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A NOTE ON THE SPACE OF PSEUDODIFFERENTIAL
PROJECTIONS WITH THE SAME PRINCIPAL SYMBOL

KRZYSZTOF WOJCIECHOWSKI

1. STATEMENT OF THE RESULT

In this paper we study the topological structure of the following space

>

PeBH). P2= P, dimRanP = co= dim Ran(ld —P)
(B))] ‘%’o =

and P — Py e A (H)

here #(H) is the algebra of all bounded operators in a separable Hilbert space
H and ' (H) is the ideal of compact operators.

Here is an important example. Let M be a closed smooth manifold, £ a complex
vector bundle over M and let Pdiff, be the space of pseudodifferential projections
P, with the same principal symbol p:a*(E) - n*(E) where n: SM ~ M is the
natural projection from the cotangent sphere bundle (we have fixed a Riemannian
structure on A and a Hermitian structure on £). In this case p is the projection onto
some subbundle of n*(E) (actually the dimension of the fibre can change over
connected components of SM). If p and Id—p are not identically equal to 0 then the
ranges of the projection P and Id— P are infinite dimensional. The reason (at least
for classical pseudodifferential operators) is that if p = 0 then P is of order —1
hence 1t is acompact operator. The operator is a projection so its range is finite dimen-
sional. On the other hand, if the range of P is finite dimensional, then P is com-
pact, so the 0-th order term in its symbol will vanish. Pseudodifferential projec-
tions described above are in many cases spectral projections of elliptic operators.
The projections onto the Cauchy data spaces of elliptic differential operators are of
this type, too (see for instance [1], [2], [3], {4], {8]). Now the space of projections
in a separable Hilbert space with infinite dimensional range and kernel is con-
tractible ([7]). For the space Pp, the situation is different.

THEOREM 1.1. Let H be a separable Hilbert space, P, a projection with infinite
dimensional range and kernel. Let Wpo be the space defined in (1.1). g’po is a classi-
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fying space for the K-functor. This means that for any compact space X, KO(X) =
= [X, Zp ), where [X, ,Ufpo] denotes the set of homotopy classes of continous maps

from X to 3”/;0‘ In particular

Z for i==2k

1.2 (@) =
-2 e, {o for =2k 4 1.

Let us now study the pseudodifferential case. The following facts are well-
-known (see for instance Section 2 of [6] and the references given there). Let
Pdiff(£) denote the set of all 0-th order pseudodifferential operators acting on
sections of FE. Pdiff(£), the norm closure of Pdiff(£) in the space #A(L*E)), is
a =-subalgebra of #(L*(E)), containing the identity and the ideal 2 (L2(E)) of com-
pact operators ([6], Theorems 2.4 and 2.7). The principal symbol of the element
from Pdiff(E) is well-defined and two operators from Pdiff(£) have the same
principal symbol if and only if their difference is a compact operator ([6], Theo-
rem 2.7). This gives us the following coroliary.

COROLLARY 1.2. Let M be a closed smooth Riemannian manifold, £ a Her-
mitian vector bundle over M, n: SM — M the natural projection of the cotangent
sphere bundle and p: n*(E) - nw(E) a bundle morphism such that

(1.3) pr=p, pand ld—p are not identically equal 0.

Then the space Pdiff;, is a classifying space for the X-functor.

Much less we can say about the space Pdiff,. The only fact which follows tri-
vially from Theorem 1.1 and from the results of Section 4, is that it has countably
many path-connected components.

COROLLARY 1.3. The space Pdiff, has countably many path-connected com-
ponents.

The proof of the Theorem 1.1 depends on the fact that the group
(1.4) GLp, == {g € GL(H) : gP, — Pog € A (H)},

where GL(H) is the group of invertible elements of Z#(H), is a classifying space
for K-functor. It has the homotopy type of Fred(H) — the space of all Fred-
holm operators in H (see [4], [8]). We show that there is a principal fibre bundle
G-L,p0 5 F/po with contractible fibre GL(H) ® GL(H) ([7]), Theorem 2).

Section 2 contains some technical results which are also of independent
interest. Theorem 1.1 is proved in Section 3.

In Section 4 we analyse more closely the group ny(Pdiff,). We show that we
are able to distinguish connected components of Pdiff, and Pdiff, using the index
of a suitable Fredholm operator, which is also a spectral invariant.
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To make our exposition self-contained we show that GLP0 is homotopically
equivalent to the Fred(H) in the Appendix.
"~ Thanks are due to Professor R. G. Douglas for useful remarks and to the
referee who found an error in an earlier version of the paper.

2. SOME TECHNICALITIES

Lemma 2.1, Let Py, Py € 33,» and || Py —P,|| < L, then T=(1)2)[(2P, —1d)-

-(2P, — Id) + Id] belongs to the group GL, = {g € GL(H): (g — Id) € A (H)} and
the following equality holds

2.1 TP,T-1 = P,.

If Py, P, are pseudodifferential then T is elliptic ard 6,(T) = 1d,+&), where o (T
denotes the principal symbol of T.

Proof. We have
(2.2) 2P, — 1dy*=1d

which gives us

17T —1dj| = "i‘H(sz — Id)2P, — Id) —~ Id|| =
(2.3) — 12 2P, — 1d)(2P, — Id) — (2P, — TdY|| <

< 2Py — 1| H|2(Py — Pl == || Py — Pill < 1
;_md we see that T is invertible. Moreover
2.4) o, (T) = ; (2p — Id)2p — Id) + [d] = 1d.

COROLLARY 2.2. If P, P, lie in the same connected component of .@po then there
exists v € GL; such that Py = vPyv~1.

REMARK. It is trivial (GL, is path-connected) that the converse theorem is also
true, i.e. if Py, P, lie in different components of g’po then such v belonging to GL..
will not exist.
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Now we consider a more general situation.

LEMMA 2.3. Let P e ?}’po and || Py — Pyll = 1, then T = (1/2)[(2P, — Id)-
(2P, — 1d) + 1d] is @ Fredholm operator with the following properties

2.5) index7 = 0
(2.6) TP, = P,T
(2.7) kerT = coker T = {v : Pyo == v, Pip =0} @ {w: Pgw = 0, Pyw = w}.

In the pseudodifferential case we still have 6 (T) = Id.

Proof.

1 .
T=- [QP, — 1d) 2P, — 1d) + 1d] = Id + 2P,P, — P, — P, =

(2.8) = 1d + 2(P, + P, — PPy — P, — Py =
= 1d + 2(P, — PPy — (P, — Py) = Id 4 (P, — P,) (2P, — 1d).

So T = 1d - compact operator. (2.6) is also trivial and in fact T splits onto
Ti=PPy:PH—- PHand T_ = (Id — P }(Id — Pp) : (Id--P)H — (}d—P)H,
s0 we have

2.9) kerT = kerT, + kerT_, cokerT == coker 7, + coker7_.
In such situation everything is very simple

ker T, == {w : Pyw = w, Pyw = 0} =
(2.10)
= i (Id — P w = w, (Id — Py)w = 0} == coker T_.

The last equality is obvious. Assume that (Id — P,)w = w; if we have such z that
w = (Id — P,)z, then w should belong to the image of 7_ . Similarly, we have

ker7_ = {w:(Ild — Pow =w, (Id — P)w=0}=
(2.11)
= {w: Pyw=w, Pyw =0} =coker7, .

In Section 1 we introduced the group GLPO. Here we summarize some of its ele-

mentary properties.

LomMA 2.4. (1) If Q € #p then GLg = GLp, .
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(2) Let us consider the action of G'Lpo on .-pro given by the formula

(2.12) g0 =2gQg™ ",
then we have GLPO Py = !ﬂ"po.
(3) Denote by Hgy the stationary group of Q, Hy = {g € GLp,:g0g™" = 0},

then Hy is isomorphic to the group GL(QH) & GL((QH)1L), where the last group is
the set of operators from GL(H) which commute with the orthogonal projection
ofito the subspace QH.

Proof. (1) Let g € GLg; then
gPy — Poyg = g(Py — Q) + (Py — Q)g + (8Q — Qg) € A (H).

(2) We know that P is a projection with infinite dimensional range and kernel;
then there exists g € GL(H) such that gPyg~!' = P, and if (P, — P,) € A (H) then

gPy — Pog = (gPyg™" — Py)g = (P, — Py)g e X (H).

(3) Let R be the orthogonal projection onto QH and /1 € GL(H) such that
hRh=' = Q; then

H, = h(GL(RH) ® GL((Id — R)H))h~*.

3. PROOF OF THEOREM 1.1

As we know from Lemma 2.4, GLPo - ﬁ/po is a surjection with fibre isomorphic
to GL(H) @ GL(H). We have to show that it is a fibre bundle.

The situation is even simpler than in the proof of the Theorem 2.3 from [8]
(see also Appendix). The construction of local section is easy because we have
Lemma 2.1. We take #p > U={Q:||Q—P,||<1} and then define s: U~>GL. < GLp,

by the formula
G.1) "5(0) = ; (20 — 1d)(2P, — 1d) + Id].

If gP, = Pyg then s(Q)gs(Q) 10 = Qs(Q)gs(Q)~*, in other words, if g € Hp, then
s(Q)gs(Q)~* € Hy so s gives us local trivialisation. Thus we proved that GLpoz-?gpo

is a principal fibre bundle with a structural group and fibre F = GL(H) @ GL(H)
and this is a contractible space ([7], Theorem 2).
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GLP0 is homotopically equivalent to the space Fred(H) which is a classifying

space for the K-functor (see Section 5 of [7] for further references). Now, n induces
isomorphisms on homotopy groups and since both GI.po and Q’po are of the homo-

topy type of CW-complexes it follows that x is a homotopy equivalence.

4. ny(Pdiff,)

We study now closer an integer invariant which can be used to distinguish
connected components of the space Wpo.

It should be mentioned that this invariant first appeared in the famous paper
of Brown, Douglas and Fillmore ([5], Remark 4.9), where it was called the esential
codimension.

We use notation from Section 2 and, although it is not necessary, we restrict

our attention to the space Pdiff,.

Prorosition 4.1. Let P, P, € Pdiﬂ’]: and let g be an element of GL, such that
P, =g Pg. Then (Id — P) + gP is a Fredholm operator. Its index depends only
on Py, not on the choice of g, and in fact it is equal to the index of the operator

@.1) P,P: PH - P,H.

index((Id — P)+ gP) is O if and only if P, and P lie in the same connected
component of Pdiff,.

Proof. (Id — P) -+ Pg~1 is a two-sided parametrix (quasi-inverse) for the
operator (Id — P) + gP.

index((ld — P) + gP) = index((1d — P) 4+ PgP 4 (Id — P)gP) =
4.2) = index((Id — P) + PgP) = index PgP =
= index g(P;P) = index P, P.
Now if P, and P belong to the same connected component of Pdiff,, then
index((Td — P) + gP) is 0, because from Corollary 2.2 we know that in this

case there exists # € GL. such that 1~'Ph = P, and

index((Id — P) + gP) = index((ld — P) + hP) =

4.3)
= index(ld + compact) = 0.
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Let us assume now that index((Id — P) + gP) == index P;P = (. This means
(see (2.6), (2.7), (2.9) — (2.11)) that

4.4) dim{w : Pw == w, Pyw = 0} = dim{w : Pw == 0, Pyw = w},

and we see that there exists 1 — an automorphism of the space ker 7' = ker(P,P) ®
@ coker(P,P) — such that /i* == 1d and

h|ker(P,P): ker(P,P) — coker(P,P)
(4.5)
hlcoker(P,P): coker(P,P) — ker(P,P).

Now we define an operator T, equal to the operator T on the orthogonal comple-
ment of ker 7 and /7 on ker T’

(4.6) T, = (T{(kerT)l) @® (l7,ker 7).

This is an invertible operator and its symbol is cqual to the identity, so it belongs
to the group GL.. Moreover, P,T, == T,P and we can find a path {/}.,e; = GL,
such that /1y = 1d and /i, == T,. The family {P, = /1 PIi;7"},c, joins P with P,.

REMARK. T is still an elliptic pseudodifferential operator if T is so. We can
choose /1, such that they belong to the group GL{(o0) = {ge GL.:g~— 1d is
an operator with finite dimensjonal range}. In this case /i, — Id are operators with
smooth kernels.

In the last part let us describe the connection with a spectral invariant
of families over the circle. Any pair P, = P, P, defines a family of elliptic oper-
ators with essential spectrum {-+ 1}

(4.7 {Bi==1(1d — 2P)) + (1 — 1)(1d — 2P,) = (Id — 2Py) -+ 21(Py — P}ier.

The family joins the operators B; = (Id — P;) — P; (i = 0,1) with spectrum equal
to {—1,--1}. The spectral flow of such family is the difference between the number
of eigenvalues which change sign from -- to + when ¢ comes from 0 to 1 and the
number of eigenvalues which change sign from -+ to — (see [1], [4], [8]). We denote
it sf{B,}. In our case an easy computation (see [4], Section 3, or [8], Section 2)
shows that :

(48) Sf{B[}]el == index PIP

REMARK. The family (4.7) defines a family of Fredholm operators with the
essential spectrum {41} over S*. We know that P, = g7'Pg and we can choose
the path {/i.};e; in the contractible space GL{H), such that /iy = Id and 7, = ¢.
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Then we define

le fOl' < , < T
(4.9) D, =

I B0zt for »i— S

The family {D,} is defined uniquely up to a homotopy. The spectral flow is the only
homotopy invariant of families of such Fredholm operators over S!.

Now let us assume that there exists a continuous path {P,},e; joining P, with
Py. Then the family

Bs, for 0 < ¢ sfi«

(4.10) B, =

Id — 2Py, for —l <rgl

is a loop in a contractible space of elliptic operators acting on sections of fixed
vector bundle with the same principal symbol. It is homotopy equivalent to the
constant family, so

(4.11) 0 = sf{B,} = sf{B}
(sf{Id — 2P,} is equal to 0).

Now it 1S very easy to construct families with different spectral flows. We
start from P, = P and take any ¢ € L2*(E) with the following properties

(4.12) Pp=0, |lof2-=1
and define
(4.13) Pi(f) = Py(f) + ((1d — Pp) (f): @)e.

It is seen at once that

4.14) sf{B,} = index P,P == —1.

To get a family with positive spectral flow we take € L¥(E) with Pgy = and
Py(f) = Py(f)— (Po(f); Y.

Using these constructions we can get a family of pseudodifferential operators
with an arbitrary spectral flow, which in fact ends the proof of Corollary 1.3.
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APPENDIX

To make our exposition self-contained we present here the proof of Theorem
2.3 from [8].

THEOREM. Let P be a projection in a separable Hilbert space H with infinite
dimensional runge and kernel. GL p is homotopically equivalent to the space Fred(PH)
of all Fredholm operators in PH.

Proof. Let Bp=={A e B(H): AP—PAc #(H)}. We have a surjection of
Banach spaces R : #p — #(PH) given by

R(A) = PAP

and R restricted to GL, gives a surjection R: GL, — Fred(PH). Let B € Fred(PH)
and consider

-(Id — B - (Id— ker B
R—I(B)nchg{g-(ld P)H ® ket B — (Id—P)H @ coker }

g is a continuous linear isomorphism.

This space is isomorphic to GL(H). It folllows now from a theorem of Bartle and
Graves (see for instance: Bessaga, Cz.; Pelczytiski, A., Selected topics from infinite
dimensional topology, Warsaw, 1975) that we have a continuous map S: Z(PH)—-%p
such that RS = Id. Hence for any ge GL,, R(g) has a neighbourhood U in
Fred(PH), such that there is a map J,: U — GL, with the property

RJy = 1d|U.

This facts implies that R : GLp — Fred(PH) 1s a principal fibre bundle with fibre
GL(H). Fred(PH) is an open subset of the Banach space #(PH), so it has a homo-
topy type of CW-complexes and now the theorem follows from Corollary 1 of
Section 5 from [7].
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