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A SHORT PROOF OF “INJECTIVITY IMPLIES
HYPERFINITENESS” FOR FINITE VON NEUMANN
ALGEBRAS

SORIN POPA

Dedicated to the anniversary of Connes’ fundamental theorem

In [1] A. Connes proved a fundamental result in operator algebras which
gives a powerful intrinsic characterization of the hyperfinite algebras as those
von Neumann algebras that are norm one projections of the algebra of operators
on the Hilbert space on which they act, i.e. as the injective von Neumann algebras.
To prove this result A. Connes developed a large amount of new techniques,
including, as a key part, a deep analysis of the automorphism group of I, factorss.

In [6] U. Haagerup gave a new proof of Connes’ theorem, more direct
and without the automorphism group machinery, but using the property of semi-
discreteness that the injective factors have. His proof solves separately the finite
and the properly infinite cases, the proof of the infinite case being very short
and elementary.

We present here another proof of the finite case, quite short and derived
directly from the definition of injectivity. .

Our proof is not related to [6], it is closer to certain ideas in [1], [3] and
depends on the techniques of maximal abelian algebras that we developed in
[9]. more precisely on a general noncommutative local Rohlin lemma. To use this
lemma we will consider the injective algebras as modules over their maximal
abelian x-subalgebras. Before describing our approach, we first recall some facts
from [1] and [3]. ,

In [1] Connes pointed out an analogy between amenable groups and injective
11, factors (for a detailed discussion see [2]). He notes that a finite injective factor
M has a hypertrace which can be viewed as the analogue of the invariant mean
of an amenable group. He uses Day’s trick to get from it an operatorial
Folner type condition for M, similarly to the way one obtains the classical Falner
condition for amenable groups. In his proof the hypertrace of M is regarded as
a state on M v JMJ = #(), where J is the canonical conjugation in the stan-
dard form of M. The Falner condition obtained yields the existence of a finite
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dimensional projection in ;# almost invariant, in the Hilbert-Schmidt norm, under
a given finite set of unitary elements of M. The analogy between thc amenable
groups and algebras was also exploited by Connes, Feldman and Weiss in {3]
(see also [10]) where again Day’s trick is used in an essential way to get a Folner
type condition for the unitaries in the normalizer of a Cartan subalgcbra 4 of
an injective factor M. Using this condition they prove, by a simple maximality
argument, the striking result that the normalizer of A4 is single generated as a
full group. In the proof of the finite case of this Folner condition, Day’s trick
is applied to the hypertrace restricted to A v J4J and it gives a projection ¢ & A,
almost invariant under a given finite set of unitaries in M, together with a matrix
algebra which approximate them on e.

The proof of “injectivity implies hyperfiniteness™ that we give here belongs
to this circle of ideas. We also use Day’s trick, but in a different setting. We
consider an arbitrary maximal abelian =-subalgebra 4 « M (instead of a regular
one which apriorically may not exist) and apply Day's trick to the hypertrace
restricted to M v JAJ. The advantage of using Mv JAJ instead of M v JMJ
= - Y(S) is that the normal states of M v JAJ are related in a nice way to the
algebras 4 and M. From this first step we get finite elements in M v JAJ almost
invariant under a fixed finite set of unitaries in M. By Connes’ noncommutative
Namioka type trick these clements can be assumed finite projections. The almost
invariance can then be translated into a set of 2-norm inequalities which only
involve elements in A and M. The rest of the proof is the interpretation of these
inequalities and it depends on a certain approximation property of maximal
abelian algebras (1.2 in [9]). This property may be viewed as a noncommutative
local Rohlin lemma. Its (trivial) commutative version says that, given # measure
preserving transformations acting mutually free on a measure space X and a set
of positive measure A < X one can find a small subset of positive measure 4, <: 4
which is transported into disjoint sets by the » transformations. From all these
we deduce an appropriate Folner condition similar to the one in [3] and mentioned
above. The proof ends with a maximality argument as in [3].

I. PRELIMINARIES ON THE ALGEBRA M v JA4J

1.1. Let M be a finite von Neumann algebra with a fixed faithful normal
trace 7, 7(1) - - 1. Denote iix|, = =o(x*x)¥2, x € M, and LM, 1) the completion
of M in this norm. We regard M as acting by left multiplication on LM, 1) and
denote by J the canonical conjugation on L*M, 1), uniquely determined by
Jx - x* for x € M. Then, if x € M, JxJ is the multiplication to the right by x¥

For B <« M a von Neumann subalgebra E; denotes the unique normal
T-preserving conditional expectation onto B.
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1.2. We fix a maximal abelian selfadjoint «-subalgebra 4 < M and consider
the von Neumann algebra M'v JAJ generated by M and JAJ. Sihce A is maximal
abelian in M, JAJ is maximal abelian in JMJ, so that (M v JAJ) = (JAJ) n
nJMJ == JAJ. Thus M'v JAJ = (JAJ) and JAJ is the center of M v JAJ. In
particular it follows that M v JAJ is of type 1.

1.3. If for £ € LM, ) we denote by p, the cyclic projection on the closure
EA of JAJE - EA in LXM, 1), then by [7] any such projection is majorised in
M v JAJ by p, (here | € M= LM, 1) is regarded as a vector). Since p,(M'v JAJ)p,: =
-+ JAJp, it follows that pAM v JAS)p, = JAJp,, for all ¢ € L¥(M, ).

1.4. If z(¢) denotes the conjugate by J of the central support of p. in
M~ JAJ then z(¢) € A and it is the smallest projection ¢ in 4 with e = £. Remark
that if & € L%(M, 1) then p; is equivalent in Mv JAJ with Jz({)Jp, = py)- From
this and 1.2 it follows that if X € M'v JAJ then there exists a unique a € Az(E)
such. that p.Xp. —= JaJp,.

1.5. If x € M then z(x) is just the support of E(x*x) in A. In particular
if E,(x*x) is a projection in A4 then z(x) = E,(x*x) and for any y e M, p(y) =
- xE4(x*v) € xA. Indeed, for any a € A4,

(ax*(y — xE(x*y))) == 1(ax*y) — t(ax*xE ,(x*p)) == t(ax*y) — 1(@E ,(x*X) E ,(x*y)) =
= t(ax®y) — tlaz(x)E (x*y)) = tlax*y) — 1(aE (z2(x)x*y)) =
= tlax*y) — t(@E (x*y)) = 0.

Moreover, if x;, x, € M are such that E,(x{x,), E,(x¥x,) are projections then Px,
px, are mutually orthogonal iff E,(x¥x,) = 0.

1.6. Let x,y € M be such that E (x*x) and E,(y*y) are projections in A.
Then p.pyp, == JaJp, where a == E (x*y)E (y*x). Indeed, if z€ M then by .3

) pxpy;)x('Z) = Py PUXE (x*2)) ==
s PAVEAY* Efx*2))) = pYEL(Y*X)E ((x*2)) =2 XE J(x*YEJ(y*X)E 4(x*2)) =
2= XEJ(X*P)VE (y*X)E ((x*2) = XE (x*2)E ((X*P)E (y*x) =~
= XE(xX*2EJ(x*Y)E [(y*x)) == (pJas (2) = (Jalp,)(z).

1.7. To define a normal semifinite faithful trace on M v JA4J it is sufficient
to define a normal semifinite faithful trace on the reduced algebra of M v JAJ
by a projection of central support 1 and to extend it spatially to all Mv JAJ.
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In this way we define ¢ to be the unique normal semifinite faithful trace on
M v JAJ satisfyinig o(JaJp.) - - 1(a), for a€ A,. By 1.4 ¢ satisfies @(JaJp;) -
= 1(az(l)), a€ A,, &€ L¥M,1).
We denote [[X1, | = @(X*X)2, X e Mv JAJ, the corresponding 2-norm.
We need to approximate the finite projections of M v J4J by certain nice
projections.

1.8. LemMaA. Let Pe M v JAJ be a projection with ¢(P) < oo and & > 0.
T/rere exist xy, ..., X, € M such that E(xFx;) = 0;;f;, for some projections f; € A,

ana' P—— ZpA! < &.
1 2.0

Proof Let P=: Y] pg for some &; € L¥(M, ). Then there exists a finite set

iel
!

of vectors ¢&,, ..., ¢, € {¢;}; such thatf P — 2 Pri <¢l2
. J=1 12 @
Let1/4 > 6 > 0, put 5, :— 0, x, = fo, = 0, and suppose that for some k > 1
we found xy,x,...,x,_; € M and projections fy,f;, ..., i1 € A such that

Tk-1 k-1 1
Egdxtx): 0.t 0<ij<k—1, and Z pg pX Px; < . We show
u Je=0 j=0 L 240

there exists x, € M such that £,(x¥x,) -0, | <7< k— 1, E(xFx,) is a projection

Lk k o
and -y p. — Yy p_\._! < 28Y%. Then it easily follows by induction that we can
v SJ P s ‘,v‘A, o
nor
find x,, ..., x,€ M so that E,(xfx;) - 0;;f; withf; projections, an.dff Y p. —
=1
Z p,, < &2, which proves the lemma.

(2,9
By regarding ¢, as an operator affiliated with A (cf. [4]) it follows that there

exists an increasing sequence of projections in M, f, 11, f.6. € M. Thus
f,,,p ng|.. -0, (p(p, <p(/,,,p€kf,,,) - 0 and since I)fmfk is the support of
./,,,/7 j,,, it follows that

“pfmfk - pgk”g,tp < 2”pfm€k _fml)gkﬁnii%,o + Zflfmpekfm - pgk“::';,q: <

< 2epy, o) = oUwpe fu)) + 2ifuby fu — P[50 0.
Let m be so that|| p, g TP lla.o <0’ and denote y == f, £, . Let F be the support
mok k

k-1 ik~ '
projection of Z Px; + Dy Then, since f ; ii < k2, |]p¢.ki'§2‘(p < 1, by the

Jj=0 !i 2,0
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Cauchy-Schwartz inequality

(5o

=0

]=0

2,¢

-+ 2¢(py Z Px, ) == QD(F)—- (P(Z px +Py) + 2(P((py——p€ )"ilpx )

J=0 Je=0 j=0

k—1 k—1 k-1
+ 2¢ (pfk(lgopxj - jgopgj )) < o(F) — <p( Y o + py) + 2Kk125" + 26.

j=0

k—1
Since @(F) < qo( Y Px; + py) it follows that

i=0

< 28 + 2kV35

(5 )

Jj=0 2,0

and thus

< (20 + 2k )2 4 +

k—1
J _jgo -pr

1P, = Pyllag < (20 + 2K 45 + &

o

=20

2,¢ 2,0

But for ¢’ sufficiently small and 6 < 1/4, (26 + 2kY25')1/2 + § 4 §" < 25812, so that
we may assume y and F satisfy

< 202,
2.0

-

Jj=1

k-1 fe—1
But y, = (Z pxj)(y) =Y, X;E4(x¥y) is in M and thus y, =y — y, is in M
J=1 Jj=1

k....

and we have F = Z Px, + Dy Let @ = E,(y¥y,) and e, € A the spectral pro-
j=1

jections of a corresponding to (1/m, o). Then ae,, > 1/me,, and | e,, — s(a)|l, =0,

s(a) being the support of a. By the definition of ¢ we get
12y, — Py Nz, = Iy, — Dy Moo = llem — s(@)llz - 0.

Moreover py . < py so that Py, Px; = 0 for 0<j< k— 1. So for large

(pr +Pye)

J=1

can be made small enough to insure that

2.¢

< 26V/2,
2,9

ZP,g (kzlpx + Pyey, )

Jj=1 J=1

5 - 2321
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But if x; - : ye,a”V/? then Px, "7 Pye and fy o E (xEx;) - e, is a projection.
Q.E.D.

The preceding lemma says that any finitely generated submodule of L*(M, 1)
over A can be “approximated’ well enough by a finitely generated orthocomple-
mented projective submodule of M.

2. A FOLNER TYPE CONDITION

We now assume the finite algebra M of §l is injective so that it has a hyper-
trace, i.e. there is a state on Z(L¥M,t)) with M in its centralizer. We denote
by ¥, the restriction of this state to M v JAJ. It satisfies Y (v°xv) = Yo(x) for
x € MvJAJ and unitary clements v e M. The normal {semifinite faithful trace
@ on M v JAJ that we use below is the one defined at 1.7. Let ¢ > 0 and ¢,,...
..., 0, € M some unitary elements. Let & - - {(Y(v} - v;) — !//(‘))",>k>1|l,ll normal
state on M v JAJ with Radon-Nykodim derivative with respect to ¢ a positive
element in M v JA4J of finite trace ¢}. Then & is a bounded convex set in
((M v JAJ),)™. Since the states ¥ in the definition of # are norm dense in the
space of normal states on M v JAJ and this one is o((M v JAJ)*, (M v JAJ))
dense in the space of all states on M v JAJ, it follows that the o(((M v JAJ)*)Y"s
(M v JAJY") closure £~ of & contains any m-tuple of continuous forms (v} - v,y —
— Y)mo»1 With ¥ a state on M v JAJ. In particular #¥ contains (Yo(vf - v.) —
— Yo)mzr>1 = 0. But since 0=(0,...,0) lis in (M v JAJ).)" and the dual of
(M JAT), )™ is (M v JAJ)", it follows that the o((M v JAJ).)", (M v JAJ)™) clo-
sure of .Z is equal to the norm closure of % and that 0 is norm adherent to .
It follows that for any & > O there exists b e (M v JAJ), with ¢(b)==1 such
t hat
(1) bl - bllso = |00} - 1ub) — (- )| < e/m,
where, for ye M v JAJ, ||y|,, = o(y]), and m = k = L.

Let a=>bY2 By the Powers-Stormer inequality and (1) we have for
1<k<m,

a — viavlf, < ||b— vbvdlle < 8/2m? = (¢52m¥)|allf o
and thus
@ la — vavfll}, < (e/2m))|al},.
If we pUt “(xl’xza LIRS ] xm)”2,~ = (Z “xkng,m)llz’ fOI' xl: sy meMVJAJ:
k

and we denote @ =(a,...,a), v = (vy, ..., v,) € (MvJAJ)", then by (2) we
have
fla — 5av*|; . < (s/2m?)|al}3,. .
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By 1.1 in [1] we may assume a and pav* commute so that by the classical
Namioka trick (see e.g. [2]) there is a 1 >0 so that the spectral projection Ef, (@)
of a corresponding to the interval [r, co) satisfies

| Efe,c0)(@) — EppcoD@v®)|fs, . < (8/2m?)||Eq, ooy(@)}f2... .

Indeed if @ = h, $av* = ke L=(X, p) we have:

St 8

” E[S1/2’ °o)(h) — E[sl,/z’ Oo)(k) ”g ds =
- S By () — gy (k) ds =
1]

- SS Kis, ooy BE()) — Xt (RN dpa(x) ds =
0X

-

=Slh2(x) — KX) dp(x) = |h* — K|l < ||h — klL|lA + K|ls <

X

X5, 00)(H*(%)) — Xps, 0p(K%(X))] ds du(x) =

S §

< 2k — klle < 2e/2m) k], = (slm)]| b1 = (e/m)SnE(sm,w)(h) 1B ds

so that a certain ¢ = sV? will do.

But  Ep, x(@) = (Ef1,e@); Ep1,00)(@)s - o5 Bf10)(@) and  Ep, o(380%) =
= 1 Ej;,0)(@)v* so that by the preceding inequality we get

ZkJIIEu,ow(a) — 0B, @D 170 < &l Epr,00)(@IE -
Thus there exists a finite projection g, = E(, y(@) in M v JAJ so that
) llap — vxaoti |3, < €llapll,e, m =k = L.
By 1.8 we may assume the projection g, is of the form g, = Z P=, with

J=1
E(xfx;) = 8;;f;, 1 < i < n, where f; are projections in 4.
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Since for y € (M v JAJ), we have

1m¢/szr)]

by 1.6 and 1.7 we get

n n
= Y Mesyile 2 Y ow el
ji=1 j=1

2,¢

n
; * 112 : - #p i1 — SR
ligo — vV i, = jlay — Y, I’xj"kaovkl’leh,o =Y, “[)xj T PxUBoliPs 2
J i 1

i=1

= Z 1 ZEA(X$UA\)EA(’)“ vk\).f.fl
j=1

Thus (2") becomes

3) 2 ((fJ — Z E ((xToex)E(xFoi x))fi f: ) ) <e 'y W
j=l J-:1
But A is abelian, so it has to exist a nonzero projection fe€ 4 for which

we have the operator inequality:

@) Z(fJ — \“ A(x vex)E (xFoEX)S f) < fo

ji=1 Jj=1

Since any projection f'€ A, 0 # f' < [ still satisfies (4), using that A is
abelian we can replace f by a smaller nonzero projection, also denoted by f,
which satisfies for each j, ff; = f or ff; = 0. Moreover, because ff; # 0 at least
for one j, by reiterating if necessary, we may suppose f; -: f;f - f for ail j and
(4) becomes:

) ﬁ (f_‘ f: EA(vakxi)EA(xi*v,f‘xj)f)2 < enf.

Je=1 i==1

At this stage we need the following local Rohlin type lemma.

2.3. LemMMA. If 0 % f€ A is e projection, ¥y, ...,y, € M and ¢ > O then
there exists a projection e € A, e < f such thai, for /., == 1(ey,e)/t(e),

lleyie — Aielly < e'fleli.

Proof. Since A is abelian, by spectral decomposition it follows that there
exists f' € 4, 0 # ' < f, such that || E,(y;)f" — Alf"|} < ¢&’[2 for some scalars 2} € C.
By [9] there is a partition of f' in Af', ¢;,¢;, ..., ¢, such that 2 2 lejye; —

i J

— E(ne;lls < €12 Y, {le;li3. It follows that for some j, lle;yie; — Eq(yie;lis <
7
< (&' /2)|le;|3 for all i and thus |le;y;e; — Ajgsliy < €']|¢;ll;. But by the definition
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of i, |leyie; — Aiell, < |l ejyie; — Aell, for any A; € C so that the projection ¢ == ¢;
satisfies the statement. Q.E.D.

By (5) and the preceding lemma for any 6 > O there is a projection e € 4,
e < f such that

n n : 2
1.y (e—— Y EA(xj‘vkx,-)EA(x?v,'ij)e) < ene;
Jj=1 i=1

(6) 2°. |lex}xie— Sy elly < Slelly;
3% |lexfouyie — Azelly < Ollellp,

for some scalars ;€ C,n2 i, j21, m>2k>1.

Since in 2° and 3° ¢ is arbitrary small, independently of the norms of x;,
it follows from 2° and some standard polar decomposition and functional calculus
arguments (see e.g. Chapter ITI, §7.3 in [4]) that there exist partial isometries
u; € M such that for a certain projection e’ < e (¢’ is not necessary in 4), u}u; =
c: 0, and Jle—e'|| < &'|e’|], ||xe — uilly < 9'||€'}ly, with &' depending on &
but tending to zero as é does. Thus, for  small enough, in (6) we can approxi-
mate E,(xfox)E (xFofx)e = E (exfox,e)E (extvixe) by exFuxexfolxe and
this in turn by ufouu*vfu; so that to have

n 2
1°. Z-r((e’ — Zu;’.‘uku,-u,?"v,ﬁ‘uj) ) < entle’)
i==1

Jj I

™ d
29 NluFvu;— A€ llz < (efn)lle’|l5 -
We denote by ¢;; = u;uf and s = Y e;;. Since
7
fle' — Z “f”k%“f”?”j”z =|le — uj*vksv/’fujllz = ”uj(e, - Uksu)’f)%*”z =
!
= |lej; — '_ejjkaUI?ejjnz,
o — Ajie'”z = ””j(”;?"k”i — Aiehu|ly = e o€ — )vjieji“z
and nt(e’) =: nlle’||; = ||s}i2, it follows that
1° s — Y, eos00e; 13 < ellsl3
J .
®) 2°. ||svgs — Z /ljiejing = || Z €; 08 — Z }vjiejing =
. Jal [ i

= Z ”ejjvk‘eii — Zjiejiug < &|)s|l3.
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By the paralelogram low we have
Lo sof - Z ejjkaU/Z‘Eé’jj”g + |l Z ejjvksv/fejj“g = ||Uk~"vff'”§ sl
J J
$0 that by (8), 1° we get

ool — E e;vesvie;ls = (lslly + || ; ejvsvies;lla)(llslle — NZ ejvistelle) <
J J

< (2lIsll) %] sllg) == 26125113
This gives together with (8):

1% |ls — vl < (642 + 2V%14)) sl
®

2°. Ysos — ¥ Ajieills < €3islly.
St

The Folner type result follows now easily:

2.2. PropoOSITION. Let ¢ > 0 and y,, ..., y, € M. There exists a projection
s € M and a matrix algebra My = M supported on s such that

“EMO(S.ViS) — (i = — )yl — sz < gffsll.

Proof. Since any y; is a linear combination of four unitary elements we
may suppose y; are unitaries and by extending the set {y;}; we may also suppose
1t is a selfadjoint set. Then by (9) it follows that there exist s and M, so that

”EMO(SJ'iS) — yislly < (€/2)||slly, for all i

Since {J;}; is selfadjoint LEng (57:5) = syille < (¢/2)||sfy» for all 4, so that | sy(l —
— )i < (¢/2)lis]y and thus

!]EMO(S}’iS) — 0= A —sy(1—9)ls < “EMQ(S}’.'S) — yisls +
+ flsyi(l — 9)llz < elislls- Q.E.D.

2.3. REMARK. In this section we used several technical devices that we discuss
below.

1°. First we used the Powers-Stormer inequality: if a,be M v JAJ are
finite positive elements thea [|la — b|i}, < [la®* — b?*||,,- A simple proof of it is
as follows. Let p — ¢ be the selfadjoint element in the polar decomposition of
« — b, where p, q are projections with pg = 0. Then [a® — b*{, , =
= (@ — b)(p — ) = o(p(a® — b*p) + @(g(b* — a*)q). But o(p(a@® - b*)p) —
----- @p(pla — b)*p) = @(pbla — b)p) + ¢(pla — b)bp) = 2¢(b(a — b),) > 0 and si-
milarly @(g(0* — a®)g) = @(g(b — a)’q) so that ||@* — |, > o(p(a — b)p) +
+ olgla — byq) = o((a — b(p + @) = o((a — b)) = [la — bliZ,.
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2°. Instead of 1.1 in [1] and the argument before (3) we could use directly
1.2 in [1]. We did like this to make the proof more elementary and 'self con-
tained.

3°. The result in [9] used in the proof of 2.1 is as follows: if A < M is
maximal abelian and y,, ..., y, € M, & > 0 then there exists a partition of the

unity e, ..., e, € A such that if 4, = span{e;}; then HEAo(yi) - EA,;nM(yi)”‘& < &

4°. The deformation argument needed at (8) can be done as an exercise. If
M would be a factor we could take ¢’ = e.

3. END OF THE PROOF OF “INJECTIVITY IMPLIES HYPERFINITENESS”

We can now complete the proof of Connes’ theorem. Recall that a finite
von Neumann algebra M is said to be hyperfinite (or approximately finite dimen-
sional) if given any normal finite trace t on M,¢ > 0 and y,, ..., y, € M, there
exists a finite dimensional subalgebra N < M and i, ...,y,€ N such that
17 = ¥ille < & (where [[ylly = ()2, y € M) (see [4], [SD.

THEOREM. The injective finite von Neumann algebras are hyperfinite.

Proof. Since a direct sum of hyperfinite algebras is hyperfinite it is sufficient
to consider the case when M has a faithful normal trace T with z(1) = 1. Let
£€>0,y,...,9,€M and consider the set of all families of matrix subalgebras
{M}ier of M having mutually orthogonal supports {s;};c, and such that if
s+ ) s; then

| Eon(syis) — e — (L — sl — s)IIE < e*|ls]E, m >k > 1.
This set is clearly inductively ordered by inclusion so we can take a maximal
family {M?}; with corresponding supports {s},. Suppose s = ¥ s% # 1 and let

f=1—s. By 2.2 applied to {fy.f} < fMf, there exists a matrix algebra M, — fMf,
supported on some s, # 0 with

”EMO(SOykSO) — (e — (f — o) — so)IE < &2jsolf3.
It follows that for all & we have:
! E@M«;@Mo((s + 5Vls + 50) — (e — (L — (5 + s))yi(1 — (s + o))l =

~ || Eqaat(34) = (= (1 = 9l — )IE +

+ [} EMO(Soykso) — (e f — (f — s [ — so)i <

< &sl3 + &lsollf = s + sollf,
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i

which is in contradiction with the maximality of the family {M?},. Thus 2, DR

Since M is countably decomposable (as it has a faithful trace), the set {s%}; is coun-
table. Taking a subset {s,,s,,...,s,} < {s% with Iy, — (Y si(), s5) 2 <
7 7

and denoting by M,, M,, ..., M, € {M}}, the corresponding matrix algebras it

follows that N = (@ M;) @ C is a finite dimensional subalgebra of M with
J==1

i1 ExO) — Wl < 26, for all k.
Q.E.D.

FINAL REMARK. If we choose in §1 the algebra 4 to be a Cartan subalgebra
of M and the elements x; in 1.8 to be partial isometries in the normalizing grupoid
of M (as is easily seen to be possible, see e.g. §2 in [10]) then we obtain by the
above arguments a proof of the Connes, Feldman, Weiss theorem, showing that
when M is separable injective the normalizer of A is single generated as a full
group. In fact even if M is nonseparable we obtain a nonseparable version of
this theorem, namely that given any countable generated subgroup in the normalizer
of A, the corresponding full group is single generated.
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