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PROXIMINALITY IN OPERATOR ALGEBRAS ON L,

KEVIN T. ANDREWS and JOSEPH D. WARD

The subject of approximation by elements drawn from various spaces of
operators has been the object of much study in recent years. It has been shown [12],
for example, that the space of compact operators on £,, 1 < p < + oo is proximinal
i-e. each operator on £, has a nearest compact approximant. More recently, Arveson
[3] has exhibited formulas for the distances between a bounded linear operator
on £, and the subspaces of triangular and quasitriangular operators. These ideas
were later extended to the context of operators on L, [7] and inspired a series of
papers[1, 4, 5, 10, 11] which have dealt, among other things, with the characterization
of quasitriangular operators on L,, proximinality of the quasitriangular operator
algebra, and similarity transformations between nest algebras.

The purpose of this paper is to consider some corresponding questions for
operator algebras on L,. Specifically, we introduce and characterize quasitriangular
operator algebras on L,. We give formulas for the distances between an arbitrary
bounded linear operator on L, and the algebras of triangular and quasitriangular
operators. As a consequence, we show that these algebras are proximinal. As might
be expected our methods are quite different from those used in the Hilbert space
case and rely on a measure theoretic representation theorem of Kalton [9] for
operators on L,.

We now fix so me terminology and notation. Throughout this paper the symbol
L, = L(|0, 1]), u) will denote the Banach space of all real (or complex) valued
Lebesgue integrable functions defined on [0, 1]. Lebesgue measure on [0, 1] will
be denoted by p. The Banach space of all bounded linear operators on L, will be
denoted by B(L,) while B1(L,) will refer to the closed unit ball of L, . The subspaces of
B(L,) consisting of compact and weakly compact operators will be denoted by # and .
W respectively. For each measurable subset A of [0, 1] we let P: L, — L, denote the
natural projection operator, i.e., P, f = fx, for all fin L,. (Here y, is the characte-
ristic function of the set 4.) For any projection P on L, let P+ = I — P denote its
complement. An operator T in B(L,)is said to be (upper) triangular if Pis 5T P05 = 0
for all numbers b in [0, 1]. We denote the subspace of B(L;) consisting of
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trizangular operators by %. In [2, Proposition 2] we showed that there is a norm
onc projection P, of B(L,) onto %. For any T in B(L,) then, we let T, = P.(T)
be the (upper) triangular part of 7 and 7_ :=T — T,. Let M[0, 1] = CJ0, 1}*
derote the space of all real (or complex) Radon measures on [0, 1] with finite
variation. Kalton has shown [9, Theorem 3.1] that for any operator 7" in B(L,)
there exists a w*-Borel measurable map ¢t — u, from [0, 1] to M[0, 1] so that for
all fin L,

T = S ) dns) peac. -
[0,1}

Mereover,

\Ti = sup - - S 14(B) du)
pB0 nB
(.1

The measures {y1,}refo,1; Will be termed the family of representing measures
for T.

Finally a subspace & of B(L,) is said to be proximinal if for all T in B(L,)
there exists an S € & so that ||S — T|| = d(T, &).

A version of our first lemma has already appeared in [2, Lemma 4]. It is
rather technical so we wish to include some motivation.

Let P,v denote the projection onto the first n components of a vector v
in /;. If e, denotes the nth coordinate vector in £, it is easy to see that
(T, — P,T)e,) =0. Lemma 1 proves an L, asymptotic version of this obser-
vation where characteristic functions of “small’’ support play the role of ¢,.

LemMa 1. Let T be an operator on L, and let ¢ > 0. Then for each measur-
able set G < [0, 1] of positive measure there exists a countable collection of disjoint
measurable subsets I, of G and numbers b, in |0, 1] so that [0,b,] = I, ¥, pl,: - uG,
ul, > 0 for each n, and

. e ‘ " 'y y
;(T+ —_ -P[O.b,,ET) ‘ "_["") [i == ’1 (T_ —_ P[J(.),b,,]T) (u_IH_) “ < E.
/ ool JE Pha 7

Proof. Let ¢ >0 and let G be given as above. It suffices to show that
there is a measurable set £ < G and a number d in [0,1] with uE >0 and
(Ts — Po.aiT) g i)l < & for once this is done we may appeal to the technique
of exhaustion to produce the I,’s which satisfy the conclusion. Now let {g,}:eq0,1) be
the family of representing measures for 7. Since the function  — [g,| ([0, 1]) is
integrable [9, Theorem 3.1], there exists a d > 0 with & < &so that if B is a measur-

able set with uB < § then S Tt ([0, 17) du(r) < (¢/2) uG. Now, for each a, consider

B
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the function f,: [0, 1] — R given by f,(¢) = |p|({t — 1/n, ) n [0, 1]). Note that each f,
is measurable (since, for example, it is the pointwise limit of the measurable functions

1
- . 4,—~ n[o,1 .
Funt) = z I ([ T ) [ 1) ” wm(’))

Moreover, lim f,(¢) = 0 for each ¢ in [0, 1]. Now choose « such that 20/(1 — a)<¢g/2

and 0 <o < 1. By Egorov’s Theorem there exists an integer N such that
u{t : |fn(®| > o} < 5. Now by the regularity of u it is possible to find a sequence
of disjoint open intervals F, so that Gc|J F, a.e., i.e. u(G\|JF,) = 0 and that

m
n m

for each m, p(F, nG) > (1 — «)/2)uF,, and pF, < I/N. This is accomplished
by first finding an open set O, o G so that ¢G > (1 — o) uO; and then choosing
disjoint open intervals A4; so that UA c 0,, ZyA = 10, and, for each i,

yA < I/N. Let J={i: /.4(A nG) > ((l — )/2) [JA} Then

) 1 o
Y ud; >( ) 10,
i€
since otherwise
G =Y uA4;nG) = Y u4;nG)+ Y, n(4;nG) <
ieJ rys

1 —« 1 —u
< u0,+( uA; <
( 2 ) : 2 )i;gZJ

1 — | —u
<( 7“)u01+( . )uol (1 — 2) 4O,

which is a contradiction. Note that u(Gn(_LJ A < (1 — )/ — a)~uG.
We now repeat this procedure on the set G n (LJJA i), i.e. we choose on open set O,
so that Gn (UJA,-) <0, <4, and u(G'r;é (U 4)) > (1 —o)u0;, and then
choose disjoint’ Zpen intervals ’ékj so that | C; c'¢0j2 R Z uC, = u0, and, for each k,
HC, < 1/N. If welet L = {k: u(C,nG) k> « — oc)/2)k;tCk}, then

Y, 4G = (1 —@)/2)u0, and  pu(Gn( &JLC,\.)) < (—l——zi )2 (I —a)~1uG.

kel

Continuing in this way we obtain the sequence of disjoint open intervals F, that
were described earlier. Now, for each m, let B, = F,n{t:|fy(t) > «} and
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B =) B,,. Then uB < ¢ and hence, for some 1, we have that S i ([0, 1D du(n)<

B"i

< (¢/2)u(F,, n G). For if not, then

mw ni

B B,

ZICEETORS) S 00, 1) 8u@) > 3 S u(Fa 6) = -4,

~

which contradicts the choice of 8. Fix an m such that S {40, 1) du(r) < (¢/2) -

B

m

‘u(Fy 01 G). Now F,, = (c,d) for some numbers ¢, d. If we now take E = F, n G,
then

7 1 1
Ty - PoaT) (Fé) Q) = ’IE plEN[E, 1)) — ”l"l‘E"' l‘r(E)X[O,d](t) a.e =

1
= e — Eﬂ[O,t))'/, (t) a.c..
Y il [ed]
Hence

i xe V|1
@, — poar(22) 'j - L S 1CE D [0, 1) dut) <

m

1 _ 1 —1_’
< Slu,icc, D) < - S s [t -1 ,)du(,)s

Fn Fm

<! { S Il [t ]—:,—’z)du(tw S m.t[r—-;lv—,t)du(t)] <

F m\B m Bm

: F,\B F,\B,, €
< 1~—Otu(Fm\Bm)+ £, < M + & <_£<L-~_l + —
UE 2 (1 — a)uF, 2 2 uF,, 2

<e

Finally, note that
T = (P + Pio,a)T =T, + T-
so that
PyaoT — Ty =T_ — Pig.aT.
This completes the proof.

We are now in a position to give our first distance formula. We recall that
Arveson [3, Theorem 1.1] has already given the first part of this formula for oper-
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ators on Hilbert space. However, the fact that for operators 7 on L,, d(T, %) ==
=:|| T || is a point of difference with the Hilbert space case since operators on Hilbert
space do not generally have bounded triangular parts.

THEOREM 2. Let T be an operator on L,. Then
d(T, %) = sup ||Ppp,qTPpo.sll = || T- Ii.

Consequently, the algebra U is proximinal.

Proof. Tt is easy to see that || T_| > d(T, %) > sup ||Pis.TPp.5l. To show

equality throughout, we let ¢ > 0 and choose a measurable set G [0, 1] so that

: Xc
T- (m)

and numbers b, so that for each n, [0,6,] o I,, Z ul = uG and

> (1 —¢)||T-1|. By Lemma 1, there exist measurable sets I, = [0, 1]

il _ X[ : e ;
[ riagm (G )| s = s )<

. X wl, X4
Now since —g == ¥ -1 &

e el —#[, a.e., it follows that, for at least one n,

4

l!T ( Zl"—)” > (I —¢)||T-| and hence
T\ -

n

| 1 y , X’n 1 X[n X’n
' P [O,b“]T-P[O.b”] - ‘u[" - == (P[o,b“]T - T.._) #‘—In' + T_ ‘”Tn

Consequently, sup ||Pj5,q7Pro,q[ > I|IT- || and we have the result.

=(1 —||T- | —e

We now turn to some operator algebras that are perturbations of the triangular
operators. Such algebras were first introduced and characterized in [3, Section 2]
in the case of operators on £, and later extended in [7] to the case of operaters
on Ly. An operator T on L, is quasitriangular if and only if the set of operators
{Pi5, TP, :s€[0,1]} is a norm compact set of compact operators on L,.
In [7] it is shown that these are exactly the operators that can be written as sums
of triangular operators and compact operators. To obtain a comparable result
in L, an alternative formulation of quasitriangularity is needed. To see this, consider

' 1

the rank one operator T given by Tf = (S fdu) Xjo1;- Then T is an element of
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U + 3¢ but the set {P[ﬁ,slTP[oﬂs]:s in [0, 1]} is not even norm separable in B(L,).
Of course in the L; case one may perturb by weakly compact operators as well
as by compact operators and in some ways, as we shall ses, thz subspace ¥ of
B(l.,) behaves more like the subspace of compact operators on L, than 7 does.
Accordingly we present two versions of quasitriangularity in the following dzfinition.

DEFINITION. An operator T on L, is said to be (weakly) quasitriangular
if the operators {P 4TPy :s in [0, 1]} are uniformly (weakly) compact, i.e. if
there exists a (weakly) compact subset C of L, so that (P{lo,x]TP[o,s]) BI{L)) = C
for all 5 in [0, 1].

Note that a norm compact subset of compact operators on L, will consist
of uniformly compact operators so this notion of quasitriangularity includes the
Hilbert space case. In order to show that these quasitriangular operators are perturb-
ations of triangular operators we need the following lemma.

LEMMA 3. If T is a {weakly) compact operator on L., then the operators T,
and T_ are also (weakly) compact.

Proof. By the Dunford-Pettis theorem [6, pp. 68—75], the operator T is
Bochner representable, i.e. there exists a measurable function g: [0, 1] = L, so
that

Tf = gfdu for all fin L,(u).
[0,1}
Consequently, (Tf)() = S g()(@) f()du(s) a.e. so if {yt,}re01- is the family of
‘01
representing measures for T then u/(E):== Sg(s)(t)f(s) du(s) a.e.. Now T, is

E
represented by the measures u;b given by pf(E) = u(Enlt, 11) [2, Propositicn 2].
Hence

wH(E) = Sg(s)w) %,12.(5) duts) = S £(5)(E) Z10.110) AHCS).

Thus, T, can be represented in the form

T.f= S g+fdu
(o.1)
for all fin L, where g, (s) == g(s) o s](-) a.e.. Now if the essential range of g

is (weakly) compact, then so is the essential range of g,. Thus, by the Dunford-
-Pettis theorem [6, pp. 68—75], T, (and hence T_) is (weakly) compact whenever 7'is
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We remark that it follows easily from Lemma 3 that the algebras # + X~
and % + 4 are norm closed for if U, + T, —» S where U, € % and T, is (weakly)
compact then (T,). =(U,+ T,)_ — S_ so S_ is (weakly) compact. Hence
S= S8, + S_ is of the desired form. This argument contrasts sharply with that
needed in the L, case [7, Theorem 1.1]. On the other hand, the proof of the charac-

terization of quasitriangularity given below follows much the same lines as in
[7, Theorem 2.3].

THEOREM 4. Let T be an operator on L,. Then T is a (weakly) quasi-
triangular operator if and only if T= U+ K where U is an upper triangular
operator and K is a (weakly) compact operator.

Proof. If T = U + K, then the set C = | Pjs,q K(B1(L,)) is relatively (weakly

compact in L, and

U PisnTPro,BI(L) = U Pis gk Pro.o(BI(L,) < €

so T is a (weakly) quasitriangular operator. To sec that the converse is true let C
be a (weakly) compact set in L, such that U P[lo,S]TP[O,s] (BI(L) < C. Then if
5

we define operators K, on L, by
2"
Z P oty n),

pren N (OR7- 508 m i [o (i-1)/2"

then we have that each K, is a (weakly) compact operator since for each i and n

[0 if2" TP 10, ij2" 1 [o = 1)/2"]) [0 ilzanP[o, i/2"](P[0, i2™ - P[o, (i—1)/2”])'
Moreover,
ot
1K Sl < _;1 1P e T I8 izayyer, ey T < ITHAAN

so || K,il < |7} for all n.

Now since each operator P[f,,s]TPm,s] is (weakly) compact, there exist by the
Dunford-Pettis theorem [6, pp. 68—75] functions g;,: [0, 1] > L, which take their
values in C such that

(Pl TP, o)) = Sgi,.,fdu for all fin L,.

fo,1n
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Consequently, each K, will have the representation

i

s = du for all fin L,.
nf S (,: lg""l((i—l)l‘.}",iﬂ"]) (f) H or a f]n 1

[0,1]

It follows that K,(B1(L,)) = co C for all n. Since L, is separable, we have the sct

weak

of operators {K,} is sequentially compact in the { } operator topology. By

strong
passing to a subsequence we may suppose that (weak) lim K, f — Kf exists for all f

in L,. The operator K is a bounded (weakly) compact operator on L, and since

i

e 4 _— od e s — ’)Ii}
Pw’ml,,](T I\,,,)P[“‘ 0 forany m<an, j==0,1,...,2

.'- ,2i71 ]

follows that
| Ph ;o\ = K)Pm‘j gy 0 for all j,m.
Hence

P (T — K) Py, =0 for all s in [0, 1]

and so T -~ K~ U for some U € %, as desired.

Our final result deais with the proximinality of % + ¥ . The appearance of #~
here rather than 2 is not surprising in view of the fact that # is not proximinal
in B(L;) [8] but #°, though not an M-ideal, is proximinal in B(L;) [13]. By
combining the distance formula of [13] with that of Theorem 1 we can give an
easy proof of the proximinality of weakly quasitriangular operators. The arguments
used here are thus different than those employed in the Hilbert space case in [5]
which rely on the M-ideal structure of compact operators in B(L,).

THEOREM 5. Let T be any operator on L,. Then

dT, % + W)= lim |P,T_| == d(T-,#").

uA—0

Consequently, the algebra U + W is proximinal.

Proof. Let Ue % and We ¥. Then

T — (U + W) > ‘j—mo [PAT — (U + W))-i =

> lim |P,T_ — P, W_|l > lim ||P,T_]|
uA—-0

A0
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since lim [PaW_|| =dW_,#)=0 [13]} for W_ is weakly compact by Lemma 3.
HnA-0

Consequently,
AT, % + W) > lim ||P,T_].
uAd-0

Butif W is a best weakly compact approximation to 7, then
17— (T + W) = |IT- — W] = lim |P,T_]|
nA—
so we have the result.
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