gx(M - s} )gy(M -5),
g{s)e C=.
g:(s) = for 5 < i,
o) =1 for s = 2.

The operators P3Y and Py are determined in Section 3.
Let M > | be fixed. First, we shall verify the property
(5.2) lim %) = 0.

y— 00

In order to do this, consider the inequality

(F(G) — F(G)®, | < COFG) — F(Gohlixt 2 ), +
(5.3)
= lxl < V()@ .

The second term jy('x; < )V(1,)®" tends to 0, if we choose a suitable sequence

{t,}. Indeed. let v 2 1 be a fixed integer and {r,} be a sequence with lim¢, = cc.
k—oo

Using the coercive estimate (H,), one can obtain that the sequence {¥(7,)®} is bound-
ed in the Sobolev space # L (R"). Applying the Rellich’s compactness theorem and
the fact that {¥(r,)®} tends weakly to 0, according to Lemma 2.2, we find an integer
k,, so that

b Cxl < P )@ < v
Hence, we can choose a suitable sequence {7,} with the property

(5.4) lim x(ixi < WV()@ = 0.
The first term in the right hand-side of the inequality (5.3) tends to 0, according
to Proposition 2.4. From this fact and (5.4) we conclude that the left hand-side
of (5.3) tends also to Q.

Now we shall estimate the term 1, = Y, f,(x)F(G,)Py(G,). Our starting point

el <y

is the inequality
. supix — a|V|fu(x)| € Cy for N=1,2,3, ... .

Here the constant Cy is independent of v. The above inequality implies that [,
can be estimated above by

vCilx(ix] < 2MF(Go)Py(Go)®, [ + ClP,li/ v,
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where C is a constant independent of v. The coercive estimate (Hj) and the

inequality
ned O <CGf — )

for the elliptic operator Gp = Y A?d,rj show that the sequence { F(Gy)Py(G,)V (1.)®}
ji—1

is sounded in Hi;.(R"). Applying the Rellich’s compactness theorem and the weak

convergence to 0 of the sequence {¥(r)®} in #,, we can arrange the property

limv y7(x < 20F(G)Py(G)V (1,9 = 0.

v oC

Having in mind the above arguments, we obtain that lim/, -= 0. Combining this
r—00

fact and the inequality (5.4), we complete the proof of (5.2).

(2)

For the second term @3, in (5.1) we have the representation formula

o, = e\ U3y ar

<

where gy,(s) = i(s — i)~ 25g,(M/s)g,(Ms). This fact leads to the inequality

5.5) Dy < e(M),
where
(M) = max|(s — 1)~ 2 sg,(M/s)g,(M5s),

seR
tends to 0 as M tends to infinity.
The main tool for the investigation of the last two terms @24} and ‘I’i','M will
be the cquality
(Uy(s) — V(i) = —V(s)ph + @U(s)h —
{5.6)

- S V(s — oGl — @) — (I — @)Go)Us(o) do.

where ¢p(x) € CP(R"), p(x) = | forx € K orix] € p, and ¢(x) = 0 for x sufficiently
large. Setting ¥ = —G(l — ) + (I — 9)G,, we conclude from the assumption
(H,) that ¥ is a matrix-valued function with elements in CP(R”). We shall take
advantage of (5.6) by writing the inequality

[(Uo(s) = V(sNPPaill < L@, mll + lloUol(s)® 201! -+

+ S 1 Us(e) 022 [ do
Q
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The representation formula (5.1) together with Proposition 4.1 and the above
estimate yield the property

(5.7) limmax (Uy(s) — V() @24y - 0.

o oe §20

We estimate the term @i, following closely the approach in §9 of [22]. First we

choose the sequence {r,} so that lime(x)¥(1,)P == 0 for M = 1,2,3, ... . Then the
equality
(5.8) lim PM(F(GPy(Ge) (1 — @)V (1,)®) = 0

follows from the properties

(5.9) lim PEM(Uy(1,))g = 0 for g e t,,

Y- oo

(5.10) lim PEMF(Go) Po(Go)(1 — @)V (1,) — Ug(1,)F(Go)Pay(Go))® = 0.

The property (5.10) is equivalent to

(G.11) lim (V)1 — @IPIUGCHF*(Gy) — PG FH(G)Us (1 )PLM=1" = 0.

Now we need the following variant of the equality (5.6)
(V3001 = @IPIG)FH(Gy) — PG FH(GUS (1) -

= — @Pi(G) F*(G) Ug(r)h —

t
v

- S VA1, — W PG FHG)US(s)hds,
o

where y = — G*(1 — ¢) + (I — ¢)G; is a matrix-valued function with elements
in CP(R™). Hence, for the proof of (5.10) it is sufficient to verify that

o0

o (S WPH(Ge)F*(G)Ug (0)P5M* 1 do +
[+

+ max {lPy(Gy) F *(GO)US‘(a)Pr;"’*ii) =0.

azl

We see that this property follows from Proposition 4.1. The above observation
shows that the equality (5.10) holds. In order to verify (5.9) we choose g € CP(R”)
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with supp(g) = {x; x < Rj. Then (5.9) is a direct consequence from the
equality

PEMUSM) (x < Ry = y(x < RUGEIPE™
and Proposition 4.1. Combining (5.9), (5.10) and our choice of the sequence .1,
we find the equality

hm ¢in1\! = Q.

v—OC

From this property, (5.2), (5.5) and (5.7) we obtain the estimate

sup (Ug(s) — VNV <e(M) = J, s

520

where limJ, y; == 0 for M =1,2,3, ... and lime(M) = 0. This completes the

=00 M-o0

proof of Theorem 1.1.

6. COMPLETENESS OF THE WAVE OPERATORS

First in this section we turn to the

Proof of Corollary 1.2. Let f € Ay and the sequence {7,} be chosen according
to Theorem I[.1, so that

(6.1) lim sup (Uy(s) — VENV(,) [ = C.

00 520
Consider the equality
(6.2) Up—s — V(s + 1) — Up(— 1)V (1) = Ug(— s — £ )(¥(s) — Uo(sH¥(1).
Combining (6.1) and (6.2), we conclude that the norm

U=V = Uolte V-7
is sufficiently small, when k >0 and v is sufficiently large. Hence, lim Uy (—1,)V (1.} =g

y— 00

exists and

[Uo(— 1) V(1) f — gil = V() — Uo(t,)g
tends to 0 when v — oc. Since P, is a projection, we obtain the property

6.3) lim [P, V(1) — P Uyt gl = 0.

y—=00
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On the other hand, it is easy to obtain that limP.U(r)g = O for g € #,. Indeed,

t—=20

the equalities (1.1) (iii) show that we can assume g = U,(T)d for some de D_.
Choosing t > —T, we get Uys)dde D, and P, Uys)d =0 for s > t - T. This
observation and (6.3) yield lim P, ¥(1,)f = 0. Now we can apply the well-known

V=00

{see [10], {12]) semigroup property
PV V(Y =P, V(1) forfed,ts > 0.

Thus, we obtain that the function x(t) = P,V (t)f, is a nonincreasing one. This
fact and the propzrty lim P, V(4,)f —: 0 imply that x(r) tends to 0 when 7 — oo

v—00

This proves the corollary.

We shall only sketch the proof of Corollary 1.3, since the existence of the
wave operator W is established by Lax and Phillips in [12), provided the property
{1.3) is fulfilled.

Proof of Corollary 1.3. Let f€ #if and
V(S = d(t) + PV,
where d(t) € D,. Using the equality (6.2), we obtain the inequality
IUo(— s — 0)V(s + 0)f — Ug(=0OWVIfI} < [V (s) — UelsHed(r)it -+ 2P V().

Note that (V(s) — Uy(s)d(r) = 0, according to the property (1.2). Applying Corollary
1.2, we conclude from the above arguments that the norm [Up(—s — )V (s + 1)f—
— U(—)V(0)f}: 1s sufficiently small when s > 0 and 7 is a sufficiently large number.
This completes the proof of the existence of the wave operator

W == s-lim Uy(— 1)V (r).

1-00

Next we turn to the analysis of the completeness of the wave operators

Q, = s-lim V(O)J,Uy(— 1),
t—00

(6.4)
Q_ = s-lim V(1)U o(1).

t—00
We start with the property
(6.5) ImQ_c Hir ©Hx,

marked into the introduction. Let fe . #y and ¥ € Z(G) be an eigenvector of the
operator G with eigenvalue on the imaginary axis, i.e. G¥Y = iEY for some F € R.
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This assumption implies that V(7)¥ == exp(iEr)¥. Then we have the equalities

Q- £, ¥ = im0 ¥ = lim(Uo0)f, VOPy —

= limexp(iEtXUo(1) [, ¥D.

t—20

Since the spactrum of G, is absolutely continuous, applying the spectral theorem, we

get {Q2_f, ¥> = limexp (iEt)Sexp(— irs)x(s)ds, where x#(s) € Li{(R). Now the Rie-
1-00 (

mann-Lebesgue lemma yields ¥_{ Im Q_. This observation shows that ImQ_ cHi.
Let @ be chosen in # 5, i.e. lim V(1)@ = 0. Then the equality

-0

(Q_f, &) = lim S Uy()f, V(YD)

leads to the needed inclusion (6.5).
Finally, we turn to the following

Proof of Theorem 1.4. Consider the restriction of the operator

(6.6) Q_W = slim V=)V

-0

on the Hilbert space H_ = #y © #.,. The inclusion (6.5) implies that ImQ_Wc
< H_.Itiseasy to check the property Ker Q _W = 0. Indeed, assuming f € Ker Q_W,
from (6.6) we obtain the relations 0 = {(Q_WY, > = lim ||V (¢)f*. From the fact

100

that /' 1 #,, we are going to the equality = 0. On the other hand, the operator
Q_W is a strong limit of szifadjoint contraction opezrators, according to (6.6).
Hence Q_W is a szlfadjoint contraction opzrator with trivial kernel. This property
implies that Im Q_W covers the Hilbert space H_ = Hr © ), . Combining this
fact and the inclusion (6.5), we obtain the equality

ImQ_ = #) oxs .

This completes the proof of Theorem 1.4.
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