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TYPE AND COTYPE INEQUALITIES FOR
NON COMMUTATIVE L*-SPACES

THIERRY FACK

INTRODUCTION

We say that a Banach space E is of typer, 1 <r < 2 (resp. of cotype
5,2 < s <00} if there exists a constant C = C(E) > 0 (resp. K= K(E) > 0)
such that:
E(| £x k... 22,2 <CCY DY

l<ign

(resp. (1 Y IEIY) < KE(l£ %0 4 % + ... £ x|
<ign
for all finite sequence (x;, x,,...,x,) of elements in E, where E(-) denotes the
mean-value (2"signs). These two properties are very useful in the study of the
geometry of Banach spaces (cf. {15]). Recently, W.J. Davis, D.J. H. Garling and
N. Tomczak-Jaegermann have introduced (cf. [3]) the notion of uniform-PL-
-convexity. Recall that a Banach space (E, || ||) is said to be p-uniformly-PL-convex
if there exist a real ¢ > 0, and a constant C > 0 such that
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It is well-known that the L”-spaces of 2 measured space are of type s: =
==min{p,2} and of cotype r = max {p, 2}. By [3], these classical L?-spaces are
also 2-uniformly-PL-convex for 1 € p < 2 and p-uniformly-PL-convex for 2 <p <oo.

These results have been extended (cf. [14], [21], [3] and [22]) to the Banach
spaces C, of all compact operators 7 on a Hilbert space such that

[\Ti, == (Trace((T*T)P/*))? < co.

Moreover, it is proved in [21] that the predual of any von Neumann algebra
is of cotype 2, a fact which follows from the 2-uniform-PL-convexity of the dual
of every C¥-algebra (a proof of this result, due to U. Haagerup, may be found
in [3]).

In this paper, we shall prove that the “son commutative’ LP-spaces L?(M)
associated with a general von Neumann algebra M have the same properties of type,
cotype and uniform-PL-convexity as the usual L?.spaces. “Non commutative™
LP-spaces arise naturally in the study of the leaf-space of a foliation from the
measure theory point of view (cf. [2]). Our first result concerns the behavior of
Rademacher averages of elements in LP(M) (Khintchine inequalities):

1

. . o\
o3 e < (Vi % reomige) <

igisn

SAL Y T if2<p <oo;
1

2

<ign

1

. e ‘ C\Up
AL S T < (Shlﬁ noTiigar)” <
¢

SCY T if1<p<2
1gign
where (Ty, T,,..., T,) is any finite sequence of eiements in L?(M), A, and A, are
constants depending only on p, and where r; denotes the i-th Rademacher func-
tion, i.e.
r(2) == sgn(sin(2’nt)) for 0 < ¢ < L.

These inequalities, proved by combining complex interpolation methods together with
rearriingement inequalities obtained in [8], imply that the “non commutative”
LP-spaces L”(M) associated with a von Neumann algebra M are of type s: :
:»min{2, p} and of cotype » -= max{2, p}. Our second result asserts that these
“non commutative” LP-spaces share also the same properties of uniform-PL-
-convexity as the classical LP-spaces. These results allow us to prove that any operator
from a C*-algebra A into a ‘“‘non commutative” L?-space L?(M) factors through
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a Hilbert space, and is 2-C*-summing in the sense of [16]. This solves a question
raised by A. Connes in his THES seminar. We would like to thank A. Connes
for his question which is in fact the starting point of this paper. Note that our
result is a well-known theorem of A. Grothendieck when both 4 and M are
commutative (for more details on this subject, we refer to [15]).

The paper is organized as follows: after some preliminaries (Section 1) on
the “non commutative”” LP-spaces L”(M) and on complex interpolation theory,
we prove (Section 2) the rearrangement inequalities that we need to establish
(Section 3) the Khintchine inequalities. The next section (Section4) proves the
uniform-PL-convexity of the “non commutative’ L?-spaces “from scratch’. A last
section (Section 5) gives applications to p-absolutely summing operators.

1. NOTATIONS AND PRELIMINARIES

1.1. NON COMMUTATIVE LP-SPACES. Let M be a von Neumann algebra (we
assume that M is o-finite), and denote by N the crossed product of M by the
modular automorphism group of a fixed weight on M. By [19], N admits a
distingvished faithful semi-finite trace t and a dual action 0, (s € R) satisfying

Tof,=e %t for any seR.
Following U. Haagerup ([10]), we put for 1 < p < oo:
LP(M) = {T | T is a t-measurable operator affiliated with N such
that 0(T) = exp(— s/p)T for any s € R}.

Since all 7-measurable O-invariant operators are bounded, we get L¥(M) =M
and the operator norm on M gives rise to a Banach space norm ||- ||, on L*(M). For
any ¢ in M3, let H, be the Radon-Nikodym derivative dg/dt of the dual weight ¢
on N relative to the trace . Each elementT in L?(M) (1 < p < o) is a closed
operator affiliated with N whose polar decomposition T = U|T| satisfies: Ue M
and |T| = (H,)/? for some unique ¢ in M} . By [10], LY(M) is order isomorphic
to the predual M, of M via the map T = UH,+— Ug. The “trace” tr is the positive
linear form on LY(M) defined by tr(UH,) = @(U). For T in L?(M), 1 < p < oo,
we put:

171l = tr(I T 7)< oco.

We thus get Banach spaces (L”(M), |- ||,) having all the expected properties such as
duality. When M is semi-finite, these “non commutative” L?-spaces are isometrically
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isomorphic to the well-known LP-spaces associated with a trace (cf. [5] and [17)).
In particular, they are generalizations of the Schatten classes C,. Moreover, L®(M) - -
== M and L(M) is isometrically isomorphic to M. For more details on this theory,
we refer the reader to [10] and [20].

1.2. GENERALIZED s-NUMBERS. Let N be a semi-finite von Neumann algebra
with a (normal) faithful semi-finite trace v. For any t-measurable operator T°
in N, we call t-th singular number of T (0 < t < o) the positive number

nAT) = inf { sup [ITx|}.
E = projection in N with xe€E(H)
(1-E)st i =1

If f is an increasing continuous function on [0, co] with f(0) == 0, we have (cf. [8]):
(T ) = wa,(rndt
0

and many inequalities involving t may be derived — using classical analysis - -
from inequalities involving ir,. When N is the crossed product of a von Neumann
algebra M by the modular automorphism group of a fixed weight on M, and =
the distinguished trace on N (cf. Section {.1), we have

pTy=:¢712ITV . (1>0,0<p <o)

for any T in L?(M) (see [8] for instance). This remark is actually a powerfull trick
to get LPnorm inequalities for arbitrary von Neumann algebra just by
integrating (semi-finite) s-numbers inequalities.

For any t-measurable operator T in N, we put:

A(T) = exp{Slogus(T)ds} (+ > 0).

0

It is clear that A (T) is well defined (i.e., oo — oo does not occur) when T satisfies
the ““Lorentz space’ condition

(=) u(Ty< Ct-# (C,B>0) for any t >0

and, in particular, if 7 belongs to some L?(M), p > 0. We have:

Lemma 1. (cf. [8], Theorem 4.2) Let T, S be t-measurable operators affiliated
with N, satisfying the Lorentz space condition (). Then, we have:

A(TS) S A(T)AL(S) for any t > 0.
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For more information on the theory of singular numbers, we refer to [6]
and [8]. :

1.3. COMPLEX INTERPOLATION THEORY. For any pair (E,, £,) of compatible
Banach spaces (i.e., there exists a third space such that both E, and E, can be
considered as subspaces), we denote by ([E,, E\]g, |- ||) the complex interpolation
space of exponent 0, 0 < 6 < 1 (cf. [1]), which is a subspace of E, + E, (algebraic
sum). The main interest of this notion is the following result:

THEOREM 1. Let (Ey, E,) and- (Fy, F)) be two pairs of compatible Banach
spaces. Let L bea linear map from Ey + E, into Fy + F,. We assume that L maps
E; into F; with

ILGONe, < Cillxllg, (x€E;), i=0,L.
Then L maps [E,, E\]y = E, into [F,, Fly = F, for each 0, 0 < 0 <1, and we
have: '

ILOllE, < C3~°Clli xlle, (x € Ep).

For a proof of this result, see for instance {1], Theorem 4.1.2.

Let w be a fixed faithful normal state on M and imbed M = E, into M, = E,
via the map

TeM—-—ToeM,.

Denote by LP(M, w) the interpolation space (M, M, ]o=1,,, I llg=1/,) (also LM, w)=
== M, and L®(M, w) = M). Let n be a fixed integer. For 1 < p,q < co, denote
by L2, (M, w) the space

LM, w)X ... X LP(M,®) (n terms)

equipped with the norm '
“(Tl’ ) T‘n)“p,q :( Z ”Ti”g)qu'

lgign

By classical complex interpolation theory, we know that

L5 (M, @), LY. (M, @)]) = LyAM, ) (with equal norms)
if
1p" =1 ~0lp + 0Jp’
and
1" =1 —0/g+ 0/ ©<0<1;1<pqp,q <oo).
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We have:

THeoREM 2. ([12], Theorem 9.1). L*(M, w) is isometrically isomorphic to
Lr(M).

2. SOME REARRANGEMENT INEQUALITIES
The aim of this section is to establish the rearrangement inequalities that we
shall need to prove the Khintchine inequalities.

2.1. LEMMA 2. Let N be a von Neumann algebra with a fuithful semi-finite
trace t. Let Ty, ..., T, be t-measurable operators affiliated with N. Then, we have

t

Sf(us(TxTe . T)ds < Sf(um)us(m o T (1>0)

0

Jor any increasing function f: R, — R such that t > f(e') is convex.

Proof. Assume first that 7, ..., T, are elements in N. By Lemma I, we get

ALT: ... T)) < AT ... A(T)
ie.
Slogozs(rl L T)ds < Slogwm o n(T)ds (> 0).
1]

o

Using [6] (Corollary 3.2), we get the result when T, ..., 7T, are elements in N.

n

If the T}’s are only 7-measurable operators, consider the polar decomposition
=]

T, = U,.S JAE]
@

of T; and put

11

Ti.k = Ui }.dE;" (k € N).

(1O B

The T, are elements in N satisfying

:ux(Ti‘k) = ”t(!Ti,k:) < .ut(chI) = l'lx(Ti)-



INEQUALITIES FOR NON COMMUTATIVE LP-SPACES 261

We thus have:
t

Sfmsm. ern . Ty 0)s < Sf(us(rl,,a e (T s <
0

0

4
< Sf(,us(Tl) ... 1w (T )ds (because [ is increasing).
0

But 73,7y, ... T, converges to T, T, ... T, in the measure topology when k — oo
and hence

Ty ... T) < liminfulTy ... T,) (s> 0)

k—o0

by Fatou’s lemma for singular numbers (cf. [8], Lemma 3.4). Then, the conclusion
follows from Fatou’s lemma for positive measurable functions.

Let F be a finite subset of a von Neumann algebra N. For any integer k,
we put:

O(F, F*)={S=8,Sy... Sp—1Su | S;€ F if i is odd, S;€ F*if i is even and
card{i | S; € {T, T*}} is even for anyT in F}.

2.2. LEMMA 3. Let N be a von Neumann algebra with a faithful semi-finite
trace T. Let F be a finite set of t-measurable operators in N, and k be some
integer. »

Then we have for any real o (0 < o < 1) and any t > 0:

t

( y Sus(S)“ds)mks

SeI(F, F*)

!

, 17ky1/2
<cpf x (|urrm) ]
TEeF

0

where Cyy, = (2k)!1/2%k!

Proof. Let S = [ S;besomeelementin II(F, F*)= II,(F, F*). By Lemma 2°
1gig2k
we have:

t t

csras <\ L pcsyes
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and hence:

t t

Y. gus(S)’ds < S[ Y (I #S(Si)“)] ds.
Sell(F, F¥) Scll(F,F%) 1<ig2k
0 1]

Assuming that F={T,, ..., T,}, we see that u(S;) = u,(Sf) is equal to p(T;)
tfor some j, and hence:

t

Sus(sw ds <

0

SelI(F, F*)

¢

gS{ Y eoyes] T w (7)) ds.
#eN’ '

1gign
0 p=k

But {Q)NQH!] € Cufk1BY] where Cy = [(2k)!2%k"), so that we get:

3 =~

¥y u(S)yds

Sel(F,F*) .

<

t

< Scefg[ Y kg TI pT)™ i ds =
nenN”? 1sisn

0 o,k
t
= Cng( Y, ulTy=)kds
TeF
0

and the result follows from Minkowski’s inequality. 4

Now,let M be a von Neumann algebra and denote by N the associated
semi-finite von Neumann algebra (cf. Section 1.1). We have:

2.3. LEmMA 4. Let k be a positive integer and F be a finite subset of ele-
ments in L*(M). Then, we have:

[ Y (te(S)P < Col (3 1TV

Sel(F, F*) TeF

where Cyy, Is the constant in Lemma 3.
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Proof. Let S be an element in II(F, F*) = II,(F, F*). Then S is in LY{M)
and hence p(S)* == s-%|S|j¢ for any «, 0 < « < 1. We thus get:

1

Sus(sr ds = (1/(t — a))||Slis.

Y]

On the other hand, any T in F being in L2*(M), we have:

S [Ty ds = (11 — a))| T

By Lemma 3, we get:

(Y USIDVE < Ca (Y (1 Tl

S€li(F, F*) TEF

Letting o —» 1, we get:

C Y ISIY* < CCS ITIBY:.

SEeII(F, F*¥) T<F

But [tr(S)] < || S!'y, and the lemma is proved.

N

3. THE KHINTCHINE INEQUALITIES

3.1. THEOREM 3. Let M be a von Neumann algebra. For any p, 1 < p <2
{resp. 2 < p < 0) there exists a constant A, >0 (resp. B, > 0) such that we
have for any finite sequence (Ty, ..., T,) of elements in LP(M):

1

CXY T < (Sn Y, (0T, I!Pdt) "<

1<ign
S B Y T if2<p<oo;
1<isn

1

A 2 TR < (SII X,:"t(’)Tll”dt) ’<

(Y ITpYe f1<p<2

1<i<sn

where r; denotes the i-th Rademacher function.
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Thec proof is based on the following lemmas:
3.2. LemMA 5. The Khintchine inequalities

1

(Su RTOL ,;:dt) < BS S TR

1<i€n lgi<n
0

_ hold for all even integer p -: 2k > 2, with a constant
B, == [(2k)![ 2k )2k

Proof Let p == 2k be an even integer. Let T1 ,...» T, be elements in LM}
and put F-:{T,,...,T,}. We have:

; 2“ ]'i(t)Ti} tr([( L z(t)T )( Z r,'(t)T,-)]")::

1<isn lgisn 1<ign

=tu( ¥ S I o)),

SEF, F*) 1<ign
where Q(F, F¥) is the set of all operators S of the form S = J[ S such that
lgisk
S; € F(resp. S;e€ F¥)if 7 is odd (resp. if i is even), and where vg(i) is the number
of indices j such that S; e {T;, T;*}. Using the identity:

1
o 1 if all »; are even
(ri 1)) dt = t
Sl!flsn @) 0 if not
0

we get:

1gign SelI(F, F¥)

S:; Y nOTd~ % (s).

We thus have:

SEI(F, F&)

1
1/p
(S‘:IZ ri(z)T.:zzdr) <C % u(S)r<

< Cy¥( Y AT (by Lemma 4).

lgign
But CL7 - B,. 243

3.3. REmMARK. For p = 2k, our constant is the best possible.
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'3.4. LEMMA 6. The Khintchine inequalities

1/p
(S Dy mnugm) < B3 T
~hold for all p with 2 € p < co.

Proof. By the preceding lemma, we may assume that p is not an even integer,
Using Theorem 2, we may freely replace LP(M) by L?(M, ®), where @ is some
fixed normal faithful state on M. Let k€N such that 2k <p <2k + 2. By
Lemma 5, we know that the inequality is true for p, =2k and p, = 2k -} 2.
To end the proof, we shall interpolate between p, and p, .

Let G be the group (of order 2”) of all maps o:{l,...,n} - {—1, + 1}.
For any sequence (x,, ..., x,) of elements in a vector space, let us put:

(o) =Y, a(i)x;.

1gi<n

For any sequence (T, , ..., T,) of elements in LP(M), we have:

1
(Sn Y rT, npdr) = 277X, [ F @l
1<ign c€G
For i =0,1, let E; = L}i(M, ») be the space
L’(M,w) X ... X L"(M,®) (n terms)

with the norm [|(Ty, ..., T,)|le, -( YTl

<j<n

Let F;, = LZ{(M, ) be the space

LM, w) X ... X L"{(M,w) (2" terms)

with the norm [(Sy, ..., Slle, = ( X [IS;l70""
1<j<2”

Put 0 = (k + 1)/(p — 2k)p, so that we have:
(*) Hp = (1 —0)/p, + 0/p,.

Let L be the linear map from E, + E,; into F, + F, defined by:

LTy, o T) = (F(@)sec-
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This map is bounded from E; into F; and satisfies:
IL(¥) r, < 2"%iB, | x|, for i=0,1 (by Lemma 5).

By Theorem 1, L maps [E,. E|], = E, into [F,, F,Jo = Fg, is boundzd on E,,
and satisfies:

| L) l|p, < 27PB1—0BO |xilg (because of (#)).
: ry py i HEg

But E, (resp. Fy) is the spacz LE(M, ) (resp. LE(M, w)) as noticed in Section 1.3
and the proof of the lemma is complete. )

N

3.5. Exd of the proof of Theorem 3. Lct us first assume that 2 < p < oo.
By [8], we have for any T, S in L?(M):

20T+ s < 1T+ Slp + IT—Slf f2<p <oo.
The inequality
: i/p
(JK%"“ Ts”;’;)llp < (S “1 sxzsnri(t)Ti”gdt)

[

follows immediately by induction. By Lemma 6, we get the Khintchine inequalities
when 2 < p < o0.

Assume now that 1 < p < 2. As we have for any T, S in L?(M) (cf. [12],
Proposition 5.5):

W7+ S5+ IT— Sip < 2(IiTil5 + ISi) f1<p<2,
we get easily:
1

(Vi % romiga)” < 3 imigee.

lgisse <ig<n

It remains to prove that there exists for any p, I < p < 2, a constant 4, > 0 such
that:

A3 mipre < (

<ign

> ri(t)T,-nzdt)””.

<ign

[l

In other words, we have to prove that L” (M) has cotype 2 for 1 < p < 2.
By {28] (Proposition 3.2), this is true for p = 1, because LY(#f) is the predual
of M. Assume p s 1. Then, the dual L (M) of LP(M) (1/p + 1/p" == 1) is of type 2
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by Lemma 6, so that L?(M) is of cotype 2 by a well-known duality argument
(cf. [16]).

Thus, we see that the non commutative L7-spaces LP(M) associated with a
von Neumann algebra M are of type s = min{p, 2} and of cotype r = max{p, 2}.

4. UNIFORM-PL-CONVEXITY OF NON COMMUTATIVE L”-SPACES
4.1. Let (£, ||-||) be a Banach space. For p,& > 0, we put:
H(e) =

27
1/p
= inf{((1/2n) S||x + ei"yH”dé)) —1|%,y€E;|x]|=1 and |y|| = a}.

0

Let gbe a real number 2 < g < co. Following [3] we say that (E, ||- ||} is g-uniformly-
-PL-convex if one of the following equivalent conditions is fulfilled:

i) for some p > 0, there exists a constant 4 > 0 such that HE(e) > A4e? for
¢ small enough,

i) there exists a constant B > 0 such that Hf(e) > Be? for ¢ small enough,
iii} for some p > 0, there exists a constant C > 0 such that

2y ¢
((1/2”)S [lx + e“’yllpda)l/p = (Ixli* + Cllpliyre.

0

By [3], we know that the usual L”-spaces associated with a measure space are
2-uniformly-PL-convex for 1 € p < 2 and p-uniformly-PL-convex for 2 < p < oo. In:
this section, we shall extend these results to non commutative LP-spaces (1 < p < co)
associated with a von Neumann algebra M. When M is the algebra of all
bounded operators on a Hilbert space, our result is just Theorem 1 of [22] for
P = 2, but is more precise for 1 < p < 2. When p = 1, our result follows from
the fact — due to U. Haagerup — that the dual of any C*-algebra is 2-uniformly-
-PL-convex (see [3], Theorem 4.3, for a proof). Finally, it is shown in [3] that
a g-uniformly-PL-convex space is of cotype g, so that the results of this section
give us again all the information about the cotype of the non commutative L’-spaces.

4.2. LEMMA 8. Let M be a von Neumann algebra. Let T, S be self-adjoint
elements in L(M) (0 < p £2). Then, we have:

17+ iSli; < 1715 + 118117 -
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Proof. For 0 < p £ 1, the result follows (without any extra assumption on T’
and S) from [8], Theorem 4.7 (see also [7], Proposition 3.1). Let us assume that
1 < p < 2. By [12], Proposition 5.5 we have:

PT = iS1E + | T— iS5 < 2(0Ti 5 + [iiS|5).
Since S and T are seif-adjoint, we get:
T +1S = (T 418", = T —iSjj,.
On the other hand, we have [iS -~ IIS,i,, so that we get:

2T +1i8:5 < 2(iTp + 1S15)-

rm

The lemma is proved. 453

The author would like tothank the referee for pointing out a mistake in a
first proof of this result.
The following two lemmas generalize two results of [21} (Lemma 1 and
roposition 1).

43. LEMMA 9. Let N be a von Neumann algebra with a normal semi-finite
trace 1. Let T, S be t-measurable operators. Assume that T is positive and S iy
solf~udjoint. Then, we fhave:

udT +i8) =z u(T) for any t > 0.
Proof. Let E be a projection in N with 7(l — E) < ¢. For any vector ¢ in
£(H) with &) =1, we have:
(T3]9) < (T +18)K | < T +iS)E],
and hence:

sup (TE| &) < [(T + iS)E|.
EeEH)

Taking the inf over all projections E in M with ©(1 — E) < ¢, we get the result
by [8] (remark after Definition 2.1). )

4.4. LeMMA 10. Let N be a von Neumann algebra with a normal semi-finite
trace t©. Let T, S be s-mecsurable operators with lim p(T) = lim (S) = 0.
t—>00 t—00

Assume that T is positive and S is self-adjoint. For any p with 0 < p <2, we
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have :

t 4 '
S u(T + iS)y ds < Sus(T)" ds +2 S u(Syds (1>0).
0 [1 )

0

!
Proof. We may assume without loss of generality that Sus(T)” ds and
0
t

S 1 (S)? ds are both finite. We may also assume that 7 and S are t-compact elements
0

in N in the sense of {6](cf. 1.8, p. 314). Indeed.let T = S AdE, and S = US AdF,
0 [}

be the spectral decompositions of 7, S, and put forn=1,2,... :

TnzgldEA, S, == US).d.F,I.
0 0-

Then, 7, and S, are t-compact elements in N with T, positive and S, self-adjoint.
Assuming that the lemma is true for 7,, S, and using the inequalities

1(T,) < p(T), (S, < p(S) (s>0),
we get:

t ‘

Sum s, ds < Sum"ds +S uy(S)ds

0

for any +>0. But 7, > T and S, » S in measure so that 7, +iS, > T +iS
in measure. By [8] (Lemma 3.4) we get

u (T + iS) < liminf p(T, + iS,)

and hence

Sus(T + 18)ds < S/,Ls(T)” ds +Sus(S)” ds (>0
0 ¢ 0

for 0 < p < 2 by Fatou’s lemma. We thus may assume that 7, S are t-compact
t t

elements in N such that Sus(T)” ds and S #;(8)?ds are both finite. Let us make two

6 - 1017
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more reductions. Firstly, we may easily assume that p(7 + iS) >0 for s <.
Secondly, replacing N by N ® L>([0, 1], dx), the trace 7 by its tensor product with

1

the trace f+> Sf(s)ds on L*([0, 1], dx), and using the cquality

lus(T ® 1) S :us(T) (S > 0)5

we may and do assume that N has no minimal projection. Then, there exists by
[6] (Lemma 1.13, p. 317) a projection £ in N which commutes with !T -+ S and
satisfies the following conditions:
i} E < supp(T + 18),
1i) ©(E) = ¢, and
i) p (T +iS)=pu(E'T +iSVE)=pu(EiT +iSRE)}2 for0 < s < .
Let T+ iS=U|T + iS, be the polar decomposition of T + iS and set

support support
of of
T 1S (T — iS)*
We have:

1(G) - 7(EV F) < ©(E) + 1(F) = 21(E) = 2t.
On the other hand, we have:
'G(T + 1S)G 2 =: G(T + iS)*G(T + 1S)G =
=G!T +iS\U*GU!T +185|G =2 G|\T+iS|U*FU!T+i5.G —
=G T+iS E;T+iS|G = GE|{T + iS|?EG - -

(because E commutes

with | T' + 15})

= E|T + iS|%E.
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We then deduce:
u(G(T + iS)0) = pu(|G(T + iS)G )2 >
> pE| T+ iSPEY?2 = p(T +iS) for 0<s <t

But we clearly have:
1(G(T + iS)G) < p(T + 18)
so that finally:

() SMS(T +iS)yrds = QNS(G(T +i5)G)7ds.
s 3

By [8] (Lemma 2.6), we have u(G(T + iS)) = 0 for s > ©(G), and hence:

oo

»

1
s
ys(c(r +1S)G)Pds = S 1 (G(T + iS)G)Pds =

(] Q

=|G(T + iS)G| < (i8], Corollary 2.8)

<||GTGI[Z + ||GSG]}E == (Lemma 8)

2¢ 2¢
= Rus(GTG)” ds + S/,LS(GSG)" ds <
3

[i}

H 2t 4
< SMS(T)"dS + S u(GTG)"ds + 2 S 1 (S)? ds.
t [1]

0
We thus have:

H 2t
S,us(T+ iSyPds + S 1 (GTG) ds =
t

0

2t

t
=SMS(G(T + 18)G)"ds + S 1(GTG)"ds <
0

¢

(use(*))

13

t

<\ ulG(T + i8)G )" ds < (use Lemma 9)

=4

H 2t t
< S u(T)*ds + S u(GTGY’ds + 2 S u(S)’ ds.
0

0 t
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2 :

Substracting Sus(GTG)”ds from both sides of this last inequality, we get our
t

lemma. ¥

4.5. LemMA 1. Let M be a von-Neumann algebra, and T, S be elements in
L?(M). We assume that T is positive and S is self-adjoint. Then. we have :

\T 4 ises < [ITH IS if0<p<
[T+ 2[1Si2 if 2 < p <oo.

Proof. The case 0 < p < 2 follows from Lemma 8. When 2 < p < oo, we
have by Lemma 10:

1 1 1
) Sus(T +i8)2ds < S;LS(T)st + 2(;45)2 ds.
0 h J

(

But u(T): -s~YP.Tj, for any T in L?(M), and hence:

1 1

Susmﬂ és = IITIT,?SS‘”” ds = (p/(p — D)ITIL.
0
Using this last equality, we deduce from (x):
T+ iS[i; < AT45 + 20547 @

The following lemma generalizes a result (Theorem 1) of [9].

4.6. LEMMA 12. Let M be a von Neumann ulgebra and T, S be elements in
L2(M) with || T\, = 1. Assume that the projections 1 — supp(T) and 1 — supp(T™™)
are comparable in the Murray-von Neumann sense. Then, we have:

i (1+ s ifil<pg?2
(1/27) s [iT =- €S}, d0 >

3 1+ Q/27))ISjior? if2<p<oo.

Proof. Note first that these inequalities are true for T and any S if and only
if they are true for 7% and any S. So, replacing T by T if necessary, we may assume
that:

1 —supp(7) < | — supp(T™)

in the Murray-von Neumann sense. Let ¥ be a partial isometry in M having 1 -—supp(7")
as support, and whosz rang: projection is majorized (in the usual sense) by
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1 —supp(T*). Let T=U|T| be the polar decomposition of 7, and set
W=U+V. :

1 —supp(T) -:l range projection
}- of V
supp(T) ﬁ supp(T*)

We have:

W*W=U*+ VU + V)=UU+V*V=1
and
| T*| = UT* = U(supp(T))T* = W(supp(T))T* = WT*.

Set X = |T*|P1, and denote by p’ = p/(p — 1) the conjugate exponent of p. Then
X is a positive element in L”(M) satisfying:

M X5 = r(X") = IT*|}f = 1
and '
) , tr(X WT*) = tr(| T* P~ T*! ) = | T*|)p = 1.

Let Z = ||S|i~|S|?-*C*, where S = C|S] is the polar descomposition of S.
We thus define an element in L7(M) such that:

1Zll,,=1 and t(ZS)=|S|,.
Set Y — ZW*. We thus define an element in L' (M) satisfying:

(3) ”Y”P < 1 and tr(YWS) =S “S“p (because W*W — 1)‘
Set
[/l ifl<p<?2
“= st if 2<p <oo.

We clearly have:

[1 + 22 2[1 + (1/8)iS|IZM2 if 1 <p <2

@  1+als],= { T .
{1+ (20{)”]1/” {1+ (l/2”)||S||g]1/” if 2<p<oo.
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For any 0 € [0, 27], set:
Yo = ieY* — je—ify.

Using Lemma 11 together with (1) and (3), we get:
) X +iY,|h <1+ (227 f2<p<oo
(5 bis) X +iaYpn < 14+2Qu)2 fl<p<g2
From (2) and (3), we deduce:

(0 + 2,S;) =tr(XWT* + aYWS) =

= (120)\tr[(X + iaY )W T* + W S)1d0 <

g

[
B}

< 20N\ FOX + Y L W(T + 20S);,d6

0

and hence, by (5) and (Sbis):
(I +a38i,) <

22
(1/27) (1 + Q)" )’ SI;T::: +¢iS,,d0. if2<p<oo
0

N

2z
(127)(1 + 2(2x))V S IT* + e¥S|,d0 if 1 <p <2
0

Using (4), we get finally:
(1/27) ' T + ¢S, df > (I 4+ Qnlisipte  if2<p<oo
" (L +aBIsae  if1l<p<

0

The proof of the lemma is complete. %]

If M is a factor, the hypothesis of Lemma 12 is always fulfilled by the com-
parability theorem for projections (cf. [4], Corollary 1, p. 218). It then follows that
L"{M) is g-uniformly-PL-convex, where ¢ = max{2, p}. Using the reduction
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theory for von Neumann algebras together with results of [11], [13] and [18), it is
not difficult to extend this last result to von N:zumainn algebras with separable
predual. Actually, we first proved the result by this way, and the more elegant Proof
presented below is largely due to U. Haagzrup. We would like to thank Professor
Haagerup for the welcome idea of using the 2 X2 matrix trick in order to handle
the non-factor case.

4.7. THEOREM 4. Let M be a von Neumann algebra acting on a separable
Hilbert space. Let p be a positive real number with 1 < p <oco. Then L°(M) is
g-uniformly-PL-convex, where g = max{2, p}.

Proof. The case p =1 follows from (3], so that we may assume that p > 1,
Set M =M ® M,(C). Let ¢ be a fixed normal faithful weight on M and put:

¢=0¢ ®Tr,
where Tr is the normalized trace on My(C), i.e., Tr(l) = 1. We clearly have
0;7 =07 ® Id,

and N = M X! «FR identifies naturally with N ® My(C), where N denotes the

crossed product of M by the modular automorphism group ¢. The dual action &
and the distinguished semi-finite trace 7 are then given by:

0,=0,®Id (LeR)
and

T=7® Tr.

Let 7, S be elements in L?(M) and set:

T:(T 0\ 32(5 0y
0o T* 0 s*

'We thus define elements 7T, S in LP(M). Moreover, we have:
ITll, = FEAT ) =
= [(1/2){=(EL(T17) + w(E(T=P)M? = |IT],,

and, similarly, (S|, = S|,
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But now, the two projections 1—supp(7’) and 1—supp (7’ *) are clearly equi-
valent, so that there exists by Lemma 12 a constant C, > 0 such that we have:

(*) A2\ 1T + 98,40 = (1 + IS,

Sl

where r = max{2, p}. For 0 < g < o, set:

2z
i .,
H4, B) = [(l/zros 4 + e?B] de] ;

0
By [3] (Theorem 2.4), we have:
H, (A4, e~**B) < H(A4, B) for any A, B in L°(M).

Choosing n with 1/2" < p and using the fact that ¢ — H,(4, B) is increasing, we get:
H(T, §)< HyplF, 6'5) < HyF, e¥"5) =

2r
n . . n Lp
= [(1/27:) S A2){|T + ¢i6el2"S e + |T% + e elz"s%|z} do] =

0

2x

n 1/p

[(1/2@8 1T + 0t s)e d()] :
1]

From (#), we deduce:

27

1/p

(1 + CP'S;,)N’ < [(1/271) S IT+ eioell‘wafzdg] ,
0

ie.,

(0 + BliSIp < [(1/271) 1T + cos|z dorp,

St

where B, = exp(— r/2")C, and r = max{p, 2}.
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This proves that LP(M) is r-uniformly-PL-convex for 1 < p < co. %

5. APPLICATIONS

A well-known theorem of A. Grothendieck asserts that every bounded opezr-
ator T from C(K) into L”(K, 1) (K is a compact set and A a probability msasure on
K) factors through a Hilbert space if 1 < p < 2. In his THES seminar, A. Connes
asked whether this result remains true or not when C(K) is replaced by a C*-algebra
A, A by a state ¢ on A and L?(K, 1) by the “non commutative’ LP-space associated
with the von Neumann algebra generated by the image of 4 in the GNS represen-
tation of ¢. We have in fact:

5.1. THEOREM 5. Let M be a von Neumann algebra acting on a separable Hilbert
space. Then, every bounded operator T from a C*-algebra A into LP(M),1 < p < 2
factors through a Hilbert space and is q-C*-summing for q = 2 in the following
sense: there exists a constant C > 0 such that we have, for any finite sequence
(%1, ...,%,) of elements in A:

(X ITCDY < CIC S, Il DYl
l<isn lgign

Proof. By Theorem 3, the dual of LP(M) is of type 2. But the dual of 4
is of cotype 2 (cf. [15], Proposition 9.3) so that T* factors through a Hilbert space
by Kwapien’s result (see for instance [15], Corollary 3.6). Then T factors through a
Hilbert space and is 2-C*-summing by [15] (Remark 9.7 after Theorem 9.6 and
Proposition 9.8). But a 2-C*-summing operator with values in a Banach space is in
fact g-C*-summing by [16] (Proposition 1.3).

This result also follows from the 2-uniformly-PL-convexity of L°(M) (Theo-
rem 4) by using Theorem 9.11 of [15]. The less sophisticated proof given above was
communicated to the author by G. Pisier, who also noticed that Theorem 5 for
¢ =1 is an immediate corollary of a result due to U. Haagerup about the facto-
rization of operators from a C*-algebra into a dual of some C*-algebra. We would
like to thank G. Pisier for these valuable remarks.

The following applications are well-known from the spzcialists of the geometry
of Banach spaces. We shall state them briefly, hoping that they may be useful for
C*-algebraists too.

5.2. Recall that a sequence (x,) of elements of a Banach space is said to be
unconditionally summable if the series '} &,x, converge for any choice signs ¢, = + 1.

nzl

*) Here, the modulus x| of an element x in A is defined by |x| == [(1/2)(xx* +
+ x*x))V/2.
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Let (7,) be a unconditionaily summable sequence of elements in L”(AM), where M
is a ven Neumann algebra. Then we have:

Y T < oo

i fnip
n>1

This follows immediately from Theorem 3.

5.3. Let M be a von Neumann algebra. If 1 € p £ 2 € ¢ < oo, then any
bounded operator 7: LY(M) — LP(M) factors through a Hilbert space. This follows
immediately from Theorem 3 and Corollary 3.6 of [15].

5.4. Let M be a von Neumann algebra. Then every bounded operator from
cg into LP(M) (1 € p £ 2) is g-summing for 2 £ ¢ < co. For g = 2, this follows
from a result of B. Maurey together with Theorem 3. But LP(M) is of cotype 2 and
any 2-summing operator from ¢, to LP(M) is also g-summing for 2 < g < oo.
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