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TENSOR PRODUCTS OF LINEAR OPERATORS IN BANACH
SPACES AND TAYLOR’S JOINT SPECTRUM

VOLKER WROBEL

1. INTRODUCTION

Let A denote an algebra over the complex numbers C with unit element e.
If B < A is a unital subalgebra and b € B, we let

Sp(b; B) :={z € C :ze — b has no inverse in B}

denote the spectrum of b with respect to the algebra B. If b = (b,, ..., b,) is an
n-tuple of elements from B, we consider as a joint spectrum of b with respect to
B the set

Sp(b;B) :== Spiert (b;B) U Sprigne (b; B)
where
Sprere (b; B):=- {z € C":e ¢ Y, B(b; — z;e)}
J
and

Spright(b§ B) = {Z eC':e¢ ¢ Z (b] —_ zje)B}

J

denote the left and right spectrum, respectively (Harte {4]). Throughout this paper
we shall restrict our attention to the algebra 4 = L(X) of all bounded linear oper-
ators on a Banach space X. For a given n-tuple a = (a,, ..., a,) of mutually com-
muting operators, B will either be the commutant

{a}°:= {be L(X) : ba; = a;b for 1 <j < n}
or the bicommutant
{a}* := {b € L(X) : bc = ¢b for all c € {a}°}.

In the situation under consideration, we have Sp(a; B) = Spient (@ ; B )= SPrignt (@; B).
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Of course these spectra heavily depend on the algebra B and the question
arises, whether the joint commutant spectrum Sp(a; {a}°) or the joint bicommutant
spectrum Sp(a; {a}*°) are natural choices for n-tuple of commuting,operators at all.

However, J. L. Taylor [9] gave another notion of a joint spectrum, which is
a subset of the joint commutant spectrum and gives rise to an analytic functional
calculus, which in general admits more functions. The purpose of this paper is to
show that these concepts coincide in the case of tensor products of several operators
acting on Banach spaces. This is a complete answer to a problem raised in the
paper [2] of Ceausescu and Vasilescu.

We recall J. L. Taylor’s concept of a joint spectrum for an n-tuple of mutually
commuting operators as given in [9] and [10]. Let

[eo]
Alsi, .. 8]1=® A[sy, ..., 8]
p:-0

denate the exterior algebra over C generated by the indeterminates s,, ..., s, and
AMsy....,s,] the space of elements z-5;, As; A... As, of degree p, where A
1 P

2

denotes exterior multiplication. Given a Banach space X, we let Als, ..., S, X]
and  A”[s;,...,s,; X] denote the tensor products X ® Afsy,...,s,] and
X & A[sy, ....s8,), respectively. If a=:(a;,...,a,) is an n-tuple of mutually

commuting operators a; € L(X), we consider @ = a;5; + ... + a,5, acting as a
graded module homomorphism of degree 1:

a: APlsy, ..., 8:X]— A"Hs,, ..., s, X] for each p,
n
a(x, . ®s, A ... AS5,):= alx., M, AS A ... AS,.
Jydp A Iy kgl Fyeedp A I
As wa; — aa;, we have @ A a ::.Z_(a,-aj —a;a) ®5; A 5;=0. So a acts as
<<y
a coboundary operator on Als,, ..., s, X].

We say that the n-tuple a is non-singular, if the associated sequence F(X, a):
0> X= As;, ..o, X1 Allsy, ..o, 803 X] 2 ...

o A sy, L8 X S A s AL LS X=X -0
is exact.

1.1. DEFINITION. Let ¢ =: (a,, ..., a,) be an n-tuple of mutually commuting
operators a; € L(X) and & == a5, + ... + a,5,. An element z =(z,,...,z,) € C"
belongs to the Taylor spectrum o(a;X) if z — a 1= (zy¢ — a;,2,6 — @y, . . ., Z,6—0,)
is not non-singular,



TENSOR PRODUCTS OF LINEAR OPERATORS 275

We recall that (see Taylor [9])

o(a; X) = Sp(a; {a;, ..., a,)%) = Sp(a; {ay, ..., a,})

and each of these inclusions is strict in general.

We now formally restate an observation of Taylor, which he used in proving
half of the projection property of o(a; X). Given k € {1, ..., n}, let a(k) :—= ays, +
+ ...+ @S+ ..+ a,s,, (“7 means omission of the quantity underneath),
There is a direct decomposition of A?[s,, ..., s, ; X]into a sum of p-forms not involv-
ing s, i.e. AP[sy, ..., S¢, ..., 8, X]and those which all have s, as a factor. This
latter summand may be written as 5,( A"~ Ys,, ..., 5, .. .,8,; X]), where 3,‘(x®sj1 A

A NS )=x® 5 AS, ANl NS Consequently, A?[s,, ...,s,; X]=
-1 1 —1

P
= ANy, ey Sy e S XD TN sy, o, Sy o 8,5 X]). According to this
decomposition @ may be rewritten as

. [(ak) 0
X “‘(aksk a(k))

From this representation of @ one not only concludes that
mo(a; X) < olalk); X),

where n(z, ..., z,):=(z, ..., Z, ..., z,) denotes the canonical projection, but
moreover it will allow us to prove the announced result by induction.

We are now going to consider tensor products of Banach spaces and linear
operators.

1.2. DerFINITION, Let X, Y denote two complex Banach spaces, and X®Y
their algebraic tensor product. A norm « on X®Y is called

(i) cross-norm, provided a(x ® y) == ||x]| - ||y|| for all x®y € X®Y;

(ii) quasi-uniform cross-norm, if o is a cross-norm and if there exists a constant
¢ such that

W((T®S)z) < c|IT - ||S||-z) for all Te L(X), Se€ L(Y), z€ X®Y.

REMARKS. (i) Quasi-uniform cross-norms as introduced by Ichinose [6] are
a slight generalization of Schatten’s uniform cross-norms [7], where ¢:= 1. So
1A(R.(C"]] " |lo)) induces a quasi-uniform but not a uniform cross-norm onto LA R)®
®(C", |i - llo)- This is easily seen by considering the vector-valued Fourier-transform,
which is not an jsometry in this situation. Quasi-uniform cross-norms represent some
sort of minimal assumptions upon cross-norms, when tensor praducts of operators

are involved. So only quasi-uniform cross-norms shall be considered. We let Xé,}’
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denote the completion of X® Y with respect to «, and TQA<)S the unique continuous

extension of T®S upon Xéa Y. Many (quasi-)uniform cross-norms are globually
defined in the category of Banach spaces in that they represent a rule how to
associate with each pair of Banach spaces (X, V) a completed tensor product
X ®A,Y with respect to a quasi-uniform cross-norm. If more than two Banach spaces
are involved the notion “quasi-uniform cross-norm™ will be used only in this more
restrictive global sense. Moreover, if X, Y, Z denote three Banach spaces and «
a quasi-uniform cross-norm, then (X@, Y)é,Z and X@,( YA®,Z) will represent
non-isomorphic Banach spaces in general. Therefore our globally defined quasi-
-uniform cross-norms are assumed to be associative. Consequently, writing

PN A
X1® ... ®X, means two things: if # == 2, then X,®, X, is the completion of the

tensor product with respect to an individual quasi-uniform cross-norm =z which
need not be defined on any other tensor product X®Y of Banach spaces X

S
and Y. Forn > 2, X;® ... ®X, is the completion of X;® ... ®X, with res-
a

pect to a (globally defined) associative quasi-uniform cross-norm «.
(i) If T e L{(X), and [ denotes the identity operator (on Y), then

ATRL; X®, Y) = o(T: X).

2. MAIN RESULT

2.1. THEOREM. Let X,...., X, denote complex Banach spaces, T;e L(X))
fl<i<n) If n=:2ler o denote an (individual) quasi-uniform cross-norm on
Xi®X,, if n > 2, let a denote an associative (globally defined) quasi-uniform cross-

N A 2N VN
-porm. Let a; - - [, ® ... @I, @T,®1;,1,® ... ®L, € LIX,® ... ®X,), I; denoting

the identity on X; (1 < i< n). Then

S n
(%) a{ay, ....q,); Xi® ... ®X,) = II‘T(T5§Xi)-

113 2

Proof. The inclusion “<" is obvious. The reverse inclusion will be proved
by induction, where the case n == 2 (which is true for a strictly larger class of cross-
-norms than the case # > 2) is of course contained in the induction step.

For n = 1 nothing has to e shown. So let us assume that {+=) holds true for
any tensor product of at most » — 1 Banach spaces. Let z=(z,,...,2,) ¢
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/\ n
¢ol(ay, ..., a); X1® ... @X,). We are going to prove that z ¢ J[o(T;;Xy).

a i=1

Without loss of generality we may assume that z - - 0.

We may assume thatfor ] < p < n—2and 1 € kK < n — p we have

P
0, ....0)€alla, ..., a4.,); 5@ ... ®X,)
ril

for otherwise we are done by induction hypotheses.

N
By the exactness of F(X\® ... ®X,,(a,, ..., a,)) we especially know that

@

. PN 2N
(:?“""*) a: /\"_1[31, DR Sn > X1® e ®Xn] - /\"[Sla R | S,,; Xl@ A ®Xn]

-4

is a surjection. Consequently at least one T} is a surjection, for otherwise we find
¢ € X/ such that ||¢§ = 1, lo{PT,|| - 0 as j - oo for 1 < i < n, and therefore

( PN ( .
OV® ... ® N, + ... +as5,)—>0 asj-—oo,

whereas

P
(PR ... ®) = lloM| ... [l o] == 1

(o’ denoting the dual norm of the cross-norm «). But this contradicts the surjectivity
of (x+x). So suppose that T is surjective but not injective. Moreover

NN
©,....,0€ec((a, ..., 9, XLi® ... ®X,) ==
—

k~1

PN
= 0((by, ..., 0_1); X1® ... ®X;-))

-4

and
S
(0, caey 0) S O’((ak+1, P a"); X1® e ®Xn ==
n—k *
N

= 0’((Ck+1, erey C"); Xk+1® P ®AX")

[
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by induction hypotheses, where b; and c¢; denote the restrictions of «; to

N N _ ~
X1® ... ®X,-; and X, .1 ® ... ®X,, respectively. Let b ==bys, +... + by_y15, -y

-2
and ¢ == ¢4 1841 + .. . + C,8, be the associated coboundary operators on A[s;. . . .

N 2N .
s Se1 X1® ... ® Xo1) and Alsiii. oo 5 X ® ... ®X,), respectively.

Since a is not symmetric in general, we have to consider two cases:

P .
1°If k- -1, then F(X,® ... ®X,;¢) is not exact and hence there exists

a pe N Uy {0} such that

. N S
MG AP[Sy, .y 53 Xo® o ®X] = APH sy, 5 Xo® ... ®X,]) #

o

. N 2N
# Ker(C:Ap+1[S2, ..-,S,J;X2® IS ®Xn] i d A”+2[32, cees Sy, Xzé PPN ®Xnﬂ\>

L1 -4

or

. VRS S
# Ker(¢ : A%z, ..., 8 Xo® ... @X,] = Allsg, -, 55 Xo® ... ®X,)D

S
is nontrivial. If the latter is true, we find z € X, ® ... ®JX, such that

. :
Y c@)si= 0, 1ec(z)=0 for2<i<n

j..2

But since T is not one-to-one, let 0 # x, € Ker 7, . Then

Z a(%,®2)®s; = T;%,Qz@s; + Y x®c(2)®s; =0
i—2

i=1 i

PN
contradicts the exactness of F(X,® ... ®X,; a). Solet{ =Y, zZ, , @S A ...
@ 1°""'p+1 1

.As; €Ker¢\Imc, and x, as above. Then
p+l

x®¢& e Ker(ays, + ... + a,5,) n Kera.

P
Keeping in mind the direct decomposition of A?[s;, ...,s,; X;® ... ® X,] and
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the exactness of F(X,® ... ® X,; a), we find an element &ye A°[s,, ....s,;

a

S
X,;® ... ®X,] such that by means of (*) we have

a(1)(&) = x,®¢.
Finally take ¢, € X{ such that ¢,(x,) = 1, and observe that

NP N
RL® ... ®,ca;, =c¢c;o 0, RL® ... ®I, for 2<i<n

Consequently,
. N : NS .
(= 0RL,® ... ®I,(%,Q%) = ¢,®I,® ... ®L,ca(1)(§) =

NS L
= (pl®12® e ®In(02s2 + ..t ansn)CO == Cé;),

where
PN PN
6(’) = (P1®Iz® e ®In(€0) € Ap[s2> st Sn > X2® . ®Xn]'

But this contradicts our assumption ¢ € Ker¢\Im¢. We deal analogously with
k .+ n, which proves the theorem for n = 2.

N S
22 1<k<n, then FX,® ... ®X,_1:b) and F(X;11® ... ®X,; ¢)

are not exact. Let 0 # x, € Ker T, and ¢, € X such that ¢, (x,) = 1. If there

N N ~
exist0 # 2, €X;® ... ® X;_;and 0 # z, € X, ® ... ® X, such that b(z,) == 0

- ) IR
and ¢(z,)=0, then a(z, ®x, ®2,)=0, contradicting the exactness of F(X,®...®X,;a).

Therefore take the forms [¢ € Kerb\Imb and 75e Kerd\Imé such that

S
E@x®n e AP sy, ..., 8; Xi® ... ® X,]. Then ¢(®Rx,®ne€Kera(k) n Kera.

o

VS
By the exactness of F(X,® ... ® X,;a) and the decomposition (*) we find

&y =& + Si(&p) such that (®x,®n = a(fy) = ak)(&y). I Yiy:=1Im¢ n

N AfSkars oo Sn3 Xr1® ... @X,), where g:= degree(n), is not dense in Keren
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S
O AN Sgats ovos S5 X3 ® ... ®X,), lety e Z/,, n Y, such that ¢(n) - 1. As

o
c®x,®n is a form of bidegree (r, ¢) in {s;, ..., 5,1} and {Sg41, ..., 5,}, We may
assume that &g = 519 4 £§9-D where £ is a form of bidegree (/, m). Con-
sequently,

a(k) (o) = BRIEG™) + IQULG™)

and therefore
¢ == Lo (x () = I® @, @Y o a(k)(éyy) =
= BI@PBYE ) + I®@®(W » (&) -~
= b @Y (EG 1)),
a contradiction since £ € Kerb\.Imb. We proceed in the same way if Y,_,:==

~ N . i -
ceImb on APFI s, ol s Xi® ... ®X,_,] is not dense in Z,_,::= Kerb n

nAPHI=9s L seo1s Xa® ... X, _,]. Therefore we may assume that there exist

<

) S
scquences  (£j)jen and  (pjen in AP7s, .., 85 15 Xi® ... ®X,] and

1

A sisr, oo s 8y Xpa® ... ® X,], respectively, such that b(£;) - ¢in Z,_; and

[+
c(n;) - nin Z,,, as j - oc. But then we have

~ 1, ~ 1 “

a (2~ §;®@x,®c(n)) + ”‘z*b(fj)®xk®'ij - Co) ==
(-+)

= b()®x.®c() — {®X®; -0  as j —oo.

P )
As FIY,® ... ® X, ; a) is exact,

~ /\
a: Nfsy, ..,85: X4,@ ... Q@X,] - AP, . ]

is a topological homomorphism onto its image. Therefore (+) and the exactness

PR
of F(X;® ... ® X, ;a) give the existence of a sequence (y;) in AP Ysy,

s Sy
@
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PN
Xi® ... ®X,] such that

~ 1 ' 1 1
a ('2* €j®xk®7'lj - '}’j) — & = '2 'b(fj)®xk®’7j + '2—‘ fj@xk@)c(ﬂj) -

Hence &, is in the closure of Ima n A”[...]. Hence 0 = a(é,) = E®@x,®n # 0,
a contradiction which proves the theorem.

From the general property of Taylor’s joint spectrum
o(a; X) < Sp(a; {a;, ..., a,}°) = Sp(a; {q,, ..., a,}®)

we especially obtain the result of Dash and Schechter [3] that
Sp((al LRSS ] an); {al. LS ] aﬂ}cc)___ II G(Ti > Xl)’
i=1

where we used the notation of Theorem 2.1.

In the special framework of Hilbert spaces and the Hilbert space tensor pro-
duct norm Theorem 2.1 is due to Vasilescu [12] (n = 2) and Ceausescu and Vasi-
lescu [2] (n = 2). Their proofs heavily rely on the Hilbert space structure, because
they use a characterization of Taylor’s joint spectrum for Hilbert space operators
due to Vasilescu [11]. ‘

Moreover we have the following

2.2. COROLLARY. Using conditions and notation of Theorem2.1,let O(a,, .. ., a,)
denote the algebra of germs of functions which are analytic in an open neighborhood

S
of o((ay, ...,a,); X,® ... ®X,) provided with its inductive limit topology.
Then

A

f(a17 "-,au):

(%)

PN
2= (27zi)-”g .. Sf(z1 s e Z)z — @) I® ... ®(z, —a,)"ldz, ... dz,

r, r,.

where f is a representative of f analytic in an open neighborhood G; X ... X G, of

PN ,
o((@y, -, a); X;® ... ®X,) and I'; = G, (1 <i<n) denote Jordan curves

[

6 — 2321



282 VOLKER WROBFL

surrounding o(T; ; X;) counterclockwise, defines a continuous algebra homomorphism
Jrom @(ay, ...,a,) into {a,, ..., a,} . Moreover,

A PN p
afla,, ...,a,): X,® ... ®X,) ::f(H o(T;; X,-)) .
@ iwml

REMARK. Corollary 2.2 is due to Ichinose [5, Theorems 2.1, 2.4]. The spectral
mapping theorem was proved by Schechter [8] for polynomials, and by Brown
and Pearcy [1] for the special case f(z,, z,) - - 2,2, in the Hilbert space framework.
All these proofs of the spectral mapping theorem did not use Theorem 2.1 or the
result of Dash and Schechter [3]. So in a certain sense they hide the reason,
why they are true. On the other hand using Theorem 2.1 or the Dash and Schechter
result and Gelfand theory in the commutative Banach algebra {q,, ..., @,}* one
obtains an elegant proof of the spectral mapping theorem part of Corollary 2.2 via
the representation (=),

Finally, 2.2 also is an immediate consequence of Taylor’s functional calculus
[10]. But these proofs both do not seem to be simple. For that reason we offer an
alternative proof which is simple.

Proof of 2.2. 1t is simple that (====) defines a continuous algebra homo-
morphism and thus

~ PN N
o(fiay. . .a) Xu® ... ®X,) & f(na(T,-; %))
@ i1 ,

is true. In order to prove the other inclusion, we use the fact that given (¢,, ..., #,) €

€Lo(T:; X)), and [ analytic in an open neighborhood G, X ... X G, of this
i1

set we have flz;, ..., ) = flhh, - s b)) + (3 — t)glzy, oo, 2) + .0 F
+ (z, — t)g.2, ..., z,) with suitable functions g,, ..., g, being analytic in
G, X ... X G,, and being defined in a rather obvious way as “difference quoti-

. ", /\ -
ents”. So if f(t,,...,t) were not in o(f(a, ..., a,); X;® ... ®X,), there exists

the inverse b: : (ft,, ..., 1) — flay, ..., a,))"! and consequently

S
L® ... QL = (1, —a)gfay, ....,a)b + ... + (1, — a)gla,, ..., a,)b

means that (4, ..., 1) éSpW(a, ..., a,);{a, ..., a,}*). Using 2.1 or the Dash
and Schechter result we have a contradiction. This proves the spectral mapping
theorem.

Acknowledgement. Thanks are due to the referee for his helpful remarks
which led to an improvement of the presentation of the main result and a sim-
plification of the proof of Corollary 2.2.
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Note added in proof. In a forthcoming paper “Tensor products of linear operators in

Banach spaces and Taylor’s joint spectrum. II” we succeeded in proving Theorem 2.1 for
general (non-associative) guasi-uniform cross-norms.
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