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PERTURBATIONS OF REFLEXIVE OPERATOR ALGEBRAS

KENNETH R. DAVIDSON

This paper is a sequel to a joint paper with Man Duen Choi [4] in which per-
turbation results for finite dimensional operator algebras are discussed. Here we are
concerned with infinite dimensional reflexive algebras. The starting point is the exten-
sion of a theorem about algebras with finite distributive subspace lattice to algebras
containing a maximal o-complete Boolean algebra of idempotents. Specifically, it
is shown that if & is any norm closed algebra close to a reflexive algebra o/ con-
taining a maximal o-complete Boolean algebra of idempotents, then there is a
(complete) lattice isomorphism 0 of Lat &/ onto Lat # which is close to the identity.
This leads to a number of applications, including a new proof of a (slight strengthen-
ing of a) theorem of Lance on perturbations of nest algebras; and its analogue
for nest subalgebras of von Neumann algebras.

The study of perturbations of operator algebras started with Kadison and
Kastler [12]. Then Christensen [5] showed that for von Neumann algebras of type T,
closeness implies unitary equivalence via a unitary near the identity. This will be
one of our main tools, together with a theorem of Wermer [19] for orthogonalizing
Boolean algebras of idempotents. Again it is crucial to our purposes that Boolean
algebras which are already ‘almost orthogonal’ can be straightened out by a small
change.

1. PRELIMINARIES

In this paper, # will denote a separable Hilbert space. The bounded oper-
ators on .# are denoted by Z(). Given a subset of # (), Lat &/ denotes the com-
plete lattice of subspaces left invariant by each element of «¢. Dually, if & is a lattice
of subspaces, then Alg % denotes the weakly closed algebra of all operators which
leave each element of & invariant. An algebra &7 is reflexive if of =: Alg Lat of.

The word projection will always mean orthogonal projection, in distinction
from idempotents. If L is a (closed) subspace of &', P(L) denotes the projection
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onto L. (We will not make the common notational simplification of identifying L
with P(L) as we have need of other idempotents with range L.)

Given two subspaces 4 and B of a Banach space, define a distance between
them by

d(A B):max. sup »HM- sup 1o+ 4] :
’ aeaN(0)  [a]  besNo ||l

This is equivalent to (but slightly different from) the Hausdorff metric on the unit
balls. Two algebras &7 and Z on 3 are similar if there is an invertible operator 7 on
H such that T/ T-1 = . In this case, T is said to implement the similarity.

A lattice & of subspaces of #” is called a commutative subspace latice (CSL)
if it is complete, and P(L)P(M) = P(M)P(L) for every L and M in Z. For the
structure of such lattices refer to [1]. Clearly, this class is not invariant under simi-
larity, so we are obliged to enlarge our class of lattices being considered. The key
idea exploited in this paper is that the lattice 4 of projections in the double commu-
tant £’ of &£ isa g-complete Boolean algebra of projections containing {P(L) : L € £}.
Thus, define a lattice ./ to be a sub-Boolean lattice if there is a bounded, o-com-
plete Boolean algebra # of idempotents containing a family {R,,: M € .#} of idem-
potents such that the range, Ran Ry, of R,y equals M for each M in.#. An algebra
of operators o will be called a sub-Boolean operator algebra (SBA) if it is reflexive
and Lat &/ is sub-Boolean.

An important tool for dealing with o-complete Boolean algebras is a lemma of
Wermer [19].

LemMA 1.1. Let 4 be a a-complete Boolean algebra of idempotents bounded
by 1 + r. Then & is similar to a Boolean algebra of projections. Furthermore, the
invertible operator S implementing the similarity may be taken to satisfy || S — I, < 2r.

The next result shows that sub-Boolean operator algebras form the smallest
similarity invariant class of algebras containing all CSL algebras. Condition iii) is
the direct analogue of the fact that CSL algebras are the reflexive algebras contain-
ing 2 maximal abelian von Neumann algebra.

PrOPOSITION 1.2. For an algebra of operators o, the following are equivalent :
i) o7 is a sub-Boolean operator algebra;

1) o is similar to a CSL algebra;

iil) &7 is reflexive, and contains a maximal bounded Boolean algebra of idem-

potents.

Proof. Assuming i), apply Lemma 1.1 to the o-complete Boolean algebra con-
taining Lato/. Then SLat.o/ §™* = Lat S&/S~' is contained in a Boolean alge-
bra of projections, and thus is abelian. So So/ S~ is a CSL algebra. Conversely,
(i1) implies (i) is immediate.
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Likewise, any CSL algebra contains a maximal abelian von Neumann aigebra
J,and S the projections & of .# form a maximal abelian Boolean algebra of projec-
tions. So ii) implies ii1). Conversely, Lemma 1.1 shows that if .« satisfies iii), then &/
is similar to a reflexive algebra o/’ containing a maximal abelian Boolean algebra of
projections #. Since span(4#) is a maximal abelian von Neumann algebra, </’
is a CSL. %

2. THE MAIN RESULT

Because of Proposition 1.2, we will consider perturbations only of CSL alge-
bras. It is for this class that best norm estimates can be obtained. The first result
shows that two nearby sub-Boolean algebras are similar via an invertible near the
identity exactly when they have nearby Boolean algebras as well. Unfortunately,
the Boolean algebra containing a given lattice is not unique unless the Iattice is
complemented. This is a major source of difficulty. Indeed, in the nest algebra
case, the nearby Boolean algebra is only deduced after similarity is established.

PROPOSITION 2.1. Let o be a CSL algebra, and let # be the Boolean algebra
of projections generated by Latof. Let o/, be another sub-Boolean operator algebra
such that

d(st, 8,) < -;

i) If Lat &/, is contained in a Boolean algebra 4, with

AB, B) < &< ——>
1200

then there is an invertible operator S with ||S — Ij| < 20¢ such that Ssf, S~ = .
it) Conversely, if there is an invertible S with ||S—I|| <& such that S/, S~ ‘=47,
then Lat s/, is contained in a Boolean algebra #, such that

2

— &

(B, B,) <

Proof. Firstly, 4, is bounded by 1 -+ &. So Lemma .1 provides an inver-
tible T with ||T — Il < 2¢ which orthogonalizes #,. Let o/, = T&/,7-" and
@, = TA,T-1. Note that

A — TAT=Y| = ||(1 — T)4 + TAT-XT — D) <

<28”AH[1+ 1+2e} 4¢

= A1l
1 — 2¢ 1 — 2¢
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Thus
£ + 2
dsty, sty < —2 112 o
1—2¢ 1 — 2¢
and
4g
d(‘@lagg)< — < 58.
1 — 2¢

So d(#, o/,) < 12+ 5¢ and d(B, B,) < Ge.

Now Z and 4, span abelian von Neumann algebras .# and .#,. Further-
more, the unit balls of .# and ., are the absolutely convex hulls of # and 4, res-
pectively. Hence d(.#,.#,) < 6s. By [5], there is a unitary U with ||[U — I|| < 18¢
such that U#,U* = ..

Let S = UT. Then S<Z,S~* contains ./, and LatS</,S~! is contained in
A . Also

(. Usd U*) < 2||U — I} < 36¢
and thus

d(s/, Sst, S~ 7) < %+ Ale < 1.

Let P be the orthogonal projection onto an invariant subspace of /. Note that P
belongs to ./, and thus to S, S~1. If P is not invariant for Se7, S~ as well, there
is an operator 4, = PLA.P of norm one in So/; S~ Choose 4 in & with
|4 — A;l| < 1. Then

1= lAll = [[Pt(4 — ADP|| < |4 — A, < 1.

Thus P belongs to Lat(Ss/,S~1) as well. The same argument works in reverse, so
Lat o7 = Lat 8o/, S~1. As both algebras are reflexive, they must be equal. Finally,

W~ S| = I— U+ UJI — T)j < 20e.

Part (i1) is a simple estimate that has been used in the proof above of (i). 7

The main result of this paper shows that any algebra close to a sub-Boo lean
operator algebra has an isomorphic invariant subspace lattice nearby. Unfortunate-
ly, we are unable to show that it is sub-Boolean. This result is the infinite dimen-
sional analogue of [4, Theorem 4.4]. -

THEOREM 2.2, Let of = Alg¥ be a CSL algebra. Let o7, be a norm closed
algebra such that
d(f, ) <¢e<00l.

Then there is a complete lattice isomorphism 6 of & onto Latsf, such that
[0 —id|| < 4e.
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Proof. The proof of Theorem 4.4 of [4] makes no use of finite dimensionality
whatsoever. Thus there is a lattice isomorphism 0 of ¥ onto &, = Lat&/; with
[0 — idl] < 4eand ||0-* — id|| < 4¢. To complete the proof, it must be shown that
0 respects arbitrary sups and infs.

Recall in particular that for each M in %, , there is an idempotent mn &/, with
range M. This idempotent Q may be chosen so that

| PO-M) — Q| < 18e.

If Q; and Q, are idempotents with range M, and M, respectively then Q,0Q, and
0, + 0, — 0,0, arc idempotents with ranges M, A M, and M;v M,, respec-
tively.

Let L, belong to & and let M, = 6(L,) in &,. Let P, = P(L ) and for each
finite subset o, let

L= A L, and P, = P(L,).

Similarly, let

Ma = A Ma - O(Lo)

€ o

Pick idempotents Q, in &/, with range M, such that ||P, — Q,|| < 3e. Also, let
Ly= AL,, My= AM,

and P, = P(L,). Notice that P, tends 10 P, in the weak topology.

Let R be a weak limit of a convergent subnet of {Q,}. Forall x in M, Q,x = x-
for all ¢ and thus Rx = x. Also, foreach ¢, and v = ¢ RanQ, = M, is contained
in M, . So Ran R is contained in M, for every o, and thus R is an idempotent in &7,
with range M.

Since ||Q, — P,|| < 18¢ for all o, it follows that R — P,|| < 18¢, and
hence

| P(Mo) — Po|| < ||[P(My) — Ri| + |R — Py|| ==
= ||R* — R|| + |R — Pg|| < 54e.
So M, = 0(L,) as required.
The argument for sups follows analogously.

REMARK 2.3. It is an important consequence of the proof that each invariant
subspace L of &, is the range of an idempotent in «7,. Suppose L; and L, are
two invariant subspaces, and P, and P, belong to 7, with range 1, and L, respec--
tively. Let

Q2=P1P2P1+(1"_P‘1)P2(1—Pl):P?;Pl'JA"(l—Pl)P2'
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“This is an idempotent in o/, with range L, which commutes with P, . Consequently,
for any finite sublattice of %, , one can find commuting idempotents in &/, with range
-corresponding to the elements of the lattice. This can readily be extended to a Boolean
algebra of idempotents in 7, . That is, every finite sublattice of %, is sub-Boolean.
Unfortunately there is no canonical way to construct these algebras because the
idempotents are not unique. Indeed, an idempotent Q with range L is unique pre-
cisely when Ran(l — Q) is also in Lat.</, .

It remains an important question for the perturbation problem as to whether
&/, need be a sub-Boolean operator algebra.

3. APPLICATIONS

In one very special class of algebras, it is easy to find an appropriate Boolean
algebra. Say that a CSL lattice . has co-rank n if it contains elements L, , ..., L,

such that {2, L, ...,L,,l} generate a Boolean algebra. One can generalize this
notion to arbitrary distributive lattices, since any such lattice embeds into a Boolean
algebra. This property is clearly preserved by isomorphism.

An interesting class of CSL algebras of co-rank (n — 1) have the form

ﬂ: . :DiE=l[, S'Jey‘.l
0 D,
‘where ./ is a maximal abelian von Neumann algebra, and &;; are weakly closed
-4 bi-modules satisfying

yijyjkgyik’ 1<l<j<k<n'

Forl <ign—1, let
P=I® .. ®I00® ... »0=I19g0"9,

“Then P; belongs to % = Lat./, and {&, Py, ...,P,,l_l} generate the Boolean
algebra of projections in the maximal abelian von Neumann algebra

ANA* =MD ... D.H.

“This class includes the so called tridiagonal algebras [11], which are co-rank 1.

COROLLARY 3.1. Let o be a sub-Boolean operator algebra such that & = Lat &f
Jhas co-rank n. Then there is an gy > 0 and a constant C (which depend only on nand
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the bound M = sup{||P||: P € B} where B is a Boolean algebra of idempotents
in s containing £ ) with the property: if o, is a norm closed algebra with

d(et, o) = ¢ < g
then o | is similar to s/ via an invertible operator S such that
IS — 1] < Ce.

Proof. By Lemma 1.1 and Proposition 1.2, after a similarity 7 with |7 — []| <
< 2(M — 1), one may assume that & is a CSL algebra. Let L,, ..., L, be the ele-
ments of % such that {&, L, ..., L,,l} generate the Boolean algebra. Let
P; = P(L;). Then & is the Boolean algebra of projections generated by P;, ..., P,
and {P(L):Le Z}. Let ¢ = (6000n8")~".

Given an algebra ¢, , pick idempotents Q; in &7, with ||Q; — P;|! < 3¢ and
thus Ran Q; = 0(L,). As in Remark 2.3, one can modify Q; to commuting idempo-
tents R; in o/, with the same ranges. The precise calculations will be omitted, but
for g, sufficiently small, a crude estimate yields

1P — Rl < 4%, 1<i<n.

For convenience, write Q9 = Q and Q(-V = I — Q for any idempotent Q.
For each n-tuple ¢ = (g, ..., &) of £ s, let

E, = [IP% and F,= JIR®.

‘The non-zero elements of {E,}, respectively {F.}, are the atoms of the Boolean
algebras generated by {P;} and {R;}. One obtains

|E, — F.|| < n(l + 4%)"~ 4% < A,e

for 0 < & < g where 4, = 2n4”". This ensures that 4,6, < 2", so that in particu-
lar E, = 0 if and only if F, = 0.
For each M in %, = Lat&/,, define

o) = Z F.QF;

where @ is any idempotent in &7, with range M. It will be shown that Q(M) is well
defined, and that the Boolean algebra 4, generated by {R,,...,R,, O(M): M € &}
satisfies

d(#,%,) < C¢

where C, is a constant depending only on n.
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Fix e = (¢, ...,8,), and let
Ly =inf{lLe #:P(L) > E,}, P}= P
L; =sup{le ¥ :L <Ly and L1E), P;= P(L).

It is easy to see that E, = P} — P; . Also,let MF = O(L7) and let QF be idempo-
tents in &/, with ranges M which commute with R;, ..., R,. Such idempotenis
can be chosen so that

‘)\P;‘} - Q;H < Ang’
and F, = O} — Q7.

1t follows from the hypotheses on % that £.%. E.# is a complemented lat-
tice. So given L, in &, there is an L, in % so that

LinL,= P and L,vLi,=PF.

Now suppose M, is any element of &, , and L, = 0-1(M,). Let M, = 0(L,) where
L, is chosen as above. Then

M AM,=Q; and M,vM,=0F.
Thus if @, and Q, are any idempotents in &7, with range M, and M, respectively,
070,0,0 =@~
OO0y + Q2 — Q10))QF = O/

F8Q1F£+F5Q2Fs T:Fz-

and
In particular,
It is now immediate that F,0,; F, is well defined, and that F.%,F, F 3¢ is a comple-

mented lattice isomorphic to E.&, | E, /.
The Boolean algebra & consists of all projections of the form

{NEP. P e P(F))

and 2%, consists of all idempotents of the form

{LFQF, 1 Qe oy, Q0 € Z,].

There is a natural extension 0 of 0 to an isomorphism of &4 onto &, . As easy estimate
shows that if {|P — Ol < 3e, then

q
HE:B £ — FEQFSH < ;2"‘4n8~
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So for any element 2 of #, one obtains

1P — 6(P)| < 2"-_3-/4"8.

So d(#,3,) < S’

Now 5n8"s, == 1/1200, so by the proof of Theorem 2.1, there is an invertible
operator S with

\

1S — 7] < 100n8"¢

which takes #, onto % and implements 01, So S/, S~! is a subalgebra of »/ which
is closer than 1, so S/, S~ equals &7 and &7, is indeed reflexive, so is a sub-Boolean
algebra.

Another class of algebras of which more information can be squeezed out are
the completely distributive lattices. All sub-Boolean algebras are distributive, but
to be completely distributive, a lattice must satisfy a distributive law over sets of
arbitrary cardinality (see [18] for specifics). For our purposes, a Theorem due to
Laurie and Longstaff [17] is needed. For L in &, let

L.=ViMe%:L<M).

LomMma 3.2, [17). If a subspace lattice & is completely distributive and su b
-Boolean, then Alg % is the weakly closed span of

U P(LYB)P(L_)*:.
Ley

COROLLARY 3.3, Let of = Alg¥ be a sub-Boolean operator algebra with com-
pletely distributive invariant subspace lartice L. Then there is an gy > 0 so that if
oy is a weakly closed algebra with sub-Boolean lattice and d(f, 7,) < &, then
&7, Is reflexive.

Proof. By Proposition 1.2, one may assume that & i1s a CSL lattice. By Theorem
2.2, there is an isomorphism 0 of & onto %, = Lat o7,. So %, is also completely
distributive, and O0(L_) = 68(L)_ for all L in &. By Lemma 3.2, it suffices to
show that for every M in &, ‘
P(MYB(AYP(M )L

is contained in &7, .
SofixMin%,, and let ¢ and Q_ be idempotents in =7, with range M and
M .. respectively such that

1Q—Pll<3e and [O- — P_|| <3
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where P = P(0-(M)) and P_ = P~ (M_)). If A = PAPL has norm one, there
is an element B of &7, such that |4 — B|| < &. So QB(1 — Q_) belongs to 7, , and

4 — QB — Q)= (P— QAPL + QA — B)PL + QB(PL +Q_—Dl<
< 3e-+ (1 + 3e)s+ (1 + 3e)(1 4 £)3e = Te + 1582 + 3¢ < 10¢

provided & < 1/6. On the other hand, if B = QB(1 — Q.) has norm one, then &
contains PBP_ , and

|B— PBPL|| = ||(Q — P)B - PB(P_ — Q_)|| < 3¢ + 3e = 6&.
Thus

dPsIPL, Qsty(1 — 0_)) < 10e.
Since, Po/ PL = PH(H)PL, one similarly obtains

d(PAPL, QB(H )] — Q_)) < 6e.
So

d(Qe\(1 — Q-), QABA)1 — Q) < 16¢ < 1

provided ¢ < 1/16. But as Q.o7,(1 — Q_) is a subspace of QA(#)I — Q_), they
must be equal.

1t is routine to verify that QP(M) = P(M)and P(M_)+(1 — Q) =P(M_)*.
Hence 7, contains

QP(M)B(AYP(M )L — Q) = P(M)B(H)P(M )+

as desired. As 7, is weakly closed and &, is completely distributive, it follows from
Lemma 3.2 that o/, = Alg.%,. %

7

4. NEST ALGEBRAS

A nest is a complete, linearly ordered subspace lattice. In [13], Lance shows
that two nest algebras are close if and only if their corresponding nests are close
and they are in fact similar via an invertible near 7. We present a modest improve-
ment of these results here. As well, a different proof of Lance’s results is given
based on the similarity theory of nests [7, 15, 16]. This avoids the cohomology
approach, but relies on some very deep results about nest algebras.

THEOREM 4.1. [13]. Let A" and .4# be two nests on a separable Hilbert space 3,
and let 0 be an order isomorphism of A" onto 4 such that |0 — id|| = ¢ < 1/2. Then
there is an invertible operator S with || S — Il < 2¢ which implements 0.
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Proof. Notice that 6 preserves dimension. For if N, < N, in A, let
M,; = O(N,). Then

d(N; © Ny, My © My) < d(Ny, My) + d(Ny, My) < 2|0 — id|| < 1.

So dim N, © N, = dim M, © M, . Using [7], one obtains an invertible operator T~
which implements 0. Furthermore, if § > 0 is given, 7 can be chosen so that there:

is a unitary U such that||7 — Uj| < §. Take ¢ sosmallthat (e + 6)(1 —e — )<
< 2e.

Apply Arveson’s distance formula [2] to T
| AT, Alg#) = sup{||[P(N)XTP(N)|l: N e N} —
== sup{||P(N)LP(ON)TP(N)|| : Ne ¥} < ||0 — id|| ||T]| < e + 0.
Thus there is an clement V of AlgA4” with ||T — V|| < & -+ J. Hence
JU—V| < e+ 26

and so V 1s invertible.

Next, it will be shown that ¥~! belongs to Alg.#". This is equivalent to-
showing that VN = N for every N in 4. Otherwise, there is some N in A" for
which VN is a proper subspace of N. Pick any unit vector x in N © VN, and
choose a vector y in the unit ball of M = O(N) with ||x — y||<e. Since T-M = N,
the vector z == T'-'y belongs to N. Thus

Vz— x| <|V—=Tllzll+ |y —x[ <2+ <L

This contradiction establishes that V=1 is in AlgA".
Hence S == TV-! implements 8, and

g+ 9
IS =1 < IT =V r-H <— 0 <2 z

THEOREM 4.2. Let of = Alg AN be a nest algebra, and let <7, be a nornr
closed algebra such that

d(, o) = ¢ < 0.01.
Then «f, is similar to o via an invertible operator S satisfying
IS — Il < 8e.

Proof. By Theorem 2.2, .# = Lat &/, is a nest and there is an order isomor--
phism @ of #” onto .# with || — id|| < 4e. By Theorem 4.1, 8 is implemented
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by an invertible operator S with ||S — I|' < 8¢. Hence

d(t,, Alg. ) < d(oAy, sA) + d(of, SsfS—1) < g - —]—%— <2le< 1.
— 8¢
(See the proof of Proposition 2.1 for a similar estimate.) But &7, is a subspace
of Alg.#, so they must be equal. %

The following corollary is immediate.

CoROLLARY 4.3. For two nests A" and .# on a separable Hilbert space,
the following are equivalent:
) A and 4 are close,
i)y Alg A and Alg.# are close,
i) A and A are similar via an invertible operator close to I.

These same methods apply to a family of reflexive algebras, called nest
subalgebras of von Neumann algebras, studied by Gilfeather and Larson [9, 10].
These algebras have the form o = # n Alg.# where # is a von Neumann algebra
and 4" 1s a nest of projections in . The usefulness of a distance formula should
be apparent from the preceding proof. Provided that # is approximately finite,
there is a distance formula for < [10]. Namely, there is a universal constant
K such that if T is any operator,

d(T, ) < Ksup{||PLTP|| : P = P(L), L € Lat &/}.
The AF condition on # guarantees an amenable group G of unitaries, which
generate the commutant 4’ as a von Neumann algebra. Equivalently, there is

an expectation £, of #(20) onto 2. Averaging over this group will yield the desired
extension.
THEOREM 4.4, Let & be an ap]JrO\'imareI) finite von Neumann algebra,
and let &/ and /[ be nests of projections in B. Then the following are equivalent:
1) A" and 4 are close,

n)y ZnAlgAN and B n Alg. 4 are close, .
i) A and .4 are similar via an invertible element of # close to the identity.

Proof. Proposition 2.1 gives iii) implies 1) immediately. For i) implies ii),
let 7 be a norm one element of 4 n Alg.A4". For M in ., choose N so that
[ P(N) — POM)Y|| <€ (A", A4). Then

| PIMYLT P(M) || = || P(M)*T P(M) — P(N)*TP(N)|| <
L2 T (| P(N) — P(M)Y| < 2d(AN, ).
By the distance formula for nests there is an element 4 of Alg.# with
[T — Al € 2d(AN, 4).



REFLEXIVE OPERATOR ALGEBRAS 301

However, B = EzA belongs to # n Alg.# since
P(M)LEZ(A)P(M) = Eg(P(M)*AP(M)) = 0
for all M in 4. And so
IT — Bl = [[EoT — A)l| < 24N, .40,
Reversing the role of A& and .# yields ii).
Next, consider ii) implies i). Suppose &7, is a subalgebra of # such that
d@BnAlgA, o) <e<001,

As in the proof of Theorem 2.2, each projection P(N) for N in A" is within 20e
of an idempotent in &7, with range ./ in Lat &/;. Thus

|P(N) — P(M)|| < 40e.
Furthermore, M is unique. For suppose Q, and Q, were two idempotents in &,
with ranges M; and M, respectively, and

IP(N) — Qi < 20e.
So

[P(N) — 010l = l[(P(N) — Q1)@s + P(NNP(N) — Qp)l| < 20&(2 + 20¢).

From this, it follows that ||Q; — 0,Q,|| < 1. But 0,0, is also an idempotent in &7,
with range M, A M,. If M, &£ M,, then |Q; — 0,0;|| = 1. Reversing the roles
.of 1 and 2 yields M, = M,. Denote M by 6(N).

Now if Ny < N,, it follows as in the proof of Theorem 2.2 that 0(N,;) < 6(N,).
Hence

M = {PO(N)) : NeN?}

is a nest of projections in & close to A", Thus, the implication i) implies ii) shows
that & is close to &7, =% n Alg.#. But &, is contained in «7,, so the triangle
inequality allows d(#,, &5) < | from which we conclude &7, == & n Alg. 4.

Finally, i) implies iii). By Theorem 4.1, there is an invertible operator S
in B(#) close to the identity which implements the similarity of 4" and .#. Let
T = E4(S). Clearly,

I T — 1|l = [[Ex(S — DIl < IS — 1.

So T-lexists, |T — S|| < 2||S—17]|, and TN is closed for all ¥ in 4" It re-
mains to show that TN = 0(N) == M. Now

P(M)*TP(N) = E4(P(M)*SP(N)) = 0.

Thus TN is contained in M. Suppose there is a unit vector y in M orthogonal
to TN. Then x = S~y belongs to N, and

V< ITe =yl < IT = SIS~ < 208 = THA — IS — TPt < 1

for || S—1]<1/3. This contradiction establishes the claim.

N

7 — 1685
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5. GENERAL CONSIDERATIONS

For studying perturbation questions for reflexive algebras, it seems reasonable
to distinguish certain related but different perturbation properties that such algebras
might have. First of all, there is the distance formula which proves to be so useful
for nests and von Neumann algebras. This property has been called hyper reflexivity
[3, 14]. Beyond this, there are the properties that closeness of the algebras, or even
the Jattices implies similarity.

DEerFINITION 5.1. Let € be a class of reflexive algebras which is invariant
under similarity.

Property (D) (Distance Formula): ¥ is said to have property (D) if for
each o/ in ¢, there is a constant K < oo such that

d(T, o) < Ksup{||P(L)*TP(L)| : L € Lat.#}

for ali T in A(HF).

Property (A) (Algebra Perturbation): € has property (A) if for each & in €,
there are constants K < oo and g, > 0 such that if &/, is another algebra in ¢
with d(</, o)) = ¢ <'g,, then there is an invertible operator S with || S — I|| €
< Ke and S&S! = ;. .

Property (L) (Lattice Perturbation): % has property (L) if for each & in €,
there are constants K < oo and g, > 0 such that if 0 is a lattice isomorphism of
& == Lat & onto .¢, = Lat &/, for some &, in ¢ with ||§ — id|| = & < &, then
there is an invertible operator S implementing 0 such that || S — 1|} < Ke.

The class of nest algebras has been seen to have all these properties. The
class of algebras spanned by a bounded s-complete Boolean algebras of idempotents
has this property. This can be seen by Proposition 2.1 and the results of Christensen
for type I von Neumann algebras [5]. The class of all sub-Boolean algebras fails
to have property (D) [8] and thus fails to have property (L) as well. This makes
it seem unlikely that it has property (A), but this is presently unresolved. It is
to be hoped that perhaps certain tractable subclasses (maybe width (wo algebras)
have some of these properties. What follows are a few simple propositions relating
these ideas.

PROPOSITION 5.2. Property (L) implies property (D).

Proof. Let s/ belong to # with constants K and g, provided by property (L).
Let T be an operator on # of unit norm. Let

e = min{gy/2, 3K)~1, 1/3}.
Set V =1+ ¢T and ./ = V&, where .¥ = lLat /. Let
4 = sup{||P(L)*TP(L)|| : L e &}.
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For any subspace L in %, decompose # = L @ L+ . With respect to this decom-
position, 7 is a 2 X 2 operator matrix T = (T;), and V = (V;;) where
Vii= 1+ eT; and V;; = eT;; for i # j.
Now V,; takes L onto L, and is bounded below by 2/3. Also
| Varll = el P(DTP(L)]] < ed.

If v is a unit vector in 0(L) = VL, there is a vector x in L with ||x]] < 3/2 so
that v = Vx. Thus

d(v, L) = |[P(L)Lv]| = || P(L)L VP(L)x|| s%m.

Conversely, -if x is a unit vector in L, there is a vector y in L with |lyf] < 3/2
and V;y = x. So

d0x, OL) < |1 = V3l = [PAVPI)] <=

Hence
10 — id]] € (3/2)ed < &.

By property (L), there is an invertible operator S with

IS — 1)) < K-23-sA

which implements . Hence S-*V belongs to &/. Whence

d(T, ) =e~td(V, &) < eV — SV < eSS — I V]| <

3
' K»2-::A X
<g-? ——————3—_—._._ -—4- < 23 ] = 4KA,
l—K-2e4 3 1K 1 :
2 2 3K

So property (D) holds with constant 4K. %

REMARK 5.3. Property (L) implies a stronger version of (D) which we
denote as property (D*): For each & in ¢, there are constants ¢, > 0 and K < oo
so that if o, belongs to % and 0 is a lattice isomorphism of Lat </ onto Lat &,
with [|0 — id]| < &, then «/; has property (D) with constant K. This follows easily

since similar algebras have related constants for property D depending only on
IS -~ Il| where S implements the similarity.
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ProrosiTION 5.4. Suppose € is a class of sub-Boolean operator algebras
with property (L). Then it has property (A).

Proof. This is an immediate consequence of Theorem 2.2.

THEOREM 5.5. Let € be a class of sub-Boolean operator algebras. Then
property (L) holds if and only if properties (A) and (D*) hold.

Proof. Remark 5.3 and Proposition 5.4 provide one direction. Conversely,
suppose % has properties (A) and (D*). It will be shown using (D*) that close
lattices implies close algebras. Then property (A) will suffice.

Let o and &/, belong to %, and let 0 be a lattice isomorphism of
Z=Lat &/ onto #,=Lat .o/, with ||§ — id|| very small. Let K be the distance
constant valid for all 7, such that 8 is sufficiently close to the identity provided
by (D*). Let Q(L) = P(O(L)) for L in . Then for A of norm one in &/,

d(A, ) < Ksup{||P(L)LAP(L)| : Le &} =
= Ksup{|| P(L)LAP(L) — Q(L)*AQ(L)| : L € &} < 2K]||0 — idj).
Similarly, one obtains for 4 of norm one in &,

d(4, #,) < 2K||0 — id).

So d(«/, o)) < 2K||0 — id]].
Now provided that |0 — id]|| was sufficiently small, property (A) gives the
desired similarity. %
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Added in proof. Harrison and Longstaff {20] have some related result. In particular,

they have Proposition 1.2 independently.
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