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ON QUASIALGEBRAIC OPERATORS IN BANACH SPACES

VLADIMIR MULLER

The concepts of quasialgebraic elements and capacity in a Banach algebra
are due to Halmos [3]. Denote by £ the set of all monic polynomials, i.e. polyno-
mials with leading coefficient equal to 1. By deg p we denote the degree of p € 2.
Let a be an element of a Banach algebra A. Then the capacity of a is defined as
capa = inf ||p(a)||%e?. An element a€ 4 is called quasialgebraic if capa = 0.

reg

Let K be a compact subset of the complex plane C. Then the classical capacity

of K may be defined as cap K = inf sup |p(z) |/4€?, By [3], capa = capa(a) for
PEP z€EK .

every a € A.

Clearly, every algebraic element is quasialgebraic (a is called algebraic if
pla) = 0 for some p € ).

Let X be a Banach space and T a bounded operator on X. The well-known
theorem of Kaplansky [4] states that if T is locally quasialgebraic, i.e. for every
X € X there exists p, € & such that p (T)x = 0 then T is algebraic.

Following [3], we call an operator T locally quasialgebraic if inf ||p(T)x|[/d8r =
pEP

= 0 for every x € X. The aim of the present paper is to prove the version of Kaplan-
sky’s theorem for quasialgebraic operators: every locally quasi-algebraic operator
is quasialgebraic. This gives an affirmative answer to a problem of Halmos [3].
Some other possible ways to define locally quasialgebraic operators were
studied in {7] and {8]. We discuss some details at the end of this paper.
The author wishes to thank P. Vrbova for fruitful discussions about this
problem.

X will denote a complex Banach space, B(X) the algebra of all bounded
operators on X. For T € B(X) we denote 6,(T), 6(T) and & .(T) the essential spec-
trum, the polynomially convex hull of ¢(7T) and the polynomially convex hull of
o.(T), respectively. By 8 we denote the ‘topological boundary.

LemMa 1. Let T € B(X). Then capo(T) = capdg (T).
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Proof. 1t is well-known [2] that o(T)\o (T) contains only countably many
isolated points in the unbounded component of C\6 (7). Then

capo(T) == cap a(T) = cap 6 (T) = capda (T)

(see 5], p. 53—57).

LEMMA 2. Let Te B(X), i€ ¢6(T). Let Y « X be a closed subspace of
finite codimension. Then

inf (T — x|} =0.
Xey
w1
Proof. The assertion follows from [1].

ProposiTION 3. Let T e B(X), A€ d6.(T). Let E c X be a finite dimensional
subspace of X and let ¢,, &, > 0. Then there exists y € X, {|y|l = 1 such that
G T — 2yl < 2
@) lIx + ay|l = [x|(1 — &) for every x€ E,xa € C
@iii) fIx + wy|| = l=(1 — &,)/2 for every x € E, € C.

Proof. Assume ¢, < 1. The set {x € E, ||x]| = 1} is a compact metric space so

we can find a finite g-net M < E, i.e. M is a finite set such that x € E, I'x}j-: 1

implies dist{x, M} < &,. There exists a linear functional f,, € X', |If,.il = 1, f.(m) -+ 1

for every me M. Put Y = (M Kerf,. By Lemma 2, there exists y€ Y, [y {=-1
meM

and ||(T — A)y|l < g. Let xe E, x # 0 and let a € C. Then there exists me M,

‘)--— — m’ . We have

il
x + wyil 2 |fulx + o)l = ()| =

= I o (i m ) 0| > el = e

hence (ii) holds. Further, -‘i’; + ol

= ||x|| and

e + epil = lloyll — I} = loel — fixi].
If we add these two inequalities we get

2
lix + oyl A > |al,

2

flx + ayl] = lal (1 — &)/2.



QUASTALGEBRAIC OPERATORS IN BANACH SPACES 293

Denote by 2, the set of all monic polynomials of degree n and let Z = |_) &,.
n=:1

Similarly, 2, denotes the set of all monic polynomials of degree n with roots

[oe]
Oy o By, Il 2 (@ =1,...,n)and 2" = | 2,.

n=1
LeEMMA 4. Let p e 2, and let z,, z, € C, |zy|, |25 < 1. Then |p(z;) — p(z,)] <
< n3-Yz, — z,|.

Proof. Let p(2)=(z — o) ... (z — ), la;) €2 (i=1,...,n). Then

i p(2)

iw1 2 — 0

<n3®' forevery zeC, |z|] < 1

lp'@)) =

i

Hence |p(z)) — p(z5)] < |z, — 25| n3"71.
The following lemma shows that we may restrict ourselves to the (compact)
set of polynomials &
LEMMA 5. Let T e B(X), |[T|| < 1, xe€ X. Let n be a positive integer. Then
mf lp(T)x|| = inf ||p(T)x|l.

PEZ, 1769,’,
Proof. Let pe ?,,p(z)=(z — o) ...(z —ua,). Suppose la| > 2. Denote
y= (T —oay) ... (T — a,)x. Then
Ip(T)x]| = (T — a)yll = leal ¥l -~ (T]} = 2lyll — Iyl =
=yl 2 Tyl = IT(T — o) ... (T — 2)x|| = ||p(T)x]|

where p(z2) =z(z — oy} ... (z — a,).
If we replace all terms z — «; with |o;] > 2 by the term z we get a polynomia

q(z) € 2, such that |q(T)x| < ||p(T)x||. Hence

inf [[p(T)x|| > inf ||p(T)x||
PEZ, PeE 9,’,
and the second inequality is trivial.

LEMMA 6. Let Te B(X), |T|l=1, 2/3 2 ¢ >0. Then there exists an e-net
in 86(T) with at most 25]e? points.

Proof. Put S,={k;0 + ik,0, ky, ko =0, +1,..., +[(1 + 6)/6]} where
3 = ¢/)/2. Then

card S, = (2[] :;‘5} + 1) (B + 202 = (3 + 22/e)® < 25/¢2.
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Clearly, dist{z, S,} < &2 for every zeC, [z <1. Let S, {s€S,,
dist{s, ¢o(T)} < ¢/2}. For every s € S; choose t,€d5.(T) with s -t < &?2.
Put  S,:=={r,s€S,}. Then cardS, < 25/ and dist{4, S,} <& for every
i€ 85(T).

LemMma 7. Let Te B(X), |Ti=1, let 2€C, |4 <1 and let peP;,. Then
(o (T) — p(D)x|| < 3"nl(T — A)x|.
Proof. Fori=1,...,n we have
BT — 2x| = (T 4+ AT -2 4 L 4 )T — Dxfi <

< AT — Ax] < nl(T — Axil.

Let p € 2, . Then p(z) = Z ;2" with Y, I} < 37 Hence
i 0 i -0

Wp(T) — PGl == | 3, (T — 29xl € (T — 21,
io !

PropPOSITION 8. Let 7€ B(X) be such thar ||T|{ =1, capo(T)=r and let n
be a positive integer. Let E c X be a finite dimensional subspace. Let also
r"/56 > & > 0. Then there exists y € X, \y|; = 1, such that

) "e + p(TYy > (1 — 8) — 35 ( ek pe ug’,’)
j1

(i) [g(Twll = s" (q€2.)
where s = r>[450 (note that s does not depend on n).

Proof. Put & — 2r"[n3". By Lemma 6 there is a finite e-net L = {4, ..., 4}
. aa . . 25 25#%3%
in ¢ (T) with k points, k < =~ =" Ci
& 4r

By Proposition 3 we can find inductively points yy, ..., ¥, € X such that
b= o=l =1,

. 0
1 T—iwh<- " ~
W T —mwii< o, o
(2) l.x + a}‘il; 2 lx{i(] — 5)1’,1: (X € EV {}'1 3 v ey yi—l}a o€ C)

@) lx+ayl >/ a0 — O (X€EV{, ... Yit) 2€C).
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Let e€E, 04, ...,0,€C, je{l,...,k}. Then

e + Z“}’;

e + Z ozy,”(l — OV = |,

j X R
> e+ Zuiyi“(l — )=k > 12— oy l(1 — S)k-s+0k> %l%-!(l —8).
i1

Thus
k 1
ey e+ Y oy > —2-(1 — )y max {|o;|, i=1, ..., k}.
=1 ‘
Similarly,
k
) e+ Y ai) > (1— dell.
i

i1

c k k
Put y =( Y y,-)/! Y “ Clearly, {|ly|| =1 (the vectors y,, ..., ¥, are linearly
N

independent by (4)).
Let pe | 2;. Then by Lemma 7

Jj 1

lp(Tyy: — pAyill € 620 (i=1,...,k),
SO

k
®) ‘
i==1

Let e€ E, p € | J2;. Then by (6), (5) and (4)

j=1

¥, 2T, }; PO,
le + (Tl = e + | > “

|
S 2 el =8 — 2> el — 8~ 3,

Y
i=1

I
=

hence (i).
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Let g€ #;,. Then by Lemma 4

(7) max ¢(z) = max |g(z)l —n3" e = r"3.
zgl ze()se(]‘)
Further,
l k
e f 3, a0
S )

vk

[
>k 35 0> 11 3 a0

)

Using (4) and (7) we get

(Tl > k1 ('—»gimax 9G] — 5) >
eEL

_— o7 n 3n
> k! (_]___(?)'__5 >,r > - r......>s"
8k S50mn23%
where s = r3/450.

REMARK. Let y be the vector from the previous theorem. If we replace E
by the subspace E® == Ev {y, Ty, ...., T"y}, Proposition 8 proves the existence
of a vector y®) € X such that

2) Le + (PO > fei(l — 8) — 35 ( c€EW, pe u%’)
ji1

b) lg(THM = 5" (g€ 2).
Using this construction repeatedly we get:

PrOPOSITION 9. With the assumptions of Proposition 8, there exists a sequence
YO, 3@, e X, YO = [y = ... =1 such that

i—-1 n

) lle + p(TYOY > flef(t — 8) — 36 ( ceEv Y VTH,pe 2.

i'=1 j .0 Jj 1
1‘))

ii) fgTy?) s (qe,,i=12,...).
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ProrosiTION 10. Ler T € B(X), ||T||==1, capo(T) =r, s = r3/450, s/2 <
<8 < sy, x€ X, n a positive integer. Let ||p(T)x| > si€? for every p €| %;.
j:.1

g
Then there exists z€ X, ||z — x|| < 27" and

n+1
Ip(T)z])> sgeer ﬁeuﬂy.

j=1

Proof. Put E={x,Tx,..., T"x} and choose J sufficiently small
S —sh . :
d < min 51 «s—,“« ,ie si(1 —98)—36=2sf (j=1,2,...,n+ 1)). Let y@, y@_
jel,n4l 3 4 5
be the sequence the existence of which was proved in Proposition 9. Let y) be
an arbitrary member of this sequence and let p € (_J2;. Put z() = x 4 y2-n,

J=:1
Then ||z — x|| € 2-" and

Ip(T)zPN = ([p(T)x + 27" p(TYy D) = [Ip(T)xl|(1 — 6) — 36 >
> sfesr(] — 8) — 36 > sgeeo,

Suppose there exists i € {1,2,...} such that inf ||g(7)z?|>s5*t. Then z = z()

9€2,_,
satisfies all of the conditions of Proposition 10. Suppose on the contrary that for
every i=1,2,... there exists g; € #,,, such that |g(T)z"| < s5*+*. The set

{q9(T), g€ #,.,} is compact. Therefore, there exist integers 7, j, i <j, such that

0
() — gD €« ——— .
) = 4D < T
‘We have
g7z < ligi(D)zD)| + li(g: — ¢ )(T)zP|| <
®)
R . — vy PR
[Ixtf +2-"

Further (from Proposition 9(i))
gD — zD)|| = 2="||g(T W — g(T)yV|| =
) = 27"llg TN — 6) — 38] > 2-"[s"*+(1 — 8) — 39] >

> 2-1[2n+1g1+1(] — §) — 38] > 255+ + 3.
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On the other hand
lg(T)(z® — 2| < [ig(T) 2D + {lg(T)zP)! <
< 3+ sEH + 6 = 25841 + 6,

a contradiction.

THEOREM 11. Let T e B(X), |'T]l =1, capa(T) = r, s = r3/450. Then there
exists x € X such that

e o S
inf {|p(T)x|[Mde? >
PEP

Proof. Choose a sequence s,,s,, ... of positive numbers such that s/2 >
> 8 > 8 > ... > s/3. By Proposition 8 there exists x; € X, ||x;|| = 1 such that
|p(T)x,}] = s, for every p € £2;. Using Proposition 10 repeatedly, we get a sequence

n
{2,172, of elements of X, ||x, -- %4, <277, such that ||p(T)x,|| > s3®¢? (p e | #)).
joo1

Let x be the limit of the Cauchy sequence {x,},. We have

fip(T)xf == lim |lp(T)x,}| > lim sies? > (s/3)%e?

n-»00 n—co

for every p € #’. Hence

inf {|p(T)x[M48 ? = inf ||p(T)x!}%eP > s/3.
PEJ PEF

COROLLARY. An operator T € B(X) is locally quasialgebraic if and only if it
is quasialgebraic.

ReMARK. The estimates in Propositions 8 and 10 are not the best possible.
They can be essentially improved, especially in case of an operator on a Hilbert
space. We do not know, however, if the following is true:

If we denote cap(T, x) == inf ||p(T)x|*!%? (we may call this number the local
res

capacity of T at the point x), is it true that supcap(T, x) = capT?
zeX

x#0

CONCLUDING REMARKS. The definition of locally quasialgebraic operators
wc use in this paper is not the only possible. Another possibility was suggested,
already in the original paper [3]: We may call T locally quasialgebraic if
limcap, (T, x)** exists and equals O for every x € X where cap,(T, x) = inf ||p(T)x|;

€

n->00 p n

(in general this limit does not exist, so it is better to say equivalently
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lim sup cap,(T, x)** = 0). The following characterization of quasialgebraic elements

n—=co

in a Banach algebra (see [3]) provides other possibilities. The following statements.
are equivalent:

1) a € A is quasialgebraic.
2) inf(r(p(@)))V/98?» = 0 where r(x) denotes the spectral radius of x € 4.
3) cap a(a) = 0.

For local version of Condition 2 we can use the local spectral radius r(7, x) =
= lim sup||T"x|{*", then define the n-th spectral capacity cap, (T, x) = inf r(p(T), x).
re2,

and call an operator locally quasialgebraic if lim supcap,(7, x)¥* = 0 for eveey
x € X. This definition was used by Vasilescu in [7).

Instead of “limsup’ in the previous definition we can again use “inf”.

The local version of Condition 3 was studied also in [7] where instead of
o(T) one can take the local spectrum o,(x) (or y4(x); for details see [6]).

In [8] P. Vrbova, proved the existence of a large set of elements x € X with
extremal Jocal spectrum o (x) = 6(T). As a consequence she proved the version
of Kaplansky’s theorem for this definition of locally quasialgebraic elements.

All these possible definitions of locally quasialgebraic operators are equivalent:

THEOREM 12. Let X be a Banach space and T € B(X). Then the following
Statements are equivalent:
1) T is quasialgebraic.
2) inf ||p(T)x|j¥%8? =0 for every x € X.
res
3) lim supcap, (T, x)'" =0, (xe X).

n—=o00

4) infr(p (T), x)14eep =0, (x € X).
PEP

5) lim sup capy(T, x)¥* =0 (x € X).

6) capor(x) =0 (xe X).

7) capyr(x) =0 (x e X).

Proof. 1) implies easily all the remaining conditions. The implications 6) =1}
and 7) = 1) were proved in [8]. This together with Theorem 3 of [7] gives the impli-

cation 5) = 1). The remaining implications 2) => 1), 3) = 1) and 4) = 1) follow
from Theorem 11 of the present paper.
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