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GROWTH CONDITIONS ON THE RESOLVENT AND
MEMBERSHIP IN THE CLASSES A AND A,

B. CHEVREAU and C. PEARCY

1. INTRODUCTION

Let ## be a separable, infinite dimensional, complex Hilbert space, and let
FL(#) denote the algebra of all bounded linear operators on J#. The subsets A
and Aso of Z(3F), to be defined below, were introduced in [5] and studied in many

papers over the last two years (cf. [7] for an in-depth development of the theory
of dual algebras and a bibliography of pertinent articles). These classes, together
with the intermediate classes A,,n =1, 2,. . ., defined below, have become important
in the study of the structure theory of contraction operators. One reason for this
is that much is known about the structure of an operator T in Ag,- For example,

such a T has a huge invariant subspace lattice, is reflexive, and is a “universal
dilation’ (cf. [7, Chapters IV, V, VI, IX]). On the other hand, the class A figures
prominently in the invariant subspace problem for contractions T such that the
spectrum o(7T") of T contains the unit circle T. For instance, a recent theorem from
[13] says that if the weak™ and weak operator topologies coincide on the dual algebra
generated by an arbitrary operator in A, then every contraction 7 in Z(#) satis-
fying o(T) > T has nontrivial invariant subspaces. Various sufficient conditions
that a contraction belong to A or to Ay are known (cf. [2], [13]) and, in particular,
there is a growth condition on the resolvent that provides a sufficient condition
for membership in A and one on the essential resolvent that provides a sufficient
condition for membership in ANO (cf. 11], [6]). The purpose of this note is to
“revisit”” these theorems. In the case of the first theorem (concerning the class A)
we are able to improve the theorem and give a rather transparent proof. In the
case of the theorem concerning the class ANO, we give a short proof, which avoids
the use of the Sz.-Nagy— Foias canonical model of a contraction, of a somewhat
different theorem. The hope is that the transparency of these proofs will make
it clearer to the interested reader exactly what role these growth conditions play
in this circle of ideas.
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2. GROWTH OF THE RESOLVENT AND THE CLASS A

The notation and terminology employed herein agree with that in {7]. Neverthe-
less, for completeness, we begin by reviewing a few pertinent definitions and
important results. 1t is well-known that Z (') is the dual space of the Banach space
(and ideal) %,(#) of trace-class operators on J# equipped with the trace norm ; .
This duality is implemented by the bilinear functional

(T, LY =-t(TL), Te€ L(H), Leb(H).

A subalgebra o7 of £(#) that contains 15 and is closed in the weak® topology
on L(H) is called a dual algebra. It follows from general principles {(cf. [12]) that
if «7 is a dual algebra, then & can be identified with the dual space of Q.

=*‘~’r’21(.}’/'),";'¢s7, where *.</ is the preannihilator of &7 in % (#°), under the pairing
(0 (O == tTL).  Ted, [L]€Q,.

(Here and throughout the note we write [L] or [L]., for the coset in @, containing

the operator L in %,(#).) If x and » are vectors in 5, then the associated rank-

~one operator x @ y, defined as usual by (x ® ¥)(w) == (4, y)x, u € #, belongs (o

4(#) and satisfies tr{x ® »)=:(x.3). Thus if &/ is a given dual subalgebra

of ¥(#), [x®y]e Q.,. As is well-known, every operator L in 7;(#) can be

written as L - - i x; ® y; for certain square-summable sequences {x;} and {y;}
i1

(with convergence in the norm ! 1)), and it follows easily that every element of O,

has the form [/} - L [v; ® ). A dual algebra o/ is said to have property (Al)
r 1
if for every element [1] of O, there exist vectors x and y in 3# satisfying {L]
=[x ® y]. More generally, if # is any nonzero cardinal number not exceeding
No. and if for every doubly indexed family {[L;1}o<; j-s Of elements of O,

there exist sequences X}y .., and {1}, , Of vectors from 5 such that
1 xi®y], 0<ij<n,

then &/ Is said to have property (A, ). (Note, in particular, that this defines property
(Ag, )

Let N be the set of positive integers, et D be the open unit disc in C, and
let T: 0D. A set A < D is said to be dominating for T if almost every point
of T is a nontangential limit of a sequence of points from A. The spaces L :=
=. L2T) and H” = H¥T), | € p € oo, are the usual function spaces. If 7" is an
absolutely continuous contraction in £(#°) (i.e., a contraction whose maximal
unitary direct summand is either absolutely continuous or acts on the space (0)),
we denote by &/, the dual algebra generated by 7, and we write Q, for the pre-



GROWTH CONDITIONS ON THE RESOLVENT 377

dual Q_,JT. For such 7, as is well-known (cf. |7, Theorem 4.1]), the Sz.-Nagy-— Foias

functional calculus @, is a weak*-continuous, norm-decreasing, algebra homo-
morphism of H® onto a weak*® dense subalgebra of &;, and we define the class
A A() to be the set of all absolutely continuous contractions T in £(#’) for
which @ is an isometry of H* onto &/;. Furthermore, for each cardinal number #
satisfying 1 < n < Ny, we define the class A, = A (o) to be the set of all T in A,
for which &/, has property (A,). The class A arises naturally when one is studying
the invariant subspace problem because of the following theorem of Apostol [I].

THroreM 2.1, If T is a contraction in L(H) such that o(T) > T, then either T
has a nontrivial hyperinvariant subspace or T € A.

To look into how Apostol proved Theorem 2.1 in [1], let us introduce, for
each contraction T’ in Z(#), and for each 0 satisfying0 < ( < 1, the following set:

@) WD =MnaM)u{ieDNa(T) 0T — D > 1/ — )},

If one makes the remark that any contraction T that has a nonzero unitary direct
summand also has nontrivial hyperinvariant subspaces (cf. [16]), then Theorem 2.1
is an Immediate consequence of its “two halves”.

THEOREM 2.1a. Suppose T is a completely nonunitary contraction in L(H)
satisfying o(T) o> T and there exists some 0 < 0 < 1 such that {(T) is not dominating
for T. Then the bicommutant of T is not an integral domain, and consequently T
has nontrivial hyperinvariant subspaces.

THEOREM 2.1b. Suppose T is a completely nonunitary contraction in L(H')
such that for every 0 satisfyving 0 < 0 < 1, {(T) is dominating for T. Then T € A.

The proof of Theorem 2.1a is a (by now classical) argument in which one
uses the hypothesis on 7" to construct two disjoint Jordan loops J; and J, situated
as illustrated in Figure 1 with the properties that (J, U J,)\T < C\o(T) and the

= et

Figure 1

"12 - 2321



378 B. CHEVREAU and C. PEARCY

inequality
PT = A0~ < 1/0(1 — 2]

is satisfied on (J; U Jo)\T. It follows easily that the function

(A — ;'i_l)(;" - )‘-i,z)(T — A

is bounded on J\T, i - - 1, 2, and thus one may employ the Cauchy integral formula
to produce two nonzero operators defined by

J{T) == - ].-S(C — L= LN -T) g, i=1,2,
2mi

I

belonging to the rational algebra generated by 7" such that f(T)f5(7T)==0. One
of these operators must have a nonzero kernel, which is clearly a hyperinvarant
subspace for 7. (See [1] or [11] for more details.)

Concerning Theorem 2.1b, there is a stronger result which has a fairly
transparent proof.

THEOREM 2.1b". Suppose T is a completely nonunitary contraction in L(#)
such that for some @ satisfying 0 < 8 < 1/2, {(T) is dominating for T. Then T € A.

Proof. We must show that [[h{, == ||#(T)|l for every & in H*. Since the
functional calculus is norm decreasing, one always has ||A(T)|| < ||h|lw ,s0 it suffices
to prove the reverse inequality

(3) “,I(T)h “/II|°°, he H

To this end, let 1 € H® be arbitrary, and choose 0 satisfying 0 < 8 < 1/2 such
that {y(7) is dominating for T. We will show that

@ T 2 i — 20),

which is enough to imply (3). Indeed, /1 being arbitrary in A*, it follows from (4)
that |
(5) WD) 2 IHCT)] 2 W]l — 20) == [[Alla(t — 20), neN,

and taking n** roots in (5) and letting n tend to infinity yields (3). To establish (4),
it suffices, in view of the fact that

Sup WD) =, HheEH®
€2,(T

{which is equivalent to (7)) being dominating) to show that for every 4 € {y(7T),

© NA(D = (D] — 26]IA]lc -
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If A€ a(T), one knows from [17] that (%) € a(A(T)), so (6) is certainly satisfied.
Thus we may suppose that A € {(T)\a(7T), and from (2) we obtain the existence
of a unit vector v in 3 such that

%) (T — A)~Yo| > 1/6(1 — |A]).
Upon setting
(T— W
® CTE e
we get
©) T — 2] < 0(1 — |2,
Now write
(10) W) = h(d) + g0~ 4, (eD.

It is clear that g € H* and satisfies

an lglloo < 2f|Alloo(l — 12172

Therefore, from (8), (9), (10), and (1), we get

ACT)| = (Tl = [ + g(TY(T — Dul] >
> [h() — g(TUT — ul| >
> 1h(R)] — @lAllo(1 — [2)720C1 — 1)) = AR — 20]]lo,

so (6) is established and the proof is complete.

1t is easy to see that the Hilbert-space structure is never used in the proofs
of Theorems 2.1a and 2.1b’, so the following somewhat more general result is true.

THEOREM 2.2. Let & be a complex Banach space, and suppose ® is a repre-
sentation (of norm one) of H*®(T) into L(X) such that ®(1) = 1, and o(P(e'*)) o T.
Then either ®(e'*) has a nontrivial hyperinvariant subspace or ® is an isometry.

To see how (2) compares with conditions on the growth of the resolvent
satisfied by an arbitrary contraction T with o(T) o T, we close this section with
the following elementary result.

ProrosITION 2.3, If T is a contraction in L(H) satisfying o(T) > T, then
T — D~ =12 = 1), 2 >1,

and
(T —2)~Y = 1/(} —[2), e D \o(T).
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Proof. The formula #((T — A=) < (T — A)~-'l|, together with the spectrak
mapping theorem, implies that
T =D 2 11— 12, AeC\a(D),
and we have from von Neumann's theorem that
T=ATMI < YA =1, 1A > L

The proposition follows.

3. GROWTH OF THE ESSENTIAL RESOLVENT AND THE CLASS Aso

We denote by K - K(:%#') the (closed) ideal of compact operators in #{ # ).
and recall that the quotient algebra @(#) = L(#)/K is the Calkin algebra, whi

e
is a C*-algebra. The projection of Z(#) onto $(# ) is denoted by x, and the essential
spectrum of an operator T in Z(#) (i.e., the spectrum of #(7') in % (5 )) is denoted
by 6{T). The function 2 — (7(T) - )71 (== (n(T) -~ Al y) 1) defined on TN i 1)
is called the essential resolvent of 7. For each contraction T in £{#"), and for
each 0 satisfying 0<@<1, the following set was introduced by Apostol in | i:
(12) Ty oM nD L {ZeDNo(T): 0 (=(T)— 2~ > 14 — 2}

We now define the somewhat bigger set

Z{,(’I‘) o T) D} U F (YU {LLeDNGAT) 1 0 (R(T) - Ay 1 >1j(1 -~ )},
where .#(77) is the open set consisting of the union of those holes H in 6 (T) such
that Haea(T).

Apostol showed that if 7 is a contraction in Cyy(-#) (i.e.. a contraction in
£(# ) such that both seguences | 7"} and { 757} converge to zero in the strong operaior
topology), and for some d<f<l, I(T) is dominating for T, then T has a won-
trivial invariant subspace. Later it was shown in [6] that if T is an absolutely conti-
nuous contraction in Z(¢ ) such that 5,,(T) is dominating for T for some 0<{i<].
then T'e Ay . A somewhat shorter proof was given in (7. Chapter Vill], but both

of these arguments employ the Sz.-Nagy-— Foias functional model of a contraction,
and are not transparent. The purpose of this section is to give a short proof of
the following related resuit, which generalizes |7, Theorem 6.8].

TurcrtM 3.1, Suppose thar T is a contraction in Cyo(#) and  there exists

some O satisfving 0 < 00 < 1,2 such thar E_',’,(T) is dominating for T. Then T € A;\.“ .

The principal tool needed for the proof of this theorem is a result from {7}
which uses the following concept. if 7" is an absolutely continuous contraction
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in (), . e D, and there exists an element [L] of O, such that
<A(T), [L]) = h(A), he H=,

then we write [L] == [C,] and call this (necessarily unique) element of Q evaluation
at A, (It is easy to see that if T € A then [C,] exists in Q for every A€ D.) The
result from [7] that we need is as follows (cf. Definition 2.7 and Theorem 3.7).

PROPOSITION 3.2. Suppose Te A(#)NCy, 0 <y <1, A<D is dominating
Jor T, and for each ). € A, there exists a sequence {x,} == {x}} of unit vectors converg
ing weakly to zero such that

(13) T, —[x, ® x,lllg. <y, neN.
T
Then T e A»\‘o .

A link between Theorem 3.1 and Proposition 3.2 is supplied by the foliowing
fernma, which is useful in many situations.

Lemma 3.3. Suppose A € L(H), n(A) is invertible in C(H), and o« > 0. Then

@) if |In(A)~Y| > w, then there exists a sequence {x,} of unit vectors in ¥,
converging weakly to zero, such that ||Ax,)| < 1ja for ne N,

(i) if there exisis a sequence of unit vectors {y,} in # converging weakly
o zero such that ||Ay,|| < 1/x for n € N, then [[n(4)~Yi >a.

Proof. Write A = UP, the polar decomposition of 4. Since, by hypothesis,
A is a Fredholm operator, z(U) must be unitary, and, of course, n(P) is positive
with P. Hence

(i4) 1 2() = =n(P) " n(U) =2 =[ln(P)~ ] == 1/mino (P).

To prove (i), suppose [[n(P)~*{| > «. Then, according to (14), 1y = min{Z :
: 1 € 6(P)} satisfies 4o < 1/a. Since J, is either an eigenvalue of infinite multiplicity
for P or an accumulation point of o(P), it follows easily from the spectral theorem
that there exists an orthogonal sequence {x,}3., in 5# such that [[Px,||< 1/,
# e N, and since

(15) lAx||=IPx|l, xe#,

we have proved (i).

To prove (ii), suppose {y,} is a sequence of unit vectors converging weakly
to zero such that ||Ay,J| < 1/a, n € N. Then, by (15), we have ||Py,|| < 1/, n€ N.
On the other hand, by virtue of (14), if we set, as before, 1, = ming(P), then it
suffices to prove that 4y < 1/uw. Suppose, to the contrary, that 4; > 1/a. Then there
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exist at most finitely many points Z in o(P) satisfying 2 < (4 + 1/a)/2, and thus
there exists a finite-rank positive operator F e K(#) such that mine(P + F)>
=4y + la)2. Thus (P + F)x|| = (4, + 1/o)/2 for every unit vector x in %,
contradicting

liminf (P + F)y,ll - liminf||Py,| < 1/a,
so (ii) is proved.

Proof of Theorem 3.1. We are given some 0 < 0 < 1/2 such that E{,(T ) is

dominating for T. Since it is obvious that fé(T) < {o(T), it follows from Theorem
2.1b’ that T € A. Thus, according to Proposition 3.2, it suffices to construct, for each

AE C:;(T), a sequence {x,} of unit vectors converging weakly to zero and satisfying
(13) with y == 20. Suppose first that 1 € 0,(T). The argument in this case is by now
standard; for completeness we give it. One knows that there exists an orthonormai
sequence {x,} in # satisfying (T — A)x,|| —» 0. Since T € A, by the Hahn-Banach
theorem, there exists, for each n € N, a function /i, € H*® of norm one such that

”[CA] - [xn ® Xn]”QT o <hn( T)’ [C)] - [xn ® xn]> o
(16)

(2) = T, 13, @ %D = () — ((THX, ® X)) = (D) — (ho(T)x, , X,).

If we write, as in (10),

h(D) -~ 1) + 2O —2), neN, {eD,
then each g, € H* and satisfies
(a7 gl < 2MAJI — 1) = 201 — 1)
Therefore from (16) and (17) we obtain

IC2) -~ [xa ® x| == ha(d) — (o) + (@(TUT — Ay, %)} <

(18) < EATIT — Dxa, x| < [l (T — D, <

< 201 — 1ADHI(T — Dxall = 0,

so in this case, using some tail of the sequence {x,}, we have the desired conclusion.

Suppose next that A € 6,,(T). Then X,i(T#), and thus there exists an ortho-
normal sequence {x,} in # such that ||(7% — Z)x,|| — 0. With the 4, and g, defined
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as before, we obtain from (18):
”[CA] - [xn ® xn]” < ](gn(T)xpn (T* - x)xn)] <
< lgall MT* — Dyxll < 2010 — [2)-HI(T* — D)x, || - 0,

so once again we have the desired conclusion.

We consider now the case in which 1 € #(T), and we observe that (T'— 1)
is a Fredholm operator. We treat the case i(7 — 1) >0; the other case follows by
taking adjoints. Elementary properties of the index, together with [13, Lemma 2.2]
when (T — %) = 0, implies that the sequence {Ker(Z — 2)"} is strictly increasing.
For each n € N, let x, be a unit vector in Ker(7 — A)***© Ker(T — 1)*. Via (10)
we obtain, for any A in H®,

(D), [x, ® X, = (W(T)x,, x,) = (&(TUT — Dx,, x,) + h(d) =
= hA) = {A(T), [C])-

Thus [C,] = [x, ® x,] for n € N, and since the sequence {x,} is orthonormal, the
proof in this case is complete.

Finally, suppose that A€ IYT)\(F(T) U a(T)), so
NE&(T) — A~ > 1/0(1 — |A)).

Then, according to Lemma 3.3 with 4 = T — 1, there exists a sequence {x,} of
unit vectors in J#, converging weakly to zero, such that

T — Dxll <60 —14]), neN.
Hence, with the 4, and g, defined as in the first two cases, we have from (18) that
ICid =[x, @x,]ll < 20 — AT — Dxll €206 =y <1, neN.

Thus, by Proposition 3.2, the proof is complete.

We conclude this note by mentioning the following problem, which is of
some importance in the theory of dual algebras, and whose solution might be
approached by the methods discussed above.

ProBLEM 3.4. Suppose that for each n € N, T, is an operator in the class A.

Does it follow that } ® T, belongs to ANO ?
nEN
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