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ON THE COMPUTATION OF INVARIANTS
FOR ITPFI FACTORS

T. GIORDANO, G. SKANDALIS, E. J. WOODS

Krieger’s theorem [11] states, in part, that the flow of weights considered as a
mapping from type 111, Krieger factors (see terminology) with algebraic isomorphism
as the equivalence relation to strictly ergodic flows with conjugacy as the equivalence
relation, is one-to-one and onto between equivalence classes. The simplest flows
are the pure point spectrum flows ([5]). The corresponding Krieger factors are known
to be YTPF1 ([4]), and the motivation for the present work was to obtain explicit
eigenvalue list constructions of these factors.

This problem leads naturally to the construction of Section 1 where we
introduce an invariant (M, T) (see below) which can be computed much more
easily than the flow of weights, and seems to be very useful. The main result of this
section is Theorem 1.10 which is basic for Section 2 and is also used in Sections 3
and 4. This invariant can be understood in terms of the flow of weights as follows
(sec Remark 1.11). Let M be a factor, (2, P, F))itsflow of weights, and 7 a subgroup
of the Connes invariant T(M) (which is also! the L®-point spectrum of (Q, P, F)).
Let (fg)oer be a multiplicative choice of eigenfunctions of (@, P, F,). This gives a
mapf:Q — T given by {f(w), 0> = fo(w). The measure f(P) defines a certain equi-
valence class ¥(M, T) of measures on T (see Proposition 1.2). The relation with the
original problem is as follows. Let M be a Krieger factor and take T = T(M).
Then the flow of weights will be a pure point spectrum flow iff the map f'is essen-
tially injective and the Haar measure on T belongs to (M, T).

in [8], Hamachi and Osikawa consider the ITPFI, factors M(L,, )Fk), 0<ix<l,
and prove that for L, sufficiently large, the flow of weights is pure point spectrum.
In Section 3 we study this family of factors. We compute for all sequences L, the
flow of weights by showing that the map f indicated above is essentially injective
(Theorem 3.1). We give a condition on the L, that ¥(M, T) contains the Haar
measure and hence the flow is pure point spectrum (Proposition 3.8). Proposition
3.4 gives a precise condition for T(M) to be either 4 = {# e R; 20 .. 1 for some
k € N} or uncountable. This result gives some insight into the occurrence of uncount-
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able T(M) (Remark 3.11). Finally, we give an outline of the proof that the same
situation holds if 4 is replaced by any countable subgroup of the rationals (Remark
3.10, see also [8)).

The best-known flow is perhaps the Kronecker flow (the flow built over an
irrational rotation under a constant ceiling function). In Section 4 we construct a
family of ITPFI, factors M - M(L, , /,). We prove that if the L, are large enough
but not too large, then T(M) is the point spectrum of a Kronecker flow (Proposi-
tion 4.1). We give a condition that ¥(M, T(M)) is the Haar measure class on 7(3)".
However, we are unable to carry out the ergodic decomposition involved in construct-
ing the flow of weights from the eigenvalue list for M, which is required to show
that f'is essentially injective. It seems, so far, that only in very special cases one has
succeeded in computing an ergodic decomposition. However, our investigations
did lead to a number of other interesting results on Krieger factors (sce also [6}, [7]).

In Section 2 we use Theorem 1.10 to construct an 1TPFI factor M which is
not a tensor square (Theorem 2.1). Since every ITPFI of bounded type is an 1T PFI,
([6), Theorem 2.1) and hence a tensor square, M is not of bounded type {Coro}-
lary 2.3).

The two first-named authors would like to thank E. J. Woods for his kind
invitation to Queen's University which made this reasecarch possible. They would
also like to express their appreciation to all the faculty and staff of the Department
of Mathematics and Statistics who contributed to making their stay as pleasant
as possible —- especially Professors P. Ribenboim, E. Weimar-Woods, and
Dr. M. Khoshkam.

We would like io thank T. Hamachi and M. Osikawa for a private communi-
cation outlining their results.

Notation. All the definitions and notation can easily be found in the litera-

ture (for instance in [14]). However, let us recall the definitions which are frequentiy
used.

DEeFINITIONS. 1. If ¢ is & normal semi-finite faithful weight on a factor 7, then
C,, denotes the center of the centralizer M, == {x € M; 67(x)=:x, te R} of ¢ ({12},
Chapter 10).

2. A Krieger factor is the crossed product of an abelian von Neumann algebra
by an ergodic automorphism.

fete]
3. A factor M is called an ITPFI if it is of the form M :: &® (M;;,_(CB, 0
k1 *

acting on the Hilbert space ® (H,, &) where M": (C) denotes the algebra of i, >0y
ko1 ¢

matrices acting on the Hilbert space H,, (1, = 2) and @, (x) = {x¢,, .
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4. If all the », are bounded by a number 1, M is said to be an ITPFI of bound-
ed type.

5. If all the », are equal to 2, M is said to be an ITPFI,.

e 1
6. Let ((pzn),,?,l be a sequence of states on M,(C) with eigenvalues { >

1+ 4,
A

"

I+ A

} , 0 < A, < 1and (L),>1 be a sequence of positive integers.
Then M(L,, 1,) = ® (My(C), ¢, )®" denotes the ITPFI, factor correspond-
nzl "

ing to (L,, A, us1-

Finally, U(1) denotes the multiplicative group of complex numbers of modulus
1. If x is a non-negative real number, [x]} stands for its integral part.

i. THE INVARIANT €M, T)

Let M be a factor, T a subgroup of T(M). While the construction of (M, T')
can be done from the flow of weights (see Remark 1.11), we adopt a somewhat
different approach. Let ¢ be a normal semi-finite faithful weight on M. If 0 € T(M)
there exists a unitary uy of C,, unique up to a scalar, with of = Adu,. Let 4,(T)
be the (abelian) C*-subalgebra (of C,), generated by {u,, 0 € T}.

Write 4,(T) == C(X,), where X, is the compact space of characters of 4,(T).-

L1. Lemma. 1) If x,ye X,, thenthemap f, ,: T — U(1) defined by f, (0) =
== iy, Xy~ ¥uig, ¥, is a character of T.

2) The map f.: X, > 7 given by f(¥) = [, s continuous and injective.

NI 0‘50 =1, i.e. @ is periodic, then the image of f, is contained in (T|Z.04)" ==
= {zeT;{x 0y = 1}.

Proof- N X LeC, Al =1, then {duy, x>~ Auy, > = (i, x>~ g, ).
This shows that £, , is well-defined.

2) If f(y) = f(2), then {uy, ¥> = {uy, 2). Asthe uy’s generate 4,(T), the cha-
racters v and z coincide.

Haf 0‘50 = 1, then f (8) = 1.

The representation of M in the separable Hilbert space H restricts to a repre-
sentation of A,(T) and yields a class 2, of measures on X, .
1.2. PROPOSITION. a) Let & be the equivalence relation on the space of proba-

A
bility measures on 7 given by : uRv iff there exists y € T such that p is equivalent to
3y = v (where 3y is the Dirac measure).
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Then the equivalence class € (T) under 9 of £ (1) does not depend on the choices
of x in X, and of the probability measure yin 7.

b) Let (ug)ser be @ choice of unitaries as above satisfying ug,q - tyiiy (0, &'
in T). Let o be a faithful normal state on M. Then there exists a probability measure
i (= (T, o, a,u)) on T , whose Fourier-Stielties transform is [(0) = a(up), and
neb,(T).

Proof. a) follows from the equality /.(z) = f , + f,(z) (the group 7 is written

additively).
b) Note that the choice of an x in X, determines a multiplicative choice of u,,

taking {uy, x> == 1. Also two multiplicative choices of u,’s differ by an element
of T. The restriction of the state o to A,(T) determines a probability measure v
on X, whose class is in &,. If the choice of the uy’s is given by x, we have

L) (0 = S.ﬂ.,,w) d(a) = S Gy ¥ V() = a(ug). 7

X

o

1.3. REMARKS. 1. Let ¢ be a normal semifinite faitbful weight on A and let
« be a normal faithful state. Let 7 be a subgroup of T(M) and let (g)ser be a multi-
plicative choice of unitaries as above. Let 7 be an automorphism of M. By [2],
Lemma 1.2.10, t=%(u,) is a multiplicative choice of unitaries corresponding to
«p = 1. The equality a(ug) = o o 1(t=*(ug)) shows that € (T) =: €, (T).

2. If /. is a positive real number, ¢} = of. Therefore € ,,(T) : - C(T).

3. Let TV = T be two subgroups of T(M) and i: T’ — T be the inclusion.
Then A, (T') S A,(T). Therefore we get a surjective map n: X2 — X2'. Moreover,
for every x,ve X, we have {off, == [T, .., Hence the class ¥o(7") is equal to
W(Eu(T))

Let now M and N be two factors. Let ¢, ¥ be normal semifinite, faithful
weights on M and N respectively. Let T be a subgroup of T(M) n T(N).

1.4. PrOPOSITION. [f p is in C,(T) and v is in €y (T), then p+ v is in Cyg ,(T)
(and therefore deiermines this class).

Proof. Let (uglyer, (vg)oer be multiplicative choices of unitaries of C, and C,
satisfying of = Adu, and 6§ == Adv,. Let « and B be normal faithful states on M
and N. As o ® B(uy ® vp) = 0(up)B(v,) the result follows from Proposition 1.2.b).

Let o be the weight on Z(L*R)) given by w(x) = Trace(px) x € Z(LYR)). ,
where p is defined by pf(¢) = €f(t); f e L%R). Then the (dominant) weight ¢ ® w

on M ®ZL(L*R)) does not depend within unitary equivalence on the normal semi-
~finite faithful weight ¢ on M (cf. [2), Lemma 1.2.5; [3], Theorem I1.1.1;[4], Section 4).
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Let w, be the weight on ZL(£*(Z)) given by w(x) = Trace(p:x) x € L(¢¥(Z)). ,
where p, is defined by p.(e,) = e~", ((e.)ncz denotes the canonical basis of £%( Z)).
If @, ¥ are normal, semi-finite, faithful weights, with 6., = 6§, = 1 then there

exists 7 €[0, ) such that e'9p ® w; and ¥ ® w, are unitarily equivalent. (¢ is such
that ™% =: (Dy: D@)ase) (cf. [2], Lemma 1.2.5; [3]; [4], Section 5).

1.5. DEFINITION. Let M be a factor.

a) We denote by €(M, T) the equivalence class €,g.(T).

b) We denote by ¢ (M, T) the equivalence class %,‘gwé(T), where 2n/ée T
and 0%, = 1.

One computes €(M, T) and ¥(M, T) using Proposition 1.4 and:

1.6. PROPOSITION. &) Let i: R — T be given by {h,, 0> =€ for te R and
OeT. Then if mis a probability measure in R equivalent to the Lebesgue measure,
(m) € €,(T) and therefore determines this class.

b) Let H;: Z — T be given by He(n) = h,s. Then if m is a probability measure
on Z with support Z then H{m) e €, é(T) and therefore determines this class.

Proof. a) Let a be a faithful state on Z(L3(R)) given such that a(g) =
= Sg(x) dm(x) for all g in L2(R) considered as a multiplication operator. Let ¥V,

be the multiplication operator by (). We have 62 = Ad V.. If 6 € T, we get

a(Vy) = Se“”dm(t) = S hy, 0 dm(t) = S Ly, 0 dh(m)().
R ? :
b) is proved similarly. %

1.7. COROLLARY. a) Let ¢ be a faithful, normal state on M. Let u = (ug)per
be a multiplicative choice of unitaries of C, with Aduy = of. Let f be a strictly
positive function on R of Lebesgue integral 1. Then there exists a probability measure
pl(=uT, ¢, u,f)) on T whose Fourier-Stieltjes transform is p(0) = @(u,)- f(—— 0)
and pe M, T).

b) Let ¢ be a faithful, normal state on M with 0%y, = 1. Let u = (up)ger be
a multiplicative choice of unitaries as above with s, = 1. Let f be a strictly positive
Junction on Z with sum 1. Then there exists a probability measure p (= p /T, ¢
u, [)) on T whose Fourier-Stieltjes transform is

R(0) = pup)fe®)  and pe % (M, T). %

Let U, e Z(L%R)) be given by U, f(s) = f(s + ¢). The flow of weights F, of M
is given by the restriction of Ad(l ® U,) to Cpgw ([3]; [4], §4).
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Let Ue Z(/*(Z)) be given by Uf(n) = f(n + 1). Let ¢ be a normal, semi-finite,
faithful weight on M with 6%, = 1. The flow of weights of M is built over the base
transformation S corresponding to the restriction of Ad(1 ® U) to C,g, ¢ and
under the constant ceiling function ¢ ([3]; [4], § 4).

1.8. REMARKS. a) The equality (1 ® U,) (1, ® Vo) (1 ® U) 1 - : eu,® V)
shows that the restriction of the flow F, to A,e.(T) is given by translation by
h, (Proposition 1.6 a)). In particular, if u e €(M, T), it is (quasi-invariant and)
ergodic under the action of R by addition of 4, ({3}, II, Theorem 3.1).

b) If ¢ is a periodic weight of period 2r/¢, the restriction of the transformation
S to A(p@wg(T) is given by addition of H. (Proposition 1.6 b)). In particular if
ne®(M,T),itis H-(quasi-invariant and) ergodic.

c) It is useful to get rid of the term f’(e““f) in Corollary 1.7 b). Let ue (7).
Let m be a probability measure on Z with support Z. By Proposition 1.4, ju « H(im) €
€ V»",,@wg(T) = C«(M, T). Moreover u < p = H.(m).

Let us recall that a measure v in T (not necessarily H.-quasi-invariant) is
said to be H ¢-ergodic if for every H-invariant Borel subset E of 7A‘, wWE) :0
or W(I'\E) = 0.

Let 22’ be the equivalence relation on the set of H.-ergodic probability measures
on T given by: p,#'u, iff there exists y e 7 such that 0, =y and p, are not
mutually singular. Note that with the notations of Proposition 1.2, u,%#'n, iff
y * H(m)R pp + H(m). We can look at €M, T) as the equivalence class under
A of p, where pe%,(T) satisfies f(0) = @(uy).

We now come to the case of ITPFI factors. We need the following:

1.9. LEMMA. Let u be a probability measure on T which is H c-quasi-invariant,
(ergodic and) approximately transitive ([41). Then for all probability measures u'
on T with w < pand for all sequences 0, e T with lim % == | we hare

n—oo

Fi 00

Proof. Let ¢ > 0. As pu is approximately transitive, there exist probability
measures v, v’ carried by ZH, c 7 and Ho < 1 such that [p -— pg = vl <¢/4 and
i — pox V[l < g4

As % and 3’ are continuous functions on R and periodic of period 2n/é, there
exists N such that »n > N implies [v(0,) — 1] <¢/4 and {v'(0,) — 1] < gjd. If
n = N, we have:

10,y — RO < i(0,) — (o * )™ (B -+ 126(0,) (¥(8,) — V(B +

A A £ & &
Lt VN(O) — RO € -+~ - ==¢ 7
(po = v)7(0,) — 1'(0,)i h +oty %
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Let M be an ITPFI factorand T < T(M). Let ¢ be a real number with 2n/i e T.
Let e % (M, T). By Remark 1.8 b), the transformation (7A’, i, Hy) is a factor of a
base transformation (B, v, S) over which the flow of weights of M is constructed.

under the constant ceiling function &. Using then Theorem 8.3, Lemma 2.5 and
Remark 2.4 of [4], we get that (7/\", i, H) is approximately transitive.

1.10. THEOREM. Let M be an 1TPFI facror and let T be a subgroup of T(M).

Let & be a real number with 2n|E € T. Let @ and  be two normal, faithful, periodic

states on M with period 2n[€ and let (ug)yet , (Vo)ge T be unitariesof M (u;e C,,, vye Cy)

with 6§ = Aduy, 0¥ = Advy. Then for every sequence (0,)n>1 with 0, T and
lim €’ = 1, we have lim (jp(us )| — 1Y(vs )]} = 0.

Proof. We may assume that the choices #, and v, are multiplicative, and uy,e ==

== Uyae = 1. By Proposition 1.2. b), there exist measures pu€ %,(T) and ve %, (T)

with () = (), ¥(0) = W(v,). By Remark 1.8.c), there exist measures u', v' e

€€ M, T)with u < p'and v < v'. As 'ZV', there exists x € T with Oy p ~ V.

Therefore , % u < v'. As v’ is H-approximately transitive, we get lim v, —

— (8, * )" (0,)) =0 and Lim (¥'(8,) — ¥(0,)) == 0 (Lemma 1.9). The result follows
from the equality [(, * u)" ()] == |2 (0)].

L.1I. REMARK. a) The invariants ¥(M, T) and € (M, T) can be presented in
the following way:

Let (@, P, F,) be an ergodic flow. Let T = R be a subgroup of its L*-point
spectrum. For all § e T, let g, € L®(Q, P), |g,| =1 such that gy o F, = e!%g, for all ¢
in R. Let x be a character of the von Neumann algebra L=(Q, P). Put f, == x(g,) 8-
We then have for all @ and 6’ in T, f- fyr == fy+q (cf. also [5], Chapter 12). Let now
f:Q - T be given by (f(w), 0> = fo(w).

If M is a factor of type III and (@, P, F)) is its flow of weights, then the mea-
sure f(P) belongs to the class (M, T) and therefore determines this class.

Assume that F, is constructed over the base transformation (B, v, S) under
the constant ceiling function . Let 77 < U(1) be a subgroup of the point spectrum
of S.

Let (f,)uer be a multiplicative choice of eigenfunctions for S of modulus 1.

Let T= {0 € R;e® e T'}. Define g: B » T by <g(b), 0> = fexpioryb). Then
the measure g(v) belongs to the class € (M, T) and therefore determines this
class.

b) Such a construction can be done for an ergodic action of any locally com-
pact abelian group.
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2. AN ITPFI FACTOR WHICH IS NOT A TENSOR SQUARE

We use here the results of Section 1 to construct an ITPFI factor A which is
not a tensor square. As every ITPFI of bounded type is an ITPFI, ([6]) and hence
a tensor square, M is not of bounded type (Corollary 2.2).

Let (p,)r>; be a sequence of positive integer multiples of 8, (for instance p, - = 8

= 1). Let ¢, = I[pk

Forn 2 1, let ¢, = - Tr(h,-) be the state on M1 ' 2q"(C), where /1, is diagonal

)

q
and has coefficients: 1/2 with multiplicity 1 and 27% " with multiplicity 2 *.

2.1. THEOREM. The factor M = ® (M R q”(C), @,) 1S not a tensor square.

n>1

Proof. Let T::{0eR;2% =1 for some n > 1}. For 0eT and n > 1

‘]+2

2

let u,, be the unitary in MH_“qn(C), given by u,, = (2 © h,). We have: ‘70 -

== Aduy,. If 0T and n is large enough, uy, = 1. Set uy = @ uy,€ M and
n>1
o= ® ¢,. We have of = Adu,. Hence T = T(M).

nzl
We will show that there exists no probability measure v on f”, such that
v v € Crog2(M, T); Proposition 1.4 will then imply that M is not a tensor square.
Let p, be the probability measure on f‘, whose Fourier-Stieltjes coefficients
are 1(0) = o(up). If it € Grogo(M, T), then by Remark 1.8. ¢) and by the definition

of the equivalence relation & (1.2), there exists y e 7 such that Ho <€ O, * u. By
Theorem 1.10, we get that lim (14(0,) — !f(8,)!) = 0, for every sequence 0, ¢ T,

=00

with 0, — 0.

Let 0~—2Y _ icZ Then 0T and
g, Log2

olug) = 11 0u(ta) = 11 cos( ;‘-’)

In particular, if

T gy
0, =———, olu, ) = H cos ( ) 0.
g, Log2 2q,
If0, = T and k <n—1,
g, Log2
T[ql; T n° 24
Uy, ) == cOs —— = €Oos [ —-— )?1——»—><8(“"’.
el g, ( 4x 8k 32
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Hence
n-1 T

I (Pk(uo;,k) 21—
ksl

s0 that
1

Uy ) 2 = I > e

pla;) 12 ( 2016) 10

If v ve Broga(M, T), then for n large enough, | 9(0,)l < 1/10 and [v(6))|2 >
> 6/10. As v is a positive measure, v is positive definite and the matrix

V() v(6,) MCA

A

V(=0 30, —~0) (D)
is hermitian positive. But as v (1) = |
det A4 =1+ 2 Re(V(0,)¥(—6,)%) — 2{V(@)E — [V(@)E < 0. %

2.2. COROLLARY. The ITPFI factor M is not of bounded type.

Proof. By Proposition 1.1 of [6], every ITPFI, factor can be written in the form
N = M(Ly, 4, with ¥ 4, < co. Put L; = [l; ] Then we have: M(L;, 2,)®2=N.

k>1
Since every ITPFI of bounded type is an ITPFI, ([6], Theorem 2.1), the result
follows. Z

2.3. REMARK. Using exactly the same proof, we can show that for every
P = 2, the ITPFI factor M is not a pt" tensor power. It can also be seen that M ®@ M
is not a p* power, if p > 3 (by the same argument!).

A natural invariant appears to be R(M) = {p € N\{0}; there exists N, with
Ner =~ M} If M is an ITPFI, factor, then R(M) = N\{0}.

3. AN EXAMPLE OF HAMACHI-OSIKAWA

In [8], Hamachi and Osikawa consider the ITPFI, factors M == M(L,, )Fk),
0 < 2 < 1. They prove that for L, large enough, the flow of weights of M has pure
point spectrum. We study here this family of factors. We compute for all sequences
L, the flow of weights of M. We then give estimates on the growth of the L,’s for
this flow to have pure point spectrum.
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Let 4 be a real number in (0,1). In this section we take /, -: 2,k > 0und
consider type IL[, ITPFI, factors M = @ (My(C), ¢,)®" == M(L,, 2,) (cf. notazion).
k>0

_k
Let 4 = {0eR;A29 =1, for some ke N}. Let 0 € 4. As a;k == 1 for k lurge
enough, we have 4 < T(M) ([2], Théoréme 1.3.7 (a)).
Let (2, 1) == JT ({0.1, ..., L;}, w), where g, is the measure on {0,1, ..., 7.},

k>0

L,! Al
JUL — Y (1 2)'
support Z. Let Z be the equivalence relation on (2 X Z, p X ), givex by
(o, M)A (w’', m) iff w, - w, for all but finitely many k’s and

given by u,(j) - . Let B be a probability measure on Z, with

/.Eo (0, — ) 2 = m — n.
Let (B, v): (QX Z, ux B)/# (this quotient stands for the ergodic decomposition).

Let S be the transformation of (B, v) induced by the addition of 1 (in Z) on
(QxZ, uxpf).

The flow of weights of M is built over the base transformation (B, v, S) under
the (constant) ceiling function —Logi ({3], Corollary I1.6.4; cf. also Appendix
of [6]).

Let ,:Q — Z, be given by Yy(w) = Yo((0i>q) = };0 0,2 and Y:B — Z,

be induced by the map (w, n) = Y(w) + n from QX Z to Z,.
The main feature of this example is coming from:
3.1. THEOREM. The map Y: B — Z,, defined above, is essentially injective.

In particular, the flow of weights of M can be built over the base transformaiioi
(Zy, Y(v), H) under the {constant) ceiling function —Logl, where H denotes the
addition of 1 in Z,.

For the proof, we need two straightforward technical lemmas. Let u and g’
be two probability measures on a standard Borel space X. As in [10], we set

o, p'y = S u()v(de’ ()2 == S ( flﬁ ) )1/2 . ( S‘i, (x))m dm(x),
p P dm dm

where m is a measure on X, with p <« mand y’ € m.

3.2. LEMMA. Let p be a positive real number. Let LeN, L > 4, ke Z and
EeRwith 0 < &< (p-+2)-2 Let u, ' be the measures on Z given by

N L ¢/
KD = S a o

# () = u(j+ k).

(u(j) =01 j<Oor j>L)
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Vié

14-¢&
Proof. We may assume k > 0 (interchanging if necessary the roles of yrand p’).
wk+j S EL—j—k+1i)

Let o =

be the standard deviation of . If |k| < pa, then p(u, p")=(3/4) e "

We have - — and
16)) i=1 J+i

kL i N i feai r . Y (e VE i
Log M6 _ g pop 8L == kD) | & E=p (8= e

1(j) i1 J+i S E—(G—E+k—i)
{ . } ) a a—b L¢ .
(usmg the inequality Log— > ), where F = ~. If j<FE + 20 and

b a 1+ ¢

& < po, then

Log Mk D) 5 E=DU+ —k=idizi L (E=O+O—k,

Gy A E— (2 +p)o AT E— Q4+ pe
Hence,

(k- e (
—— = >exp| —
p(jHve 2E — 2 + p)io)

k2 )(1 L1 E-pHA +é))
. 2 E—(Q4pés)

Note that
L . [E+26] . )
0=V (E—pnul) < Y, E—7ul)
7o j=0

Therefore,

o, 1) >[E§ 7 e +07

. Lo
) L p(j) = u({0,1, ..., [E - 20]}) exp(—._—c___) )

2(E—(2+p)éo)

By Tchebyshev’s inequality we have u({0,1, ..., [E <+ 20]}) > 3/4. As

: 1/2
E::( - &)o? and as Q__‘* )3 — 2 +p)£ < _,]_: by assumption, the above
o(l + & VL
inequality reads p(u, p') > 3/d4exp( — ]1‘“ and as k < po
202(1 - ».,_«) L+
VL

1
and 1 —--= > 1/2, we get the result. 7

Vi / g %

3.3. LEMMA. Let iy, py be probability measures on a Borel space X with
o(,ps) = o > 0. Let C,, Cy be Borel subsets of X. If p(C;) > 1 —o?[4,j=1,2,
then C,nC, # 0.
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Proof. Let m = p; 4 po. The Cauchy-Schwarz inequality gives

S(‘d 0o d““ (a) dm(x) < (CHECH2 < 2= (j=1.2)
dm 2
S

Hence C{uC§ # X. 7.

Proof of Theorem 3.1. Since M is of type IIl and M(1, 2,) is type T, we
have M =M @ M(l, A)x=M(L, -~ 1, 4,). Hence we may assume that L,>1 for-
all k. Then for a.e. (w, n) € @ X Z, there exists ' €  such that (v, n)#(e'.0)
Thus it suffices to prove that the map ¢: Q/#" - Z, is essentially injective. where
¢ is the map induced by ¥, and %’ is the equivalence relation on @ given by ».%'w’
iff (w, 0)%(w’, 0) (i.e. wy. - : wy, for all but finitely many ks and Y] (w0, — w)2° - 0).

k>0
Let 7, be the o-algebra on @ generated by the w,, k=1, ..., n—1 and let
o = N, If geLNQ, o, p), then g - = lim Ex(g) where E“n(g) is the conditional

expectation of g with respect to «7,. Let 2, denote the os-algebra on Q generated
n=1

by X, = Y w2 and o, k = n. Let Z=:-M4%,. Let &, denote the o-algebra on
k- n

Q, generated by X, modulo 2%, and let @ == V 9, . Note that &7 >4, > &, . that if’

fe LYQ, <, p) is invariant with respect to 7', then fe LY(Q, 3, y1), and that & is the
g-algebra on @ generated by the map . Thus the problem is to show that # und
coincide.

To prove this, let ¢ > 0. fe LY(Q, #, 1), lif 1 < 1. Then it suffices to show
that there exists some m < oo and f, € LNQ, 2,,, p) such that ||/ — f4, <ee.

Since E“n(f) is measurable with respect to 4,, there exists a function g on

n—1
{0,1, s Y L,{Z"} such that E¥x(f):-g-~X,. (In the following we will consi-

der g as a function on Z.)
Choose N < oc such that forall # = N

1ED(f) —flh < &

3 i 32 . n-1 Lk;n'»
where & ~-  etexp| — - - . Since 0%(X,) = ) ———
b ( € ) k;o (1 + A

L2
7_,"‘_/\'”-)/ i/ n _
n; 6( ! )12/:0(1 -+ ;_")2

2% we have

By the ratio test there exist infinitely many » such that

(:‘F) GE(A,'H-I) > 20-2(A,n)



INVARIANTS FOR 1TPFI FACTORS 935

which gives 2¥'6%(w,) = 22"ﬂ"_.

(1 + 2
_that equation (*) is satisfied and 4, < (p + 2)~%and L,, > 4.

Write E¥moi(f) == go X, and E¥m(f) == o X,. Let P, = X,(u) be the

2 0%(X,). Let p = 4¢~12, Choose m = N such

1i

distribution of the random variable X, and let u, be the binomial distribution

L, A
(Ln _"./)‘]‘ (l + )'n)L"

tu(f) = j=01...,L,.

Note that P,,, = P, *p,.
We have:

2k, > [ En(f) — ESmi(f)]], = SS () — g(x 4+ 2] dPo(x) dpn().

24¢g,

Let A — {x e Z; Slh(X) — g(x 4 27 ) dpn() <

ForxeA,let B, == {je {0, ..., L,};hx) -— g(x + 2"j) <¢&/8}. We have

24e, 8 9 32
“m(B.\') >1— L =1 —-"—ex (—— - =}
£ € 64 P

}- Then P, (4) > 1 —¢/12.

Let x,x" € A with x — x' = k2" where k is an integer < po (p == 4g~12

VL
1+ 4,
1:(J) = (k- j). By Lemma 3.2 we have

o = o(w,) == ) Let u,, be the probability measure on Z given by

3 2 3
Hyps I‘l, ) =0 z——e7P - e-16/e,
P> Mo y 4

As By — k) = pu,(Bs)>1—a?4 and p,(B)>1—0%4 we get
B.n (B, — k)# @ (Lemma 3.3). Hence there exists j such that |h(x) — g(x 4 2"/} €
< g/8 and [A(x) - g(x’ 4+ 2"(j + K))| < ¢/8. Therefore [h(x) — A(x')| < /4.

Let A' == An{xeZ;|x — E(X,) < 2" 'po}. For every class d of inte
gers modulo 2™, such that d n A’ £0, choose x, in this intersection and put gy(d) =
== i(x,). If this intersection is empty, put go(d) == 0. For x € Z we put Ji)(x) =
== go(d) where d is the class of x modulo 2.

If xe A, then [i(x) — hy(x)! < ¢/4.

As o%(X,) < 2°"¢2, we get using Tchebyshev's inequality: P,(4") 2 1 —
— /12 —4/p? > 1 — ¢/3. Hence

2¢ il

S lh(x) - hO(x)l d-Pm(x) < 2(1 - Pm(A,)) + "z‘ <'3‘ + “3‘ S—]_j— &.
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Put f == - X,,. Note that f, is measurable with respect to &, and
if = folasilf —he Xy lh +lhe X, —hX,lh <e %

. Although the flow of weights of M is, for all choices of L,’s, given by rotation
in 4. T(M) can be larger than 4. We next give a necessary and sufficient condition
to have T(M) - - A.

Note that every x < [0,1] admits a decomposition x = Y, (—1)"2_1J where
0€j~fﬁx
‘(lf)"*éf‘:l’x is an increasing sequence of nonnegative integers (p, e Ny { - co}).

3.4. PROPOSITION. For n 2 1, let V, ==}

KTk aetk-n) . O—‘.z(z—nx ).
Ko (1 + 4 "

a) If liminf V, > 0, then T(M) == A.
b) If liminf V, == 0, then T(M) is uncountable.

Proof. Recall that »—-O—A—e (M) ff Yy L1 — cos 2%0) < oo ({2], Corol-

Logl k>0
laire 1.3.9).
a) Let x be in [0,1]. Write x == ¥, (—1)72" 7. Note that the closest intc-

0<j<px

. =l .
ger to 2"'xis ¢" = Y, (—--1)’2" ‘. Put for convenience /_, =0. If ;_,<n </,
Il.f:n

#w—=l.-1 n-1i.
we have 2/ <27y --¢,1<2 7. Asfor [t} <1/4, 1 — cos 2nt = 1612, we get:

1 -~ cos 2n(2x) > 1 — cos 2m(2" i) > 16(2" i~y = 271,

X

Hence
L . AT 2= 4D
(1) Y, Liaifl ~- cos 22X = Y Y LiA2
k>0 0<j<p kil
1.-1 .
g L./, atk-1.)
Set a; == — &k 97 T We have:
A Ne
k=[j..1 (l + /'k)
21 =1 J W1 v otk
Vi, —a; + V!,-,«;’- T =Y a2 Ty, @ 22eD,
k=0 k=0
Hence
ok —j) 4
Z VIJ< 2 ak2‘ S'— ak.
Oéjf:p‘ osksj«tpx 3 0gk<p
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.. 27X
1 e T(& :
By (1), if LogZ € T(M), then Y, 4 < oo. Therefore Y, V,j < oo and as

O<j<p, 0<j<p,
.. L L 2nx
lim inf ¥, > 0, this sum has to be finite, i.e. — -€ 4.
n Log i
b) If liminf ¥, = 0, let (/);, be increasing and Vi, < 27 Ifx = Yy sjz"f’

i»1
g;€{0, 1}, thenif;_, <k < [;, we have: 2k x — [2%x]<2*** Y and 1 — cos 27(2%x) <

2(k+1-1.)
< 2722%%* 1710 Hence

Y Ll — cos2n(2x) < 82 ¥ Y L2 Y <

k>0

~.
\%
—
=
It
~

—1 -
<32n2 JZ Lt ety 322y V). < oo.
i1 K=o (1 + Ap)* YR

2nx

)
0

Therefore for all choices of ¢;s, € T(M); hence, T(M) is uncountable.

3.5. ReMark. If x is a non-dyadic rational number, then there exists « > 0
such that d(2€x,Z) > aforall k > 0 (this follows from the periodicity of the dyadic
expansion of x).

Let M = M(L,,2,) be a type IIl factor. Then as Y, LA, d(2%x, Z) >

k>0
2
>0ty LA, = o0, --
kgo K Log /i
Log 4 .
rationals in »—gg---—-T(M).
w

x ¢ T(M). Therefore the dyadic numbers are the oniy

By Theorem 3.1 the isomorphism class of the factor M is completely deter-
mined by the measure y(v). Our next goal is to find conditions for the measure Y (v)
to be equivalent to the Haar measure. For £ > 0 and 6 € 4, let u,, be the unitary

1T 0

in My(C), gy = . |- We have 6% = Ad u,,. Put U, = ® (g )% ke M
0o 2’ =

(note that uy, = 1 for k large enough). Let ¢ be the state on M, ¢ = ® (pf’"k.

k>0

3.6. REMARK. If § € 4 and x € Z,, then A has a natural meaning. Using
2n

Log A

look at the measure {/(v) as a measure on A. We have with the notations of Corol-

lary 1.7 b) Y(v) = p_rog (4, @, U, B). Therefore Y(v) € € _Log A(M, 4). Theorem 3.1
asserts that % _po ;(M, 4) is a complete invariant.

this pairing, Z, identifies with the subgroup ('A / Z) of 4. We can now

7 — 1481



98 T. GIORDANO, G. SKANDALIS, E.J. WOODS

By Remark 1.8 ¢) there exists a probability measure P on 4 (P = u(4, o, 0, U)

cf. Proposition 1.2 b)) with P < Y (v) and 13(0) =: @(U,). Note also that P: y,(1)
(with the notations above Theorem 3.1).

2
3.7. LEMMA. a) For x = —J~> put 0 = — e get
2" Log Z
'il Lk;)'k(l - €0s (2n2%x)) < — Loglo(Up)i < "il D (1 — cos (2n2%x))
im0 (L + 4p)° K=o 1 — 2
n ')
b) If x: E (— 1y2" g , put 0 = — _ . Then
Log 4

m

~Log lp(Up) >3 ¥, Vi,
i=o

[T ~2ix2 “x , X
Proof. a) We have @ lu, ;) = L+ 4¢ - As (g ) = Re(@y (1)) =

14 7
g ke —b
= l__/k_cosﬁrz we get, using the inequality Log - 4 -
1 'l|— AI\ b a
2 (1 — cos 2r2%x) Ay .
Logle,(uy ) = -~ >— — % (1 — cos2n2*x).
gl 1 + ), cos 2n2¥x 1— 2
, 22, r
On the other hand, i@ (g )2 =1 — T (1 — cos 2n2%x), so that
_:_ /"k 2
Loglpu(un )i < — —4— (1 — cos 2n2%x).
oglo{u < — —="% (1 — cos 2r2kx
gl Ua i) R
b) Let now x = E (—1y 2~lf. If [;_, < k <, we have

ok -1. k-1,
221D ) cos 2n2kx < 222 ¢ 1P,

Now, — logie(Upl = — Y, L; Loglo,(up ). Therefore,
E>0

wo =11 o9 ole=1.+1)
—Loglo(Uy)| = X Z k2% (.. =0).

_dok~1l(14—/)2
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. ;-1 \

N /. (k=1) .

We put a; = ,2 i/—"— 22 ‘i . We know by the proof of Proposition
S (AL

3.4 that }_J V, < f; Z a,. We hence get
J=0

m m

—Loglop(Up) 124 Y, ;23 ¥, V... N
Jj=0 Jj=0

3.8. Prorostion. (cf. [8], Theorem 2). a) Jf lim inf V, < 400, then the measure
W (v) is nor equivalent to the Haar measure on Z,.
b) If Y, e”%n< + oo, then the measure W (v) is equivalent to the Haar measure

nzl

of Z, and the flow of weights of M has pure point spectrum.

. (o2
Proof. Put D == A /(——~~E~——)Z By Remark 3.6, D < 4 identifies with z,.

Log /
a) Let P be the measure on 4 with P < Y(v) and 13(0) = ¢(U,), (cf.
Remark 3.6). If Y(v) is equivalent to the Haar measure of Z,, then (ﬁ(()))ospe

A —n 2 2-—n
€ Co(D). Therefore lim P(~ 27{2—~) == 0. But by Lemma 3.7 (a), P/ T ) >
11— 00 LOg A J LOg A
- _Sl_l.j“)f_ v
>e = 1-2 . Hence lim V, := -+ oo.

n—o0

b) Let F.denote the set of finite subsets of N. If A4 belongs to F, we set
my=:# A—19 and we denote by /, o</, <...< 1"”",4 the elements of 4. Put

4 -1,
then 0, -- — LG—:l_(z (— 1y2 l”"). For every element 0 of D, there exist
0og

J=0

exactly two A’s with 0, = 0 (e.g. for 0 =0, A= 0O or {0 for g = — — d
Logzl

A = {1} or {0, I}). We therefore have
% 1POF = ¥ POIE<] Y [T &

9ED 2 AEF ACFled

(using Lemma 3.7 b)). But by definition of F and by assumption, we have:
YMe™=YU+e") <+ oo
AEF leA n>1
Therefore, P e/¥ D) and P is absolutely continuous with respect to the Haar
measure of Z,. As P < y(v) and as both ¥(v) and the Haar measure are
Z-quasi-invariant and ergodic, they are equivalent.

(*) 4 A4 denotes the cardinality of A.
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Using Theorem 3.1, we now get that the flow of weights of M has pure
point spectrum. ]

In particular if lim inf ¥, < + oo the factors M([tL,], }'k\)teR* are pairwise
+

non isomorphic ([tL;] is the integral part of 1L, cf. [7], Corollary 2.6). This is a
partial converse to Theorem 3.1 of [6). Note that as condition C ([6], Definition
4.1) is not satisfied and we can not apply Proposition 4.4 of [6].

We now give another partial converse to Theorem 3.1 of [6]:

3.9. ProrosiTiON. Let Ly and L, be two sequences of integers. If lim supL, A,
< 4+ oo and if M=:M(L,, %) and N = M(L,, 1) are isomorphic, then
lim (L, — L)X == 0.

Proof. Let f, f', g and g’ be defined for k > 0 by

foo 2 g 2 o g 2L
A+ 7 a+anr 1o, 11—

By assumption f, g €/<(N).
1 —cosn2-%

Let a e/*(N) be given by a;, = 5

(k=0).

2p2-"

Log 2
to M and N (cf. Lemma 3.7). The algebra ¢}(N) acts by convolution on the
Banach space /°(N). Lemma 3.7 reads:

For n>0, let 0, == —

and Uou, Uo’“ be the unitaries corresponding

(/ #a)y,_y < — Loglo(Up ) <(g +a),—,
1) and
(f' B a)u—l < _Logl(p/(U(;")l < (g, * a)u-—l'

As M and N are isomorphic, we get by Theorem 1.10,

lim (1(Ug )l — 19(Uj )I) = 0.

=20

As gxa e/*(N), we get lim sup(— Log|qo(U9n)[) < +o0. Hence lim inflw’(Ugn){ =
n

== lim infl(p(Uan)! > 0. As ‘“2?“———"—/;"—)5 < —Log[qo(U,;n)[, we derive that f'e/*(N)
" L k

and g’ € />(N).
Now (g — /) e Cy(N) and (g’ — f") € Co(N).We derive that (g ~ f)xae

€ Co(N) and (g’ — f')xa e Cy(N) and by (1)

lim ((f % @)—y + Loglo(Up ) = 0 and Lim (/" # @),-; + Log|¢'(U; i) = 0.

n=C0 n—00
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As lim (Log }(p(Uo | — Logle’ (Uo )|) =0, we have (f — f)xaeCy(N).

Nn— 00
Moreover as @a,_, = sin?n2~* = 4q,cos* n12-%-1 and @, = 1/2, we have
% >3a,. Hence Z ak\-‘}: 3k =3/4. We get
k=1
lla — &|l,<3/4 < 1, where § is the unit of /A(N) and a is mvertlble in £(N).

As C(,(N)*KI(N) S Cy(N), we have f— " = (f — f)raxa=t e Co(N).

for k > 2, a,_, » 4a, cos?

3.10. ReEMARK. Let now (p,)>, be a sequence of integers p, = 2. Put

n ] . -
gy = II P> A = A"%. Let M = M(L,, %) be the corresponding factor. Let

kesl
also 4 = {OGR;)~iqk0 = 1 for some k € N} & T(M). The whole section can be
rewritten in this context. We obtain:
1) The flow of weights of M is given by the action /, of R (notations of
Remark 1.8 (a)) on A (Theorem 3.1).
n-1 g 2
2) With ¥, ==y L% 96| e have: T(M) = A iff liminfV, > 0; if
k=0 (1 + A% q; "
T(M)s 4, then T(M) is uncountable (Proposition 3.4).

3) If lim inf ¥, < oo, the Haar measure on A does not belong to € (M, A).

If the sequence (V,),», goes to infinity quickly enough, then the factor M
has a pure point spectrum flow of weights (Proposition 3.8).

To have an estimate for the growth of ¥,, one may use a (weakened) ver-
sion of Lemma 3 7:

i 27
For x — ——aO <j<g,and =~ ~»~ﬂ"—"‘~¢N, and 0 = — , we get
9 Pa 4, Log4
n-1 Lk/l”k ] ] n-1 Lk 29k .
" —————— (1 — cos2ng,x)< —Lo U (I — cos2ng,x)
o (1 ATy ( 4iX) gle(Uy)) < g — % k
and as —Log |p(Up )< —Log|p(Uy)|, where 8,—— —?———)—, we get —Log |p(U,)| =
" g9, Log/
>8V,. Therefore, ¥, 1o(UplP< Y (g, — gp-1)exp(— 16%,). If this sum is
0 0<1 nzl
der

finite, then as in Proposition 3.8, the Haar measure on A belongs to G(M, A).

In particular if 0, is a real number and D is a subgroup of Q, then by (lt)
and (3), the factors, whose flow of weights is pure point spectrum with point
spectrum 0,D, are ITPFI, (cf. [8]).

4) If lim sup Lk < oo and if M(L,, 4,) and M(L}, 4;) are isomorphic,
k Pisx
then lim(L, — Li)A, == 0 (Proposition 3.9, cf. proof of Proposition 4.4 below).
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3.11. REMARk. The occurrence of uncountable T(M) (for factors M acting
on a separable Hilbert space) was somewhat unexpected (cf. [13]). Proposition
3.4 and Remark 3.10.2 state that T( M) is uncountable iff the multiplicities are not
too large. This suggests the following interpretation of:this phenomenon. Among
the type III factors, the type IIl, factors are “closer’ to the semifinite factors.
Similarly, among the type I1I, factors, those with uncountable .T (M) are “‘closer”
to the semifinite factors. '

4. ANOTHER EXAMPLE

Let b be an irrational number, 0 < b < 1, and let (p,/g,),», be the sequence
of its best rational approximations (see [9], Chapter 10). Let /i be a real number
with 0 < 2 < 1 and (L,),», be a sequence of positive integers. Let M == M(L, , .1")
be the associated ITPFI, factor.

We first focus on Connes’ invariant T(M). We know ([3], Theorem 1.3.7(b))

"\
that for all sequences L, , - »'-‘—‘— e T(M).

Log/
2nb L LA™
4.1. PROPOSITION. a) We have —=- e T(M) iff ¥, —*"- < = co.
Log 4 K31 Gk

b) If liminf L™ T > 0, then T(M) = = (Z®bIL).
k Gisa Log 4

27b . ar,
Proof. a) By corollaire 1.3.9 of [2] we have - e TR Y, L1 —
og / K31

1 1 .
— cos2nbg,) < + oo. But for all k = 1, -—— <|bg, — p,} < —-—- Since for
9i+1 i +1
2 2r?
[t < 1/2, 822 < 1 —cos 27 < 2n%2, we get -——— <1 — cos2nbg, S-o—‘; and
Gic+1 Qrv1
Lo
Y LA — cos2nbg,) < + oo iff Y X + oo.

L>1 E>1 9k+1

[
' 0 L. kg
b) Assume that lim inﬂ'Lk). _9i > 0. If Log e T(M), thcn Y 9%

Gis1 s s R PN |

i’;‘—:—l (1 — cos 2n0g,) < + oo. Therefore Z qu (1 — cos 2rnl0q,) < -+ co. In par-
9k 1 gk

ticular, lim ——~ 2 (1 — cos2nbg,) == 0. Let r, be the closest integer to Og, (k = 1).

g
We get lim L‘:l— Ogq, — r)* =0, ie. lim evr (0g, — ry) == 0, hence there exists
qi g

K such that for k > K, TexL \0g, — r,} < 1/4. Write ¢, = a,q; + gp-1 (cf [9]).
e
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If k2K + 1, we have 0(a.q; + qi-1) — @ — riey = 0 (0g, — ) + 0g, .y — re—y

and as a, < Ferr and - % _ > [, we have
(L Tr—1

gy

0(argy + Gi—1) — awr, — -l < S 0q, — rel +

1
0gc—y — ri-sl <-—-
9 qr-1 2

Therefore, ar, + r,_, is the closest integer to 0gp.i, 1.€. Fry1 = @y + Fr-1»
P, UF% . :
fork= K + 1. As the matrix [ K K ] is invertible in My(Z) (cf. [9], Chapter
Prir Ik

r Py q
10) there exist two integers m and n with[ K ] = [ K K ][m].One then

Tk+1 Pryy 9xeadl?

has by induction r, = mp, + ng,, for all k> K. Taking the limit of e, we get

q;
0 == mb 4- n. %
From now on we will assume that the two conditions of Proposition 4.1
. L% .. : 2
are satisfied, namely Z ——’;—— < -4 ooand liminf Lqu" Z" >0.Let T = il
k>1 Qe+ k Gic+1 Log /

(Z ® bZ) (= T(M)).
We want now tofind conditions for the Haar measure on f" to bein €M, T)
(Definition 1.5 a)).

1 0 11+ 2% e‘z"ib‘lq
For £ 20, put u, = ¢, [0 ez”i”"k]’ where ¢, = T - Let ¢, be
the state ¢ g, - We have
A
1 -+ 2% 2] L A%k b 2%k
Puy == AT AEE SR FAe By 2% (1 — cos 2nbgy).
: 1 4 A% 1 2% 1+ 2%
L% ®L
s Y ——— (1 — cos 2nbg;) < oo, we know (cf. [1]) that U= ® (), k)
k=1 1 4+ 2% k>1
makes sense in M = ® (MZ(C),%)@L'»'. Moreover, 6Zm 1oz, = Ad U (as for all k,
k=1
a;”j;b/Logl = Ad u, (cf. [2], Lemma 1.3.8)). Also 0,15, =: 1.

By Remark 1.8.c), there exists a probability measure u on T w= (T, ¢, @, U)
. P 2
(cf. Proposition 1.2 b)) in € (T), with i ( L~n—)~ n + bm)) = @(U™). The support
og 2

of u is carried by G = {x e T; (x, 2n/Log ) = 1} (Lemma 1.13)).
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L% qt

4.2. LeMMA. For ke N put v, = -
(14 2% iy

We have

[
we [ % Tur _ _ Ao
[ 2k]+1 : exp(\ 9x )

Proof. We have o(U")| < | (uf)™ and

14 2% e 22% 12
lou)] = H’______/q’_.! = (1 — —(1——5}7")2— (1 — cos 2nrzbqk)) .
Hence
1 2%
LOg }([)k(u;f)i & — —i‘ ('(T:_—)—qz)z— (l — COS 2mzbqk)).

n n c
As ——— <anlbg,— p,! € —— we get for LS <n <—Z"il— s
2g;4+1 9 +1 2 2

vie]) 4n? 2nq,
> <M

WV

1 — cos 2anbg,—1 — cos

2 T a2
9r+1 Qic+1 i +1

[ I+ ]
2 +00

R ;—’) . g
= -qi- + n= -—qk~ + k 1 _ CXP ( - )
(5] ] z

L%
e 0, then the Haar measure m of

24 2
+ K gia

G = {xeT; (x, 2n/LogAy = 1} belongs to G_y, , (M, T).

4.3. Prorosition. If liminf
k

Proof. By Lemma 4.2, for k large enough,

[
X

q, |
n= [ 2"—] -1

n ( 27b ) 2 2exp (—cq,)
i1 n- S >
Logi/! 1 — exp(—2¢)
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where ¢ is a positive constant. As ¢, = k for all k,

i(r:22 ) (o2
“\" Log2 . Logzl)

Therefore p < m. By Remark 1.8 ¢), m belongs to €_, ., (M, T). Z

2 2

=1+4+2¥

nzl

nez

We now consider two factors M and N corresponding to the sequences (L, %)
and (L;, 2%). We have:

——Z" - < ++ ooand that gy, >

4.4. PROPOSITION. Assume that limsup L, 2%
k Ti+1

2
2 3q, for all k. If M and N are isomorphic, then lim (L, — L,’())ﬂk——?‘— = 0.
koo Ti+1

Proof. Let ¢ = ® ((P®qL") and ¢’ = ® (<P®',;”") be periodic states on M and N
kx1 7k k>1 2k

and let U and U’ be the corresponding unitaries of M and N (cf. notations of
Lemma 4.2). As in Lemma 3.7, one checks easily:

L™ (1 — cos2nbg,g,) < — Log lp(U)] < T L)% (1 — cos2nbq,q,)
— (1 — nbqg,) < — <y, —— — Gn
k§1 (] +/10k)2 . ps1l — R k
and
L,’c/lqk . L;(lak
—% (1 — cos2nbq,q,)<—Log lp (U™ < ¥ — (1 —cos 2nbg,q,)-
k; T ( 4xdn) glo'( LI i
For all k > 1, put 0, = 2rn(bg, — p,). We have
A 22 o< -2E (cf. [9], Chapter 10).
3qGi+1 9i+1 9i+2 qi+1

Letf,f’, g and g’ be defined for k = 1 by

. L . L A% .
. = ———— (1 — cos2nbg}), g, = I — cos2nrbqy),
Jx a0+ }qu)z( 90> & 1 — % ( k
LA L A% .
o= —%"___ (1 — cos2nbg}), gr=—"——(1 — cos2nbg;).
o+ /1"")2( a ge=7a *
. . . 1 — cos 27qujqk .
Let A be the infinite matrix (a;,);,, where a;;, =__ "5 If j <k, we
1 — cos2nbg}
have a; L — cosgf and -k — 1 — 05,0 . As g;41 > 3¢g; and [0} <
' 1 — cosq,0, aj4y i 1 — cosg;q0y
< 324 < < —75-—, we get ik < 1—cos(x/3) =L. Hence a;, < 4i-k 3f

dr+1 qr qi+1 djs1x 1 —cosn 4
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— ; s1r 1 —cosqg.b; 041
J = k. we have g; , ~- 1 — cos g, and Zirtk . 1T CONTiv1 yye have[ it <
' 1 — cosq,0; a; 1 — cosgq,9; i 8;
2 i 2 2n divy i
< T REL/RS <L and as g0, < g0, < S o T e get VR <
Qi+ 4n 2 Gr+1 i«
V4
1 — cos 3
< Tyt . Hence for j > k, a;, < 3*77.
I —cos --
3
~q 2 o -4, 9,9 )
As f, < g < J—"ik—— -»9"q"<and L -ET—I—q"» is bounded by assumption,

1— 2% 2 1 — 2% g
we get that the sequence -— Log |@(U)| < Y a; g, is bounded. By Theorem 1.10,
i»1
we derive that lim (—Log [@(U%)| 4+ Log |¢'(U'*)}) == 0, hence fi < Y a;.fi <

k—oo i>1

] ’ !
--Log |¢’(U'%) | is bounded and as g; < %T—l-ﬂ, we get that f', g’ e/(N).
A

For an infinite matrix D = (d; ;), put | D||=:sup Y,|d; ;}. Let o/ = {D; [ D <

i1 k>»1
< -+-00}. Then (&7, || -|}) is 2 Banach algebra and acts naturally on /®(N). Let Z<.o/
be the closed subalgebra 4 = {D e 7 ; Dhe Cy(N) if € Cy(N)}, i.e.

B = {DL;&’ hmZ[dJ,k[_Oforall neN}

J= g
Then A = (a;,) € Z. Moreover for all j > 1

S gl + 3§ el
k#j k:-j+1 6
Therefore |4 — 1] < 5/6 < 1 and A is invertible in 4.
As g —- fe Cy(N), we get that 4g — Af € C(N). Therefore Af -- € CyN),
where i, =: —Log |p(U%)\. In the same way, Af — I’ e Cy(N), where hy - -
: — Log 1¢'(U'%);. By Theorem 1.10, we get that h — I’ e C,(N). Hence,
A(f — f) € Co(N). As A is invertible in &, f — ' € Cy(N). Z

4.5. RiMARK. We have actually just proved the following somehow stronger
statement than Proposition 44:

If limsup £,2% -1 % oo, Giar>3g, and if €_ (M, T) <%_, (N, T),
qk+1
then lim(L, — L)% T ¢,

li~ 0o Ti+1
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In particular, in that case

(g—Log }.(M.! T) # g—Log /.(M ® M’ T) i Qf—-Log l(Mﬁ T) * (g—Log ).(.M’ T)’

and the Haar measure m of G does not belong to €'_  ,(M, T) (cf. Proposition 4.3).
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