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CYCLIC COHOMOLOGY OF THE GROUP ALGEBRA OF
FREE GROUPS
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Dedicated to Professor O. Takenouchi on his sixtieth birthday

1. INTRODUCTION

Let C¥(Fy) be the reduced group C*-algebra of the free group Fy with N
generators. We have an obvious group homomorphism Fy - ZV so that there is a
co-action of ZV on C¥(F,) which is TV action. The C*-algebra C¥(F) has a cano-
nical (normalized) trace t which is easily seen to be invariant under the above TV
action. The method of A. Connes[2], [3] yields a family of n-traces out of commuting
derivations d,,. . .,y and the invariant trace 7. In particular, 7 itself is an element of
HYA) and ¢/,j = 1,..., N are elements of H}(A), where 4 is a suitable dense
*-subalgebra of C}¥(F,) and

(1.1 ¢/(a% @) = 1(a%(aY)), a® a'€Ad,j=1,...,N.

In view of the fact that the classifying space BFy of the group F, is homotopic
to N-wedge sum of S7?, the (topological) projective dimension of the algebra is
expected to be one. So we can expect that the spectral sequence associated with
the exact couple of A. Connes will be stable after taking F,-terms.

In this paper, we shall compute the cyclic cohomology of the group algebra
A = C[F,] in terms of explicitly constructed projective resolution. We show
He*"(4) ~ CN with the generators above.

In Section 2, we give an explicit description of projective resolution. We
compute the cyclic cohomology in Section 3. Section 4 and the Appendix will be
devoted to the arguments with Fréchet topologies. However, our discussion does
not apply for the ordinary Schwartz group algebra, which is known to have the
same K-theory as Cf(Fy) by P. Jolissaint. In Section 5, we shall give a brief
discussion.
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Professor A. Connes, Professor M. Takesaki and Dr. T. Natsume for several
discussions. This work was carried out during the participation to Mathematical
Sciences Research Institute project ’K-theory, index theory and operator algebras’".

2. PROJECTIVE RESOLUTION

Here we construct a projective resolution of A = C[Fy] with length one which
will work also for the discussion if we endow some topologies on 4. Here, we
shall give a purely algebraic discussion.

Q.1 0cde BLBRCY 0,

where B == A ® A°°?, The space B® CV is a left B-module in an obvious manner.
By its construction. B ® CV is a free module of rank N so finite and projective.
The space A is also a left B-module and the map ¢ is B-linear, see [3]. The map d
is the B-linear map determined by

(2.2) dly®@e)=U;®1—1® U,

wheree;, j =1,..., N are the fixed basis in C¥Nand U;, j =1,..., N, are the gener-
ators of F so that they are viewed as the elements of the group algebra 4 = C[F,].

We have to see that the sequence (2.1) is actually a projective resolution, i.e.,
to show that there exists a (continuous) C-linear homotopy map which yields that
the sequence (2.1) is acyclic. The existence of such a homotopy map is shown by
the explicitly construction of quasi-isomorphisms between the resolution (2.1) and
the canonical projective resolution of A4 as in [3].

DermaTioN 2.1, For invertible commuting elements U, V and n € Z,
(2.3) OU, V., n)=U"— V"YU — V.

It is easy to see that the right hand side makes sense algebraically, i.e.

n-1
(2.4) &, V,n) =Y, yr-i-Jiyi, for nz1,
j=0 .
2.5) DU, V,0) == 0,
2.6) U, V,n) = — U-W-IpWU-, V-, —n), forn< —1.

Let g € F, . We can write g in terms of generators as follows:

. n% n% niv n% no "11\4 -”]Xl
.7 g=U U, ... UyUu"° ... U, ... 0" ... Uy
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with its reduced word length

DM =

M -
2.8) gl =3y, Il
j=1

=1

1l

We defineamapk: B® A —» B® CV as the B-linear extension of the map defined
on the generator by the formula:

N M n} ”ll\l n}.-’"l ni+l n%[ iy o .

(2.9) k(1 ,®g) = Z{ .El(U‘- Uy UL U RUL UL ) @ e, -
i1 j -

Similarly, we define a map i: BQ CN - B® A:

(2.10) Nl ®c)=1,® U,.

LemMa 2.2 (1) keh=1 on B® CNV.
(2) The following diagrams are commutative:

£ b b')
0e—Ae— Be—— My« Mye— ...

(‘2.115 zg :‘ ,,T T

0e—Ac—Bel B®CNe—0

£ b bo
Oe—Ae— B M, «—— My« ...

e R

Oe——AéBél—B®CNe—O

where the upper rows of each diagram are the canonical projective resolution of A,
see [3], § 5.

Proof. By (2.4) and (2.5), ?(U,, IOJ,-, 1)==1and ¢(U,, lnfi , 0)=0. This yields (1).

(D By bl ®g)=g®1—-1®%, we have hoh(1 ®e)=U; @1 —
— 1 ® U,. This yields the commutativity of (2.11). Now we show the commutativity
of (2.12). By (2.2), (2.3) and (2.9), we have

N M n}. n’:_l _ni~+1 nﬁ ni- an':
dok(1;®@8)=Y, ¥ (U, ... U_ )W/, USYU ®1 —10U]) =
=1
(2.13)
n} --”J\N/I n} n% °
=0 ...0)®1-1®W, ... U,/ Y=2g®1—-1®3%.

This shows the commutativity of the middle square of (2.12).
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Let g € Fy be given by (2.7) and put

",\

1 J
P P +1 M "y J
2.14) g=U0"" . u™t U U,

N 1

f

By by(1,0e®8)=0E®H®e — 1 ® g8 »:~(l®°§r)®g, we have

hoby(l, @ g ®g) =

N d ”}W 1 i1 pitl "f,v P .
= x %{] g(Ul o Uiil )@(U,Jl . UN )O¢(U"’(]iv’7}l')®(’,'—
i=l j=M+1
N Y A .
(215 — W UL )@ WL, U YeW, U ) ® e, +
i1 j=1
LA AN e v eeew o
-+ )'i Zl(Ul Ui—l )® (UH-l UN g) ¢'(U,~, Ui,n]") ® e, = 0.
izl jo=
This shows the commutativity of the right square of (2.12). Q.E.D.

CGROLLARY 2.3. The sequence (2.1) gives a projective resolution of A and
hence the maps h and k induce quasi-isomorphisms.

Proof. The upper rows of {2.11) and (2.12) are the canonical projective reso-
Iution with the explicity described homotopy maps, see [3], §5. Let S: 4 — B
S;:M; - M;,, be the homotopy maps. We put koSy:B— B® CV. Then it
is easy to see that this map gives a homotopy of (2.1). ° Q.E.D.

3. COMPUTATION OF CYCLIC COHOMOLOGY

In view of the fact that the projective dimension of A = C[Fy] is (less than
or equal to) one, the long exact sequence associated with the exact couple of cyclic
cohomology and Hochschild cohomology yields the following exact sequences:

1)
3.1) 0 —> H(A) —> H%A, A*) —> 0,
(3.2) 0 —> HNA) —> HY(A, A¥) —25 HYA) -5 HX(A) —> 0,
- S .
(3.3) 0 —> Hi(A) > HI**(A) —>0, j > 1.

Thus the spectral sequence associated with the exact couple collapses by taking first
derived couple. Let D=1710 B: H"*1(4, A¥) - H"(A, A*) be the de Rham differential
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of the exact couple then
(3.4) 0 —> HoM(4) —> HI(A, A%)—> HY(A, A*) —> He2(4) —> 0

is exact and this gives a general strategy of computing cyclic cohomology.
We now rewrite all the corresponding maps in terms of the projective resolu-
tion (2.1). By Lemma 2.2, we obtain the following diagram

ofF
A% = Hom¢ (4, C) —> Home(A ® 4, C) = (A ® A)*
| I(
ii '

b*
Hom 4(B, A*) —> Homy(B ® A, A¥)

(3.5) lz*l T K*
Hom 4(B, 4%) — Hom 4(B ® CN, A¥)

i N
i i
#

A — 5 AT QCN
with the differential on the cochain level, D = Bf o k*: A* ® CN — A*, where
Bi:A->A@Agiven by Bil@)=1®a+a® 1, ac A, see [3],[4].

We identify an element of ¢ € 4% in terms of a C-valued sequence indexed
by g€ Fy, ie., 9 = (¢ . together the pairing:
SEF,

where ¢ = Y a,g € A.
g
Lemma 3.1. On the cochain level,
) d¥(@) = (@Y, ..., oY), @ = P, Pug, 1<J<N,

D(g", ..., ") = o,

(2) Uy Uy by Uy

N M o
:Z XSum(/:n})m i1 N 1 i1

l-1-1

n
L
.,
]
o
QN
S
-
&
S

10 — 1685
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where Sum(l: M)a, is defined by Z a, for M > 0, zero for M = 0, and —(a_, +

1=0

At ay) = — E a, for M <0.

I=-1

Proof. (1) Let g€ Fy and a = g € A. Then we get

BN ¢ = ¢'@ = (U] — 10U)¢)@) = ¢@l) — o(U;a) = ¢, — Pue-

I

(2) Let (¢%...,0N)e A* ® CY. Then 0 € Homc(4 ® A, C) obtained by
composing k is

N M L +1 A o ;
B8 0a.by=% ¥ o'ulU*.. Ufl)®(U,+1 LU, Uy, n)l(a))

i=1 j=1

where b = g is of the form (2.7) and u(e ® l;)(c) = bca, a, b, c € A. It follows that
6(a,1) = 0. Let a = g € F, be of the form (2.7). Then

@, = D(p", ..., 0" )a) = 0(1, @) =

3.9
N M .
Sum(l:n))e’ | P
lgl _]2=-11 / UIU J+1.'. "5‘\,4- n}“‘ "j 1 ”j—l—-l
Uil N 1 i1 i
where we used &(U, V,n) = Sum(l: n) U/ V"-1-{, QED.

DermNiTiON 3.2. For g € Fyy, we define

(3.10) ligll = inf |hgh—1?|
heF N
and call cyclic word length of g.

By definition, ||g]| < |g| and jlg|| = |ihgh~ || for all i, g € Fy . Further, ligl' = 0
if and only if g = e.

COROLLARY 3.3. H¥A, A*) ~ HY(A) is an infinite dimensional C-vector space.
Proof. By Lemma 3.1 (1), ¢ € kerd* = H%A, A*) if and only if Py, =
= Py, for any ge Fy and 1 <7 < N. Hence, any ¢ = (¢,), which is constant

on each conjugate class, gives an element of H%A, 4%). Since there are infinitely
many conjugate classes (because the value of ||g}] varies infinitely many) the assertion
holds. Q.E.D.

We compute H}(A) and H}A). Since d*D = 0 and Dd* = 0, we obtain
H}(A) = ker D/Imd and H3(4) = kerd/Im D.
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Limma 3.4. HX(A) ~ C. Furthermore, it is generated by the trace .

Proof. It is easy to see that the trace T = (5”'3)gEFN is in kerd*. For any ele-

ment in Fy , we can always choose g in its conjugate class such that ||g|| == |g|, i.e.,
there are no canceling factors on the front and the end of g. Let g be of the form
(2.7). Then in view of the formula of I.emma 3.1(2), the trace T cannot be in the
range of D because Sum(/: 0) = 0. So, 7 is a non-trivial element in H3(A4).

The basis of kerd* corresponds to the conjugate class of g € Fy. Suppose,
@ == (¢,) € kerd* such that ¢, = 1 if k is conjugate to g and ¢, = 0 if not. We
assume g # e and show that such ¢ is in the image of D. We can assume |g|} =

= |g| = 1 and g be of the form (2.7). We define 0 = (OI};)IIGFN,ISjSNEA* ® CV
as follows:
0’ i+1 N 1 i—-1 i =
n LYV aR n n,—=1-1
U‘! :JH N Ul 11—1 Uij
(3.11)

- lgi=* for /=0,1,...,5 ifnj>0
—lgl=* forl=—1,...,n if n} <O

The other components are defined to be zero. Then D6 = ¢ by Lemma 3.1 (2).
Q.E.D.

LEMMA 3.5. HX(A) ~ CY. Furthermore, it is generated by v/ ® ¢/ € A* ® CV,
j=1,...,N where v/ € A*, j=1, ..., N are given by v/ = (5_,_1) .
gU; /geFy

Proof. We have to show that t/, j = 1, ..., N are not in the right hand side
of the formula of Lemma 3.1(2). For this, we have only to show that /’s do not
appear on the right hand side of P This is seen by:

i

YN A
<pU;, = Sum(/: n)(pv},_1 = "(puj!'—l'
Thus, 7/, j = I, ..., N are in kerD.

N
Suppose that there exists ¢;, ..., {y € C and ¢ € 4™ such that Z c“jrj ®e/=
=

. N
=d*p)e A*QCN. We put ¢ =V (U '@e;ed® C~. By Lemma 3.1(1),
st
{d*(p), #> = 0. On the other hand, by the definition of 7/,
N ) ) N
(3.12) (ge7e TR
j=1 j=1
N
For any non-zero (¢,. ..., &), we can always choose { , .., {y such that Z &;{;=0.
j=1

This shows that ©/ @ ¢/, j == 1, ..., N are independent in H3(A4).
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We next show thatany element (¢, . .., ¢") € ker D 4* ® CN with (p:,_lr-:(),
j

J =1, ..., N, isin the image of d* We are going to use following basic formulas:

3.13 _ i .
( ) (pUj—lng (/)Uj—lg a (,Og s

3.14 Y A . i
( ) (pUngj'—l (pguj—l ~{ q)g ] J 1, ey N.

These formulas are simply the rewriting of d¥¢ = (¢, ..., o). These formulas
read that the value of ¢, at g € F; determines automatically the value of ¢, for

any /i conjugate to g. The condition (¢, ..., o) € ker D guarantees that o, is

well-defined in the following way. Suppose g € Fy is of the form (2.7). Then for
example, by (3.13) we have

1

[ = ; Y]
(315) 2 o1 n nN @ nlo1 o ”N + (’g
T vl LM
1 2 N 1 1 2 N
1

(Y N =@ . ; + @ o ‘

A0 2 7 1 2 N 1 2 N 1
(3 1() "1.“ nar o ny "1.“ nar "1_1 Ul "1'“ nar "1—1

2 N 1 2 N "1 172 N 1

if n > 0. If n} < 0, then we use (3.14) instead of (3.13). This procedure enables
us to come back to the redefinition of the value ¢,. The condition (o%, ..., oY) e

€ ker D guarantees that this value is the same as the given value ¢,. Then from
its construction, d*(¢) = (¢!, ..., ~) and this completes the proof. Q.E.D.

COROLLARY 3.6. HY (A, A*) is an infinite dimensional C-vector space.

Proof. By Corollary 3.3, Lemmas 3.4, 3.5 and tke exactness of the sequence
(3.2). Q.E.D-

THEOREM 3.7. Hevn(4) ~ C and it is generated by the canonical trace t.
H°4(4) ~ CN and it is generated by \-traces ¢/, j == 1, ..., N, given by (1.1).

Proof. The even part is Lemma 3.4. By using /i: B® C¥ - B® A defined
by (2.10), i*:Homc(4A ® A, C) —» A* ® C¥ maps ¢’ of (1.1) to 7/ of Lemma 3.5
by (@) = ¢/(a, Uj), a€ A, j = 1, ..., N, the statement follows. Q.E.D.

4. FRECHET TOPOLOGIES ON THE ALGEBRA

In this section, we consider two Fréchet topologies on the group algebra based
on the word length (see (2.7) and (2.8)).
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Let #(n), n € N, be the number of elements g € Fy such that |g| ==n ie.,

AINQN — 1)1 5> 1

@.1) #(n) = #{gEFN:[g|=n}:{ ] "

The second equality is easily seen by using an action of Fy on a tree EF .
Our first topology will be given by the following family of seminorms

(4.2) Pi(a) == % #(g)a,l, gqeN,
KEFy
where ¢ = (a,)ge Fy = Y. aeg is a C-valued sequence on Fy. We define
g€Fy
4.3) oM (Fy) = {a= Y, a,g:P)(a) <oo, Yge N
£

Our next topology will be given by the following family of seminorms

(4.4) Pya) =Y, lgl%lal, geN.

REFN

Similarly, we define

4.5) a(Fyy={a=Y, a,g:Pa)<co, Yge N}

We will show in Appendix that both s%(F}), 4(Fy) are topological *-algebras.
We endow, as in [3], all the formulae with each of the above topologies.
Especially, tensor products are viewed as projective tensor products.

LemMMA 4.1. The projective resolution constructed in Section 2 is a topological
projective resolution with respect to both topologies.

Proof. In the discussion of Section 2, the maps d and / are easily seen to
be continuous in both topologies. So, we show that the mapk: B® A - B®
® CV is continuous. in view of (2.9), it is enough to show that the mapk;, : 4 — B
induced by

M , ni niml bo1—1 pitl nﬁg
(4.6)  kig) =Y, Sum(l:n)(U,"... UL, uh® W’ Ul Uy

i=1

is continuous, where g € Fy is assumed to be of the form (2.7). Then for g = Y g g€
g
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€ C[Fy], we have

(Pr®nPs)(k|(§ agg)) - lnf().];‘ Pr(xl)Ps()vl):ki(Z Ugg) - 2,:] xl ® )"I) <
g
4.7
lel-1
< Y g l(P, ® P)ki(2) < Y, lag] 12 I'Ggi — 1° < Y la ! gir+ s+t
g g =1 £

By the density C[F,] in o(Fy). allk;, i= 1, ..., N are continuous with respect to
P-topology.

The case of P*-topology is similar. For simplicity, we replace # (#) by (2N —
— 1)". It is clear that the replacement does not change the topology by P*.

(PF®, Pf)(k.-(g a.8)) < Eg; la,l(P, ® P)(ki(g)) <
{4.8)
< Z Iagllg‘z—l(zN— ]_)VI(ZN— l)x(‘g"“”‘
g i<

If r = sthen (4.8) is dominated by Y, |a /2N — 1)yllig] < %] {a,|2N — 1)¢Dlal,
g 4
Ifr # s, then it is easy to see that (4.8) is dominated by Const. x Y, la [N — 1)h¢l,
g
t = max(r, s). This proves the continuity. Q.E.D.

Next, we show that the proofs of Corollary 3.3, Lemmas 3.4 and 3.5 work
also for the topological situation.

LemMa 4.2, (1) ¢ = ((pg) € (JH¥(F)* if and only if there exists g€ N
and a constant C}, such that lp,| < Cr. #(gh.
) ¢ = (qog):(J(F W) if and only if there exists g € N and a constant C,,,

such that |<ng < G, 1810
Proof. By the definition and the fact that (/1)* = /. Q.E.D.

By Lemma 4.2, ¢ = ((pg) which is constant on one conjugate class belongs
to the dual in both senses, so that Corollary 3.3 holds for the topological situation.

Now, we show that Lemmas 3.4 and 3.5 hold for the topological situation.
We have to show the following facts:

(a) in the proof of Lemma 3.4, the map {¢ € ker d*: ¢, = 0} » A4* @ CV
defined by (3.11) is continuous,

(b) in the proof of Lemma 3.5, the map {(¢?, ..., ¢") € ker D: (pi]._:l:O,

J

j=1, ..., N} - A* defined by (3.13) and (3.14) is continuous.
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Proof. (a) By (3.11), 0% = (Ig| + 1)~¢, for some /e Fy satisfying [g| +
=1 = |h] if 6} # 0. Hence, 0| < |g,| so that by using |p,| < Const. # (|A])?
(resp. < Const. |4]7) |0i} < Const. 4 (|g])?** (resp. < Const. [g[?*1). This proves (a).

(b) First, for the definition of the map, we choose ¢ = 0 for g in each conju-

gate class which satisfies |ig]| == |g|. The meaning of the formulas (3.13) and (3.14)
is that the value ¢, is determined by ¢_ if /& and g are conjugate. Suppose g is

conjugate to g, satisfying |igoll = |go| and ¢, = 0. Then,
0

J Joy
4.9) ¢, =k o E...

with number of terms less than |g| and such that |A;] < |g]. Hence, if we choose
g€ N and C > 0 satisfying |@j] < C|hl? for j=1,..., N, then o} < Clgl?*+!
inthe case of P-topology. In the case of P*-topology, we choose g € N and C > 0
satisfying 1o} < C 4 (Jh])9, and we obtain lo,| <Clg' #(g)<C#H#(gh?*l. Q.E.D.

THEOREM 4.3. With any of these two topologies, the results in Section 3
remain true.

5. DISCUSSIONS

The computation of cyclic homology of algebraic group algebra A = R[G]
with commutative ring R and discrete group G is already obtained by Burghelea [1]
based on the method of classifying space and homotopy theory. Our approach is
based on a straightforward method using projective resolution and spectral sequence.

The formal pairing with K-theory is as follows. The generator of K (CF(Fy))
is1 € ,¥(Fy) < C¥(Fy). This pairs with [1] € H®*"(A4). The generators of K, (CH(F,))
are Uy, ..., U, € s*(Fy) c C¥(Fy). Each U; pairs with [p/] € H4(A4), j=1,...
..., V. But it is not yet known that 5% (Fy) or 4(Fy) give the same K-theory or not.

It is proved that s*(Fy) is nuclear and o(F) is non-nuclear as topological
vector spaces (see Appendix). So, the nuclearity may not be important for cyclic
cohomology.

We can also see that even if N = oo, all the algebraic discussions together with
P-topology work but P*-topology does not work.

APPENDIX

Here, we will show that 5% (Fy) and 4(Fy) defined by (4.3) and (4.5) are topo-
logical *-aigebras. ’

LemMMA Al #(m +n) < #(m) # (), m,ne N,
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Proof. If m = n == 0 or one of these m or n is zero, then the inequality is
trivial. So, we may assume m > 1 and n > 1, and then compute:

F(m)d(n) = 2NN — 1)"12N2N — 1)'~1 ==

4.9
=2NQ2N—1)"1- 2NN —1y"*+"-1=2NQ2N— 1)~ 1% (m+n) > % (m-+n).
Q.E.D.
LEMMA A.2. o*(Fy) is a topological *-algebra.
Proof. Because |g™Y| = |g|, we have P;(a*) = P} (a).
We now compute:
Py (a*b) =Y, # (gD i(a*b),] <
b4
an S FD b <X 0k + ) a0, <
< 3 # D #Uh7e) jal 1B, = PJ@P] B),
1, §
where we use Lemma A.1 for the last inequality. Q.E.D.
LemmA A.3. o(Fy) is a topological *-algebra.
Proof. Because [g™' = |g|, we have P,(a*) = P,(a). We now compute
Py(a*b) =Y, Igl"i(a*b),| SIZ 1817 lapl 1b,~ 1] <
g 1, g
(A.2) < Y (b 4 hmgh) layl b, oo, | =
g
_ q‘ q Flh—1lg|@-T [ - q
=Y Y Al gl eyl by =Y, P(a)P,_.(b). Q.ED.
r=0 \¥ hog ’ r o0 \F

RrMARK A.3. The seminorms to define the topological *-algebra J*(F)
can also be chosen by the following family:

(A.3) PJ(a) == sup(1 + #(ig)))"a,l, geN.

This is based on the fact that Y, (1 - #(Ig))~7 converges if > 2. So, ¢¥*(F,) will
]
be an analog of the ordinary Schwartz space.

REMARK A.4. s¥(Fy) c s(Fy) @« @ < C}(Fy), where & is the set of all
smooth elements with respect to the cannonical derivations d,, . . ., dy. The inclusion
a*(Fy) € o(Fy) = £Y(Fy) = CE(Fy) also holds.

REMARK A.5. The topological vector space . #(F) is nuclear but 4(Fy) is not.
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Proof. By the characterization of nuclearity of spaces of sequences (Theo-
rem 6.1.2 of [4]), the space

(A4) P(Fy) = {a=Y, a,g: Pla) <o Vge N}
(A.5) Pj(a) = Y w(g)ia,l,

g

for given w: Fy — R, is nuclear if and only if for any ¢ € N, there exists r € N and

1= (u,) € £X(Fy) such that w(g)? < pw(g). If w(g) = #(lg}), the condition is

satisfied due to Y, #(lg)~° < oo for s=2. Butif w(g) = |g|, it cannot be satisfied
g

due to the fact that ¥ |g]=* = Y}, s (n)-n~* = oo for any s € N. Q.E.D.
g n
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