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DUAL ALGEBRAIC STRUCTURES ON OPERATOR
ALGEBRAS RELATED TO FREE PRODUCTS

DAN VOICULESCU

In [3] L. G. Brown considered C*-algebras %, ,(n), 9s,,(n) corresponding to
the unitary group and to the grassmanian. On the other hand in [12] we introduced
operations for probability measures on R and T (studied in [13], [14]) related to
reduced free products, which are similar to convolution on these groups. The
motivation for the present note' s to show that from the general point [of view
of categories these analogies can be given a precise meaning in the framework
of dual algebraic structures related to free products and to present further exam-
ples. Thus %,,(n) is a group, in a dual sense, which acts on %, (n) and the
operators in [12] are precisely the convolution on the state spaces of two operator
algebras which are dual groups related to R and T = #(1). Also, with each oper-
ator algebra with a dual group structure there is associated a group (for %, (n)
it is %(n)) and a dual action on some operator algebra gives rise also to an action
of the associated group on that operétbr algebra (see 2.5). In fact the action of
(n, 1) on the Cuntz-algebra @, constructed in [12] is due to the existence of
such a dual action of a certain dual group %, (n, 1). The algebras we consider
are operator algebras, however it is clear that the dual algebraic structures make
sense also in a purely algebraic context and the examples in Section 5 have
analogs in the purely algebraic context.

In order to deal also with “non-compact” dual groups we shall have to
work with pro-C*-algebras. In the case of a countable family of semi-norms these
are essentially the same thing as Arveson’s ¢-C*-algebras [1]. The necessary facts
about pro-C*-algebras are given in Section 1.

The generalities about dual algebraic structures (in the usual sense of cate-
gory theory) are in Section 2. ‘

The convolution on state spaces is defined in Section 3.

In Section 4 a generalization of Kuiper’s theorem is proven for repre-
sentations of dual groups.
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Section 5 is a list of examples of dual groups and of dual actions of these,
analogous to certain Lie groups and homogeneous spaces. In particular we
exhibit a generalization of the C*-algebras of Cuntz [6] and of the #(n, 1) action
on these algebras [12].

The present paper has been circulated as INCREST preprint No. 77/1985.

1. PRO-C*-ALGEBRAS

1.1. In view of the examples in Section 5, the limitation of our censiderations
to complex C*-algebras would be artificial. Hence, as in [9)], the C*-algebras will
be either real, complex or “real” (i.e. complex with an antilinear involutive
automorphism) (see § 1 of [9] and [10]). Accordingly the representations of these
C#-algebras will be on Hilbert spaces which are real, complex and respectively
complex with an antiunitary involution. By A we shall denote the C#*-algebra
R, C or C with complex conjugation corresponding to each of the three cases
considered. For real C*-algebras the states will be states of their complexifi-
cation which are real. Similarly for “real”” C®-algebras the states will be assumed
to be real on the real subalgebra.

1.2. A pro-C#-algebra is a C*%-algebra (4, |) endowed with a family
of C*-seminorms (|| }l)zc7 indexed by some directed set I'so thate < 8 = [xi, <
< fix|)g, sup||xll, - xil and moreover: ‘

ecl

A,_ P ll m Ami
<__
where the subscript 1 indicates the unit-ball and A4, is the quotient of A by the

ideal annihilated by | ..

Note that given a directed set I and epimorphisms of C#-algebras
W5t Ag — A, when a < B, the inverse limit C¥-algebra is naturally equiped
with a pro-C*-algebra structure.

1.3. EXAMPLE. X a locaily compact space, 4 = Cp{X) the bounded conti-
nuous functions on X and the C¥-seminorms |if]iy = sup] f(r)}, where X runs
' teK

over the compact subsets of X.

1.4, If (4, | {)eer) and (B, || |'s)sers) are pro-C*-algebras then a morphism
is a s-homomorphism (intertwinning the involutive antilinear z-automorphisms
in the “real” case) ¢ : 4 — B such that for every ff € J there is x € J so that
Yoy < Ixll. Note, that this implies (4, (] fldeer) and (4, (| [,)s0) are
isomorphic pro-C*-algebras if for every a € I therc is S € / so that |lxi, < fixll,
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and vice-versa for every f € J there is « € I with [|x[|; < [[x[|,. Also, this defini-
tion of morphisms implies that a representation on a Hilbert space of (4, (|| llo)ecr)
actually factors through some A,.

A state on a pro-C*-algebra 4 will be always assumed to be continuous
with respect to one of the seminorms. This ensures that the Gelfand-Naimark-Segal
construction yields a representation of A.

1.5. A pro-C#-algebra will be called separable if it is isomorphic to a
pro-C*-algebra having a countable family of seminorms and such that each of
the quotients A4, is separable. A separable pro-C*-algebra is always isomorphic
10 one with the seminorms indexed by N.

1.6. Let (4, (|| {l)ecz) be a pro-C*-algebra and B a C#*-algebra. Then
Hom(A, B) is the direct limit lim Hom(4,, B). Endowing each Hom(4,, B) with
—>

the topology of point-norm convergence and the direct limit with the direct

limit topology yields a topology on Hom (4, B), which depends only on the iso-

morphism class of 4. This implies that if y € lim A4,, the inverse limit being in
<___

the category of sets, the Hom(4, B) 3 = — n(y) € B is a continuous map. If X
is compact and F : X — Hom(4, B)is continuous, then sup || F(x)(»)|| < oo for
xeX

y € lim A4, which, in turn, if I is countable, easily yields that F(X) < Hom(4,, B)
(_—

for some a € I.

1.7. If ¢ is a morphism of pro-C*-algebras as in 1.4, then Ker¢ together
with the restriction of the seminorms (|| |l)«cs to Kerg is a pro-C*-algebra as
can be easily checked.

Let £ « A be a closed two-sided ideal of A which is pro-C* with respect
to the restriction of the seminorms (|| ||).er of A. Then A,/#, is a quotient of
Af# and let || |, be the corresponding C*-seminorm on 4/.#. Assuming moreover
that the set I is countable (in which case there is an isomorphic pro-C*-algebra
with seminorms indexed by N) one can easily show that (4/.%, (}| |Der Is a pro-C*-
-algebra.

1.8. We pass now to free products (see [2]). Throughout this paper we shall
consider only free products of unital C*-algebras and the free product will be
assuined to be with amalgamation over A. Thus we shall write A % B for A % 4B.

The definition of the free product extends in an obvious way to real and
“real’’ C*-algebras, Remark also, that the free product of “real”” C*-algebras,
after forgetting the “real” structure does not coincide with the free product of
the underlying complex C*-algebras, since the free product for “real”” C*-algebras
is universal with respect to morphisms which intertwine the involutions.
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.1.9. For unital pro-C*-algebras (4, (|| |l)«ecz) and (B, (|| llp)ser) we define
their free product as follows : the 4, ¥ B; form a projective system and we define

(43 B), == lim (4, % By), and consider on A% B the C*-seminorms || ll,p
F—

corresponding to the quotients 4, ¥ Bg;. Note that 4 % B and A % B are not
equal in general.

2. DUAL ALGEBRAIC STRUCTURES

The algebraic structures, to which we refer, are algebraic structures in a
category as defined for instance in Chapter IV, § 1 of [4], the category of unital
pro-C*-algebras with unit-preserving morphisms. This section briefly recalls, for
the readers convenience, the generalities about algebraic structures as they appear
in the context of this particular category. Direct products exist in this dual cate-
gory and are precisely the free products of pro-C*-algebras (with amalgamation
over A) and A is a final object. Hence, roughly speaking, the recipe for defining
a dual algebraic structure on a pro-C*-algebra is to define an n-ary dual operation

as a unital morphism pg:4 -4 % ... ¥ A and a null-ary operation as a

Nt ——— ———
n-times

vnital morphism y:A4 — A and to require that the diagrams defining the
algebraic structure (with inverted arrows) be commutative.

2.1. A dual group is a unital pro-C*-algebra A together with unital mor-
phisms p: A - A ¥ A, j: A—> A, y:A - A so that:

(¥ idgu = (idy * pp
jF=1id,
040 % idy) = eqx
O4(idy ¥ J) = eq
(O * idp = id,
(idy % xp =idy,

where ¢, : A — A is the unique’(unital) morphismand 6, : 4 ¥ A — A is the natural
morphism mapping both A’s in the free product identically into A.
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2.2. A dual action of the dual group (4, u,j, x) on the pro-C*-algebra M
is given by a unital morphism o : M — A % M such that

(u ¥ idy)e = (id, ¥ o)o
(x % id))e = idy,.

2.3. Under the assumption in 2.2, if B is a unital pro-C*-algebra then
Hom(d4, B) is a group the operation being m[ulny == §p(n, ¥ my)p, the inverse
of = is nj, and the unit ezx. The group Hom(4, B) acts on Hom(M, B), i.e. for
each n € Hom(4, B) there is 2 ‘map o(xn): Hom(M, B) - Hom(M, B) defined
by a(n)(p) = d(n % p)o and o(m)o(n,) = o(mlulns), o(esX)p = p.

2.4. If = € Hom(4, M) we define f(n) € Hom(M, M) by B(r) = o(z)(id,,).
We have B(m)B(ny) = B((B(r)n)[plmy). :

2.5. In particular there is a homomorphism 7y : Hom(4, A) - Aut(M)
defined by

(&) = Plend)).

Indeed, we have

WEDY(E2) = B(BlesrériemaNttlenén) =
= Blep&aililentni) = Blen(&ajlulén))) =
= Blew(GllEa)) = Y(ELES),

and also
Y0Om = BlepkjIm = o(eyx j)(idpym =
= Sp((emXj) % idpom =
= Oplen % idp)(X % idp)om = m

where we have used the fact that xj = x.
This should be kept in mind for the examples we shall consider: a dual
action of the dual group A on M gives an action of the group Hom(A, A) on M.

3. CONVOLUTION ON STATE SPACE
Let 4 and B be unital pro-C*-algebras and let ¢ and ¥ be states of A4,

and respectively B. The definition of the free product state ¢ % ¢ (see [2], [12]):
extends also to the real and “‘real” cases. If 4 is a dual group (actually duval semi--
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group would suffice) then there is an associated binary operation on the state
space £(A) defined by

01 ® @3~ (@1 % @) .

Moreover, the dual nullary operation x: A4 — A is a neutral element for
the operation @ and in case A4 is a group the map ¢ — ¢ j is an antiautomorphism
of £(A), i.e.:

(@)@ (02-)): (P2 @ ¢1) .

Since the free product of two trace-states is again a trace state, it follows
that the traces form a subsemigroup of E(4).

4. A GENERALIZATION OF KUIPER'S THEOREM

4.1. Let X be a compact space, 4 a separable pro-C¥-algebra and B a
C=-algebra. Let Map(X, Hom(4, B)) denote the space of continuous maps from
X to Hom(4, B) topologized as in 1.6. In view of 1.6, Map(X, Hom(4, B)) iden-
tifies with the direct limit of Map(X, Hom{A4,, B)) which in turn identify with
Hom(A4,, C(X, B)) the direct limit being Hom(4, C(X, B)). We shall endow
Map(X, Hom(4, B)) with the topology obtained from the identification with
Hom(4, C(X, B)).

4.2. THEOREM. Let X be a separable compact space, H a separable infinite-
-dimensional Hilbert space and A a separable pro-C*-algebra which is a dual group.
Then the space Map(X, Hom(A4, L(H))) is connected.

Proof. Let Fe Map(X, Hom(A4, L(H))). We shall prove that the connected
component of F contains the constant map equal to ¥ ® I,;, where X is the nullary
operation of A.

Let Q -~ ) F(x)(4) < L(H) and let D be the C*-algebra generated by €.
xeX

in view of our assumptions D is separable and there is a continuous mapf‘: X -
—» Hom(4, D) such that F(x)==1~ F(x) wherc 1:D — L(H) is the inclusion.

We shall use several times the fact that the connected component of F and
of a limit of maps of the form UFU* where U is a constant unitary on H (real
in the “real™ case) are the same.

Using the non-commutative Weyl-von Neumann type theorem of {il] (for
the adaptation to the real and “real” case sce [9]) we may replace H by
H@ H@® ... and F by & where

Ix)=F) PG RGCL)D ...

with G(x) == p o F(x), p being a represeniaticn of D on H.
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Let a(¢) be the inner automorphism of L(H @ H) corresponding to con-
jugation with

nt 11
cos — [, -—sin—1,
2 H 2 H
U([) ==

.ot nt
sin — [, cos— [
2 2

We consider

Yi(x, 1) = F(x) @ Ex, 1) @ Ex(x, ) @ ...
where £, € Map(X x [0,1}, Hom(A, L{(H @ H))isdefined by
Ey(x, 1) = (G(x) + 7l = (X @ L) + G(x)).

Then ¥, connects ®(x) = ¥,(x, 0) with ¥,(x, 1) which after permuting the sum-
mands in H @ H @ ... can be written as

K@ ln®d@(® e ...

where

K(x) = F(x) @ (G(0IG(Y) @ (GG @ ... -

After identification of H@® H @ ... with H, we may assume K(x) is a repre-
sentation of 4 on H.
Consider further

Yolx, 1) = K(x) @ Exf{x, 1) @ Ex(x,1)® ...

Vx,t) = Ey(x,1 — 1)@ Ey(x,1 — 1)@ ...
where

Ey(x, 1) = (K(x) @ (x ® Ty)pl(et) o (K(x) o /) @ (x @ Lu)))-

We have
Wz(-x9 0) = qll(x’ 1)

Wy(x, 1) = K(x) @ (K(x) @ (K(x)° ) ® (K(x) ® (K(x) /) D ...
Yy(x, 0) = (K(x) @ (K(x) o /) @ (K(x) @ (K(x) ) © - ..

P, =@ ® (@@ ... .
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Since ¥y(x,1) and ¥y4(x,0) can be identified after a permutation, we can
connect F to

GO RIHND ...

which is equivalent to y ® I. Q.E.D.

4.3. As we shall see in Section 5, C(T) has a dual group structure and
Hom(C(T), L(H)) being homeomorphic to the unitary group #(H), the preceding
theorem implies that Map(X, #(H)) is connected, which is the essence of Kuiper’s
theorem.

5. EXAMPLES

In this section we shall discuss examples of dual groups (4, u,j, ¥} and of
dual actions on pro-C*-algebras M, o: M — A % M.

The natural injections of Binto B ¥ B will be denoted by i, , is.

For “real” algebras the antilinear automorphism will be denoted by a — 4.

The pro-C#-algebras 4 will arise as inverse limits of C*#-algebras A; « A, «
— Ay« ...

5.1. THE DUAL GROUPS Rce, Rrac. We take A, = C([(—n, n]) to be the
continuous functions on {—#, #], complex-valued in the first case and real-valued in
the second case. Let T, be the identical function in C([--#, n]) and let g, : 4., -
— A, % A, be given by u,(Ts,) = i,(T,) + i(T},). u is the inverse limit of the p,’s, j
the inverse limit of j,'s, j,(T,) = —7T, and X the inverse limit of %,’s, Z,(f) == f(0).

The groups Hom(Rc¢,qc, 4), Hom(Rg ac, A) are isomorphic to R.

The convolution on the state space of Rc,nc is the operation on compactly
supported probability measures on R, which we introduced in [12] and studied in
[13].

5.2. THE DUAL GROUPS CORRESPONDING TO CERTAIN MATRIX GRCUPS. All
these dual groups will arise as inverse limits of A,’s generated by (X; j..)i1<ij<a
satisfying

n-, < X¥X,

" < nIm

=, < X, XF € al,



OPERATOR ALGEBRAS RELATED TO FREE PRODUCTS 93

where X, == Z Xijin®e;€ A, ® 4, together with additional relations

n
1<i, jsd
which will be specified in each case. The dual operations p and j arise from
My Ap - A, X A, j, ' A, = A, where

ﬂ:x(Xi,j;"Z): Z il.(Xi,k;n)iz(Xk,.i;n)

l<k<d

Z. d.irl(Xi,j;il) ® eij = A,1-1-1

1<i, j<

The nullary operation X is the inverse limit of ¥,:4, - A where X,(X;, j;») = 6;j.

5.3. The examples in 5.4—5.10 will correspond to the matrix groups listed in
§ 4, Chapter IX of [7]. For these dual groups it will be convenient to recall some
notations from [7] which we shall use.

I, will denote the unit matrix of order m in a given algebra of the form

B ® 4, and
’ 0 .I‘q

(5%
._[m 0

—I, 0 0 0
0 I, 0 0
Ky g = }
0 0O -1, 0
0 0 0 I,

If B is “real”, for a matrix Y€ B ® .#, we shall write Y for the matrix
with entries (37),-1- = f’;

5.4. THE DUAL GROUPS 4% (d,C), 9%, . (d, R). The algebras are complex
and respectively real and the generators satisfy only the relations in 5.2.

We have Hom(9Z . (d, O), 4) == 9%(d, C) and Hom(¥%Z,.(d, R), A) =
= GL(d, R).

5.5. THE DUAL GROUPS %}.(2m). We have d = 2m, the algebras are “real”

and we have the additional relations

Xk, Iyn =7 A’m 1k, m+l;n

Xm+k,l;n = "Xk, m+l;n
where 1 € &,/ < m.



94 DAN VOICULESCU

5.6. THE DUAL GROUPS %, .(p,q), 6,.(p, q). The :lcebras are complex and
respectively real, d == p + ¢ and we required that

XL X, =1,

We have Hom(#,.(p, 9), A) = “«(p, q), Hom(€,(p, q), A) = C(p, g).

57. THE DUAL GROLP (€, (m, C). The algebras zre “real” and we
require that

XiX,=1,
We have Hom(6G, (m, C), A) = O@m, C).

5.8. THE DUAL GROUP @F(2m). The algebras are “real”, d = 2m and we
require that

ne

Xian = Id’ J A,n']m ’ ”Xn .

m

We have Hom(0%.(2m), A) = 6*(2m).

5.9. THE pDUAL GrouP &, (m,C). The algcbras are “real” ¢: 2m and

we require that

/ nc
7ll*']HIXn = Jm .

We have Hom(%,: .(m, C), 4) == & ,«(m, C).

/“nc

5.10. THE DUAL GROLP ¥ (1, R). The algebras are real, d --2m and
we require that

X:JMXH = J"l'
We have Hom(%,:

/' n¢

(m, R), A) == &,i(m, R).

5.11. THE DUAL GRoupr Z,; (p,q). The algebras are “real” d« 2(p + ¢q)

/'ne
and we require that
*JP an 'lﬂ -q

XK, X, —K,,.
We have Hom(%,?,.(p, q), A) = & /{p, q).
We pass now to examples of dual actions of dual groups.

5.12. THE DUAL ACTION OF %, (p, q) ON THE ALGEBRA A, ,. The algebra 4, ,
is the complex C#-algebra defined by the generators S;; (1 < i< p,1<j<q)
and the relations

S§#S =1

p>

S8% = 1,

where S is the p X g matrix with entries S;;.
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The dual action o:4,, > %, (p,q) ¥Ap,q is given as the inverse limit
of 6,: 4,4 A, ¥ Ay, (vecall % (p.q) is the inverse limit of A,’s) where
o, is defined by the matrix equality

0,(S) = (&, + S7,)" (B, + S6,)

where we have written

x = b
" \’y}l 6"

where a,,, 8, v., 9, are p xp and respectively p X ¢q, g Xp and gx g matrices and we
have identified 4, with the corresponding subalgebra of 4, * A

Once we have shown that g, is a well defined homomorphism, the fact
that ¢ is a dual action is an easy algebraic exercise which we have left to the
reader.

To check that ¢, is well defined, amounts, in view of the definition of the
algebras, to the following: given X, (1 < k,I<p+ ¢, S;1 <i<p,1 <j<q)

bounded operators on some Hilbert space H such that X = (a g) the matrix
14

with entries X,, has bounded inverse (actually of norm < }/n), X*I, X = I, , and
S satisfies S*S =1,, S§* =I,, one must show that T = (x + Sy)~'(8 + Sy
satisfies

T*T =1

p°*

TT* = 1I,.

Note that H may be assumed to .be separable since we are dealing with
finitely many operators and also infinite dimensional, since we may take an infinite
orthogonal sum.

First we must prove that o + Sy is invertible. Since X*/, X = I, ; we have
o*e — y*y = I, and hence for { € H@®C? we have

I + SN = ol — NI Nell + MyD-HIEN" = [1EiIdtell + [IyID-*

so that o + Sy has a bounded left inverse. By the generalization of Kuiper’s

theorem in Section 4 the set of X, ; such that X, X~' are bounded and X*J, X =

== I, , is connected, hence o + Sy is left invertible and is in the same connected

component of left invertible elements as I + §-0 = I and hence invertible.
Putting X = (I,, S), we have XI, ,2* =0 so that

(I, D, (0, Ty = (@ + $Y)EXL, X*Z%o + Sy)* =

= (& + Sy)~'EL, T¥x + Sy)*~t =0
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which gives I : TT%. To see that 7#7T == [ we use again the connectedness argu-
ment based on the generalization of Kuiper’s theorem: 7T: H ® C? - H ® C? is
an isometry which has the same index as the isometry obtained when X =1, i.e.
S which has index 0. Thus we also have TT% = [.

The algebras A, , are a generalization of the C*-algebras of Cuntz [5] and
the dual %, (p, g) action in particular implies the %(n, 1) action on the Cuntz-alge-
bras ([12], see also [5]).

5.13. THE DUAL ACTION OF €F.(2m) ON THE ALGEBRA D, . The algebra D, is
a “real” C*-algebra defined by the generators S;; (1 < 7,j < m) and the relations

$¥S = §§% = 1,. S*=—8§

where S is the mxm matrix with entries §;;. The dual action ¢:D, —

- €% (2m) x D,, is defined as the inverse limit of o, : D,, - A, % D,, (recall G, (2m)
is the inverse limit of A,’s) where o, is defined by the matrix equality 6,(S): -
oa (a, + Sy,)1-(B, + S5,) where we have written

o, Bn) - Q:ﬁ)(ngm’ Qm s 2_1/2(.1,,, lIm) .
yﬂ 5" IIT" Im

Note that for Y,=Q*X, Q. we have Y3/, ,Y¥=1,, and a, == O,

ﬁn == —Vn .
That ¢,(S) is unitary follows from 5.11.

Moreover we have o,xf — B,8% = I,, a,B¥ + B,a¥ = 0 so that

(S*a, — BI)F — B,S*) = (S*B, + € )Bi + dfS?)
and hence

(@, (S))* = (B¥ + TES)ak — BrS)™" —
P (S:::ﬁn + &;ﬁ:)—l(s:::dn - Bn) == _(dn - Sﬁn)— 1(‘S.“n + ﬁn): —-aTn(?)

which shows that o, is a well-defined homomorphism.

5.14. THE DUAL ACTION OF THE COMPLEXIFICATION OF %/ (m, R) ON THE
ALGEBRA C,. The complexification of ¥/, (m, R) is a “real” pro-C*-algebra
and the defining relations can be written

X:;‘Jan == Jln’ Xn = Xn'
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The C*-algebra C, is a “real” C*-algebra defined by the generators
S;; (1 <i,j < m)and the relations

S§* = §*S=1I,, S*=§

where S is the m xm matrix with entries S, ;- The dual action ¢ is the inverse
limit of the g, : C,, » 4, % C,, where g, is defined by ¢,(S) = (x, + Sv,)" (B, + S3,)
where we have written

(a" ﬁ") = Q;Xngm H Qm = 2-1/2 Im ilm) .
Vn an 1'Im Im

NOte that for YTI = Q’ﬁXIIQM We ha've Yn*‘[lﬂ,"l }Ill = I"l,"l and all = 5"’
f. = ¥.. The unitarity of ¢,(S) follows from 5.11.

Moreover we have aaf — 8% = I, B,o¥ = & ,B¥ which implies

(S¥0, + Bk + BES*) = (S*B, + Z)(BE + AES*)
and hence

(6.(S))* = (BF + aFS¥) ok + BrS*)~t = (S*B, + &,)"(S*a, + B,) =
= (8B, + @,)"%(Se, + B,) = 6,(S)

which shows that o, is a well defined homomorphism.

5.15. The dual actions defined in 5.12, 5.13, 5.14 can be in fact extended
to bigger algebras, namely to the algebras where the condition that S be
unitary is replaced by the condition that S be a contraction. The proofs are
along similar lines. ’

5.16. FURTHER EXAMPLES. In the examples 5.4—5.11 the groups Hom(4, A)
were reductive, but there are many examples where Hom(4, A) is not reductive.
For instance there are dual groups for which Hom(4, A) is isomorphic to various
solvable groups of upper triangular matrices. Also, taking free products yields
further examples.

There are also many examples of dual actions. We should especially draw
attention to the natural dual action of 4%, (m,C) (and of its various “dual
subgroups™) on the non-commutative grassmanian considered in [3] or on simi-
larly defined non-commutative flag manifolds (i.e. C*-algebras generated by
PH1<i,j<m, 1<k<n such that P® = (PP),;,j<n are self-adjoint idem-
potents and PW > PA > .. > P

5.17. An extension of the considerations in the present paper to free products
with amalgamation over some fixed. algebra has been indicated in [15].

7 ~ 2533
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